
3 Mechanics of
Materials

DAN B. MARGHITU, CRISTIAN I. DIACONESCU, AND

BOGDAN O. CIOCIRLAN

Department of Mechanical Engineering,
Auburn University, Auburn, Alabama 36849

Inside
1. Stress 120

1.1 Uniformly Distributed Stresses 120
1.2 Stress Components 120
1.3 Mohr's Circle 121
1.4 Triaxial Stress 125
1.5 Elastic Strain 127
1.6 Equilibrium 128
1.7 Shear and Moment 131
1.8 Singularity Functions 132
1.9 Normal Stress in Flexure 135

1.10 Beams with Asymmetrical Sections 139
1.11 Shear Stresses in Beams 140
1.12 Shear Stresses in Rectangular Section Beams 142
1.13 Torsion 143
1.14 Contact Stresses 147

2. De¯ection and Stiffness 149
2.1 Springs 150
2.2 Spring Rates for Tension, Compression, and Torsion 150
2.3 De¯ection Analysis 152
2.4 De¯ections Analysis Using Singularity Functions 153
2.5 Impact Analysis 157
2.6 Strain Energy 160
2.7 Castigliano's Theorem 163
2.8 Compression 165
2.9 Long Columns with Central Loading 165

2.10 Intermediate-Length Columns with Central Loading 169
2.11 Columns with Eccentric Loading 170
2.12 Short Compression Members 171

3. Fatigue 173
3.1 Endurance Limit 173
3.2 Fluctuating Stresses 178
3.3 Constant Life Fatigue Diagram 178
3.4 Fatigue Life for Randomly Varying Loads 181
3.5 Criteria of Failure 183

References 187

119



1. Stress

I
n the design process, an important problem is to ensure that the strength

of the mechanical element to be designed always exceeds the stress due

to any load exerted on it.

1.1 Uniformly Distributed Stresses

Uniform distribution of stresses is an assumption that is frequently considered

in the design process. Depending upon the way the force is applied to a

mechanical element Ð for example, whether the force is an axial force or a

shear one Ð the result is called pure tension (compression) or pure shear,

respectively.

Let us consider a tension load F applied to the ends of a bar. If the bar is

cut at a section remote from the ends and we remove one piece, the effect of

the removed part can be replaced by applying a uniformly distributed force

of magnitude sA to the cut end, where s is the normal stress and A the cross-

sectional area of the bar. The stress s is given by

s � F

A
: �1:1�

This uniform stress distribution requires that the bar be straight and made

of a homogeneous material, that the line of action of the force contain the

centroid of the section, and that the section be taken remote from the ends

and from any discontinuity or abrupt change in cross-section. Equation (1.1)

and the foregoing assumptions also hold for pure compression.

If a body is in shear, one can assume the uniform stress distribution and

use

t � F

A
; �1:2�

where t is the shear stress.

1.2 Stress Components

A general three-dimensional stress element is illustrated in Fig. 1.1a. Three

normal positive stresses, sx ; sy , and sz , and six positive shear stresses, txy ,

tyx , tyz , tzy , tzx , and txz , are shown. To ensure the static equilibrium, the

following equations must hold:

txy � tyx ; tyz � tzy ; txz � tzx : �1:3�
The normal stresses sx , sy , and sz are called tension or tensile stresses and

considered positive if they are oriented in the direction shown in the ®gure.

Shear stresses on a positive face of an element are positive if they act in the

positive direction of the reference axis. The ®rst subscript of any shear stress

component denotes the axis to which it is perpendicular. The second

subscript denotes the axis to which the shear stress component is parallel.
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A general two-dimensional stress element is illustrated in Fig. 1.1b. The

two normal stresses sx and sy , respectively, are in the positive direction.

Shear stresses are positive when they are in the clockwise (cw) and negative

when they are in the counterclockwise (ccw) direction. Thus, tyx is positive

(cw), and txy is negative (ccw).

1.3 Mohr's Circle

Let us consider the element illustrated in Fig. 1.1b cut by an oblique plane at

angle f with respect to the x axis (Fig. 1.2). The stresses s and t act on this

Figure 1.1 Stress element. (a) Three-dimensional case; (b) planar case.

Figure 1.2
Normal and

shear stresses on
a planar surface.
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oblique plane. The stresses s and t can be calculated by summing the forces

caused by all stress components to zero, that is,

s � sx � sy

2
� sx ÿ sy

2
cos 2f� txy sin 2f; �1:4�

t � ÿ sx ÿ sy

2
sin 2f� txy cos 2f: �1:5�

Differentiating Eq. (1.4) with respect to the angle f and setting the result

equal to zero yields

tan 2f � 2txy

sx ÿ sy

: �1:6�

The solution of Eq. (1.6) provides two values for the angle 2f de®ning the

maximum normal stress s1 and the minimum normal stress s2. These

minimum and maximum normal stresses are called the principal stresses.

The corresponding directions are called the principal directions. The angle

between the principal directions is f � 90�.
Similarly, differentiating Eq. (1.5) and setting the result to zero we obtain

tan 2f � ÿ sx ÿ sy

2txy

: �1:7�

The solutions of Eq. (1.7) provides the angles 2f at which the shear stress t
reaches an extreme value.

Equation (1.6) can be rewritten as

2txy cos 2f � �sx ÿ sy � sin 2f;

or

sin 2f � 2txy cos 2f
sx ÿ sy

: �1:8�

Substituting Eq. (1.8) into Eq. (1.5) gives

t � ÿ sx ÿ sy

2

2txy cos 2f
sx ÿ sy

� txy cos 2f � 0: �1:9�

Hence, the shear stress associated with both principal directions is zero.

Substituting sin 2f from Eq. (1.7) into Eq. (1.4) yields

s � sx � sy

2
: �1:10�

The preceding equation states that the two normal stresses associated with

the directions of the two maximum shear stresses are equal.

The analytical expressions for the two principal stresses can be obtained

by manipulating Eqs. (1.6) and (1.4):

s1; s2 �
sx � sy

2
�

����������������������������������
sx ÿ sy

2

� �2

� t2
xy

r
: �1:11�
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Similarly, the maximum and minimum values of the shear stresses are

obtained using

t1; t2 � �
����������������������������������
sx ÿ sy

2

� �2

� t2
xy

r
: �1:12�

Mohr's circle diagram (Fig. 1.3) is a graphical method to visualize the

stress state. The normal stresses are plotted along the abscissa axis of the

coordinate system and the shear stresses along the ordinate axis. Tensile

normal stresses are considered positive (sx and sy are positive in Fig. 1.3)

and compressive normal stresses negative. Clockwise (cw) shear stresses are

considered positive, whereas counterclockwise (ccw) shear stresses are

negative.

The following notation is used: OA as sx , AB as txy , OC as sy , and CD as

tyx . The center of the Mohr's circle is at point E on the s axis. Point B has the

stress coordinates sx , txy on the x faces and point D the stress coordinates

sy , tyx on the y faces. The angle 2f between EB and ED is 180�; hence the

Figure 1.3
Mohr's circle.
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angle between x and y on the stress element is f � 90� (Fig. 1.1b). The

maximum principal normal stress is s1 at point F , and the minimum principal

normal stress is s2 at point G . The two extreme values of the shear stresses

are plotted at points I and H , respectively. Thus, the Mohr's diagram is a

circle of center E and diameter BD.

EXAMPLE 1.1 For a stress element having sx � 100 MPa and txy � 60 MPa (cw), ®nd the

principal stresses and plot the principal directions on a stress element

correctly aligned with respect to the xy system. Also plot the maximum

and minimum shear stresses t1 and t2, respectively, on another stress

element and ®nd the corresponding normal stresses. The stress components

not given are zero.

Solution

First, we will construct the Mohr's circle diagram corresponding to the given

data. Then, we will use the diagram to calculate the stress components.

Finally, we will draw the stress components.

The ®rst step to construct Mohr's diagram is to draw the s and t axes

(Fig. 1.4a) and locate points A of sx � 100 MPa and C of sy � 0 MPa on the

s axis. Then, we represent txy � 60 MPa in the cw direction and tyx � 60 MPa

in the ccw direction. Hence, point B has the coordinates sx � 100 MPa,

txy � 60 MPa and point D the coordinates sx � 0 MPa, tyx � 60 MPa. The

line BD is the diameter and point E the center of the Mohr's circle. The

intersection of the circle with the s axis gives the principal stresses s1 and s2

at points F and G , respectively.

The x axis of the stress elements is line EB and the y axis line ED . The

segments BA and AE have the length of 60 and 50 MPa, respectively. The

length of segment BE is

BE � HE � t1 �
��������������������������
�60�2 � �50�2

q
� 78:1 MPa:

Since the intersection E is 50 MPa from the origin, the principal stresses are

s1 � 50� 78:1 � 128:1 MPa; s2 � 50ÿ 78:1 � ÿ28:1 MPa:

The angle 2f with respect to the x axis cw to s1 is

2f � tanÿ1 60

50
� 50:2�:

To draw the principal stress element, we start with the x and y axes

parallel to the original axes as shown in Fig. 1.4b. The angle f is in the same

direction as the angle 2f in the Mohr's circle diagram. Thus, measuring 25:1�

(half of 50:2�) clockwise from x axis, we can locate the s1 axis. The s2 axis

will be at 90� with respect to the s1 axis, as shown in Fig. 1.4b.

To draw the second stress element, we note that the two extreme shear

stresses occur at the points H and I in Fig. 1.4a. The two normal stresses

corresponding to these shear stresses are each equal to 50 MPa. Point H is
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39.8� ccw from point B in the Mohr's circle diagram. Therefore, we draw

a stress element oriented 19:9� (half of 39:8�) ccw from x as shown in

Fig. 1.4c. m

1.4 Triaxial Stress

For three-dimensional stress elements, a particular orientation occurs in

space when all shear stress components are zero. As in the case of plane

stress, the principal directions are the normals to the faces for this particular

orientation. Since the stress element is three-dimensional, there are three

principal directions and three principal stresses s1, s2, and s3, associated

with the principal directions. In three dimensions, only six components of

stress are required to specify the stress state, namely, sx , sy , sz , txy , tyz ,

and tzx .

Figure 1.4
Mohr's circle

application. (a)
Mohr's circle
diagram; (b)

principal stres-
ses; (c) extreme

value of the
shear stresses.
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To plot Mohr's circles for triaxial stress, the principal normal stresses are

ordered so that s1 > s2 > s3. The result is shown in Fig. 1.5a. The three

principal shear stresses t1=2; t2=3, and t1=3 are also shown in Fig. 1.5a. Each of

these shear stresses occurs on two planes, one of the planes being shown in

Fig. 1.5b. The principal shear stresses can be calculated by the following

equations

t1=2 �
s1 ÿ s2

2
; t2=3 �

s2 ÿ s3

2
; t1=3 �

s1 ÿ s3

2
: �1:13�

If the normal principal stresses are ordered �s1 > s2 > s3�, then tmax � t1=3.

Figure 1.5
Mohr's circle for

triaxial stress
element. (a)
Mohr's circle
diagram; (b)
planar case.
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Let us consider a principal stress element having the stresses s1, s2, and

s3 as shown in Fig. 1.6. The stress element is cut by a plane ABC that forms

equal angles with each of the three principal stresses. This plane is called an

octahedral plane. Figure 1.6 can be interpreted as a free-body diagram when

each of the stress components shown is multiplied by the area over which it

acts. Summing the forces thus obtained to zero along each direction of the

coordinate system, one can notice that a force called octahedral force exists

on plane ABC . Dividing this force by the area of ABC , the result can be

described by two components. One component, called octahedral normal

stress, is normal to the plane ABC , and the other component, called

octahedral shear stress, is located in the plane ABC .

1.5 Elastic Strain

If a tensile load is applied to a straight bar, it becomes longer. The amount of

elongation is called the total strain. The elongation per unit length of the bar

E is called strain. The expression for strain is given by

E � d
l
; �1:14�

Figure 1.6
Octahedral stress

element.
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where d is the total elongation (total strain) of the bar of length l .

Shear strain g is the change in a right angle of an element subjected to

pure shear stresses.

Elasticity is a property of materials that allows them to regain their

original geometry when the load is removed. The elasticity of a material can

be expressed in terms of Hooke's law, which states that, within certain limits,

the stress in a material is proportional to the strain which produced it. Hence,

Hooke's law can be written as

s � E E; t � G g; �1:15�
where E and G are constants of proportionality. The constant E is called the

modulus of elasticity and the constant G is called the shear modulus of

elasticity or the modulus of rigidity. A material that obeys Hooke's law is

called elastic.

Substituting s � F =A and E � d=l into Eq. (1.15) and manipulating, we

obtain the expression for the total deformation d of a bar loaded in axial

tension or compression:

d � Fl

AE
: �1:16�

When a tension load is applied to a body, not only does an axial strain

occur, but also a lateral one. If the material obeys Hooke's law, it has been

demonstrated that the two strains are proportional to each other. This

proportionality constant is called Poisson's ratio, given by

n � lateral strain

axial strain
; �1:17�

It can be proved that the elastic constants are related by

E � 2G �1� n�: �1:18�
The stress state at a point can be determined if the relationship between

stress and strain is known and the state of strain has already been measured.

The principal strains are de®ned as the strains in the direction of the

principal stresses. As is the case of shear stresses, the shear strains are zero

on the faces of an element aligned along the principal directions. Table 1.1

lists the relationships for all types of stress. The values of Poisson's ratio n for

various materials are listed in Table 1.2.

1.6 Equilibrium

Considering a particle of nonnegligible mass, any force F acting on it will

produce an acceleration of the particle. The foregoing statement is derived

from Newton's second law, which can be expressed asP
F � ma;

where
P

F is the sum of the forces acting on the particle, m the mass of the

particle, and a the acceleration. If all members of a system under investiga-
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tion are assumed motionless or in motion with a constant velocity, then every

particle has zero acceleration a � 0 and

F1 � F2 � � � � � Fi �
P

F � 0; �1:19�
The forces acting on the particle are said to be balanced and the particle is

said to be in equilibrium if Eq. (1.19) holds. If the velocity of the particle is

zero, then the particle is said to be in static equilibrium.

A system may denote any part of a structure, that is, just one particle,

several particles, a portion of a rigid body, an entire rigid body, or several

rigid bodies. We can de®ne the internal forces and the internal moments of a

system as the action of one part of the system on another part of the same

system. If forces and moments are applied to the considered system from the

outside, then these forces and moments are called external forces and

external moments.

The condition for the equilibrium of a single particle is expressed by

Eq. (1.19). For a system containing many particles, Eq. (1.19) can be applied

to each particle in the system. Let us select a particle, say the j th one, and let

Fe be the sum of the external forces and Fi be the sum of the internal forces.

Then, Eq. (1.19) becomes P
Fj � Fe � Fi � 0: �1:20�

Table 1.1 Elastic Stress±Strain Relations

Type of stress Principal strains Principal stresses

Uniaxial E1 �
s1

E
s1 � E E1

E2 � ÿnE1 s2 � 0

E3 � ÿnE1 s3 � 0

Biaxial E1 �
s1

E
ÿ ns2

E s1 �
E �E1 � nE2�

1ÿ n2

E2 �
s2

E
ÿ ns1

E s2 �
E �E2 � nE1�

1ÿ n2

E3 � ÿ
ns1

E
ÿ ns2

E
s3 � 0

Triaxial E1 �
s1

E
ÿ ns2

E
ÿ ns3

E s1 �
E E1�1ÿ n� � nE �E2 � E3�

1ÿ nÿ 2n2

E2 �
s2

E
ÿ ns1

E
ÿ ns3

E s2 �
E E2�1ÿ n� � nE �E1 � E3�

1ÿ nÿ 2n2

E3 �
s3

E
ÿ ns1

E
ÿ ns2

E s1 �
E E3�1ÿ n� � nE �E1 � E2�

1ÿ nÿ 2n2

Source: J. E. Shigley and C. R. Mischke, Mechanical Engineering Design. McGraw-Hill, New York, 1989. Used with permission.
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For n particles in the system we getPn
1

Fe �
Pn
1

Fi � 0: �1:21�

The law of action and reaction (Newton's third law) states that when two

particles react, a pair of interacting forces exist, these forces having the same

magnitude and opposite senses, and acting along the line common to the two

particles. Hence, the second term in Eq. (1.21) is zero and Eq. (1.21) becomesPn
1

Fe � 0: �1:22�

Equation (1.22) states that the sum of the forces exerted from the outside

upon a system in equilibrium is zero. Similarly, we can prove that the sum of

the external moments exerted upon a system in equilibrium is zero, that is,Pn
1

Me � 0: �1:23�

If Eqs. (1.22) and (1.23) are simultaneously satis®ed, then the system is in

static equilibrium.

To study the behavior of any part of a system, we can isolate that part

and replace the original effects of the system on it by interface forces and

moments. Figure 1.7 is a symbolic illustration of the process. The forces and

Table 1.2 Physical Constants of Materials

Modulus of
elasticity E

Modulus of
rigidity G

Unit weight
w

Poisson's
Material Mpsi GPa Mpsi GPa ratio n lb=in3 lb=ft3 kN=m3

Aluminum (all alloys) 10.3 71.0 3.80 26.2 0.334 0.098 169 26.6

Beryllium copper 18.0 124.0 7.0 48.3 0.285 0.297 513 80.6

Brass 15.4 106.0 5.82 40.1 0.324 0.309 534 83.8

Carbon steel 30.0 207.0 11.5 79.3 0.292 0.282 487 76.5

Cast iron, gray 14.5 100.0 6.0 41.4 0.211 0.260 450 70.6

Cooper 17.2 119.0 6.49 44.7 0.326 0.322 556 87.3

Douglas ®r 1.6 11.0 0.6 4.1 0.33 0.016 28 4.3

Glass 6.7 46.2 2.7 18.6 0.245 0.094 162 25.4

Inconel 31.0 214.0 11.0 75.8 0.290 0.307 530 83.3

Lead 5.3 36.5 1.9 13.1 0.425 0.411 710 111.5

Magnesium 6.5 44.8 2.4 16.5 0.350 0.065 112 17.6

Molybdenum 48.0 331.0 17.0 117.0 0.307 0.368 636 100.0

Monel metal 26.0 179.0 9.5 65.5 0.320 0.319 551 86.6

Nickel silver 18.5 127.0 7.0 48.3 0.322 0.316 546 85.8

Nickel steel 30.0 207.0 11.5 79.3 0.291 0.280 484 76.0

Phosphor bronze 16.1 111.0 6.0 41.4 0.349 0.295 510 80.1

Stainless steel (18-8) 27.6 190.0 10.6 73.1 0.305 0.280 484 76.0

Source: J. E. Shigley and C. R. Mischke, Mechanical Engineering Design. McGraw-Hill, New York, 1989. Used with permission.
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moment are internal for the whole system, but they become external when

applied to the isolated part. The interface forces, for example, are repre-

sented symbolically by the force vectors F1; F2, and Fi in Fig. 1.7. The

isolated part, along with all forces and moments, is called the free-body

diagram.

1.7 Shear and Moment

Let us consider a beam supported by the reactions R1 and R2 and loaded by

the transversal forces F1; F2 as shown in Fig. 1.8a. The reactions R1 and R2 are

considered positive since they act in the positive direction of the y axis.

Similarly, the concentrated forces F1 and F2 are considered negative since

they act in the negative y direction. Let us consider a cut at a section located

at x � a and take only the left-hand part of the beam with respect to the cut

as a free body. To ensure equilibrium, an internal shear force V and an

internal bending moment M must act on the cut surface (Fig. 1.8b). As we

noted in the preceding section, the internal forces and moments become

external when applied to an isolated part. Therefore, from Eq. (1.22), the

shear force is the sum of the forces to the left of the cut section. Similarly,

from Eq. (1.23), the bending moment is the sum of the moments of the forces

to the left of the section. It can be proved that the shear force and the

bending moment are related by

V � dM

dx
: �1:24�

Figure 1.7
Free body
diagram.
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If bending is caused by a uniformly distributed load w , then the relation

between shear force and bending moment is

dV

dx
� d2M

dx 2
� ÿw; �1:25�

A general force distribution called load intensity can be expressed as

q � lim
Dx!0

DF

Dx
:

Integrating Eqs. (1.24) and (1.25) between two points on the beam of

coordinates xA and xB yields�VB

VA

dV �
�xB

xA

q dx � VB ÿ VA: �1:26�

The preceding equation states that the changes in shear force from A to B is

equal to the area of the loading diagram between xA and xB . Similarly,�MB

MA

dM �
�xB

xA

V dx � MB ÿMA; �1:27�

which states that the changes in moment from A to B is equal to the area of

the shear force diagram between xA and xB .

1.8 Singularity Functions

Table 1.3 lists a set of ®ve singularity functions that are useful in developing

the general expressions for the shear force and the bending moment in a

beam when it is loaded by concentrated forces or moments.

EXAMPLE 1.2 Develop the expressions for load intensity, shear force, and bending moment

for the beam illustrated in Fig. 1.9.

Figure 1.8 Free body diagram of a simply supported beam.
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Table 1.3 Singularity Functions

Function Graph of fn�x� Meaning

Concentrated moment
(unit doublet)

hx ÿ aiÿ2 � 0 x 6� a� x

ÿ1 hx ÿ aiÿ2dx � hx ÿ aiÿ1

hx ÿ aiÿ2 � �1 x � a

Concentrated force
(unit impulse)

hx ÿ aiÿ1 � 0 x 6� a� x

ÿ1 hx ÿ aiÿ1dx � hx ÿ ai0

hx ÿ aiÿ1 � �1 x � a

Unit step hx ÿ ai0 � 0 x < a
1 x � a

�
� x

ÿ1 hx ÿ ai0dx � hx ÿ ai1

Ramp hx ÿ ai1 � 0 x < a
x ÿ a x � a

�
� x

ÿ1 hx ÿ ai1dx � hx ÿ ai2
2

Parabolic hx ÿ ai2 � 0 x < a
�x ÿ a�2 x � a

�
� x

ÿ1 hx ÿ ai2dx � hx ÿ ai3
3

Source: J. E. Shigley and C. R. Mischke, Mechanical Engineering Design. McGraw-Hill, New York, 1989. Used with permission.
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Solution

We note that the beam shown in Fig. 1.9 is loaded by the concentrated forces

F1 and F2. The reactions R1 and R2 are also concentrated loads. Thus, using

Table 1.3, the load intensity has the following expression:

q�x � � R1hxiÿ1 ÿ F1hx ÿ l1iÿ1 ÿ F2hx ÿ l2iÿ1 � R2hx ÿ liÿ1:

The shear force V � 0 at x � ÿ1. Hence,

V �x � �
�x

ÿ1
q�x � dx � R1hxi0 ÿ F1hx ÿ l1i0 ÿ F2hx ÿ l2i0 � R2hx ÿ li0:

A second integration yields

M �x � �
�x

ÿ1
V �x � dx � R1hxi1 ÿ F1hx ÿ l1i1 ÿ F2hx ÿ l2i1 � R2hx ÿ li1:

To calculate the reactions R1 and R2, we will evaluate V �x � and M �x � at

x slightly larger than l . At that point, both shear force and bending moment

must be zero. Therefore, V �x � � 0 at x slightly larger than l , that is,

V � R1 ÿ F1 ÿ F2 � R2 � 0:

Similarly, the moment equation yields

M � R1l ÿ F1�l ÿ l1� ÿ F2�l ÿ l2� � 0:

The preceding two equations can be solved to obtain the reaction forces R1

and R2. m

EXAMPLE 1.3 A cantilever beam with a uniformly distributed load w is shown in Fig. 1.10.

The load w acts on the portion a � x � l . Develop the shear force and

bending moment expressions.

Solution

First, we note that M1 and R1 are the support reactions. Using Table 1.3, we

®nd that the load intensity function is

q�x � � ÿM1hxiÿ2 � R1hxiÿ1 ÿ whx ÿ ai0:

Figure 1.9
Free-body

diagram of a
simply supported
beam loaded by

concentrated
forces.
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Integrating successively two times gives

V �x � �
�x

ÿ1
q�x � dx � ÿM1hxiÿ1 � R1hxi0 ÿ whx ÿ ai1

M �x � �
�x

ÿ1
V �x � dx � ÿM1hxi0 � R1hxi1 ÿ

w

2
hx ÿ ai2:

The reactions can be calculated by evaluating V �x � and M �x � at x slightly

larger than l and observing that both V and M are zero in this region. The

shear force equation yields

ÿM1 � 0� R1 ÿ w�l ÿ a� � 0;

which can be solved to obtain the reaction R1. The moment equation gives

ÿM1 � R1l ÿ w

2
�l ÿ a� � 0;

which can be solved to obtain the moment M1. m

1.9 Normal Stress in Flexure

The relationships for the normal stresses in beams are derived considering

that the beam is subjected to pure bending, that the material is isotropic and

homogeneous and obeys Hooke's law, that the beam is initially straight with

a constant cross-section throughout all its length, that the beam axis of

symmetry is in the plane of bending, and that the beam cross-sections remain

plane during bending.

A part of a beam on which a positive bending bending moment

Mz � M k (k being the unit vector associated with the z axis) is applied as

shown in Fig. 1.11. A neutral plane is a plane that is coincident with the

elements of the beam of zero strain. The xz plane is considered as the neutral

plane. The x axis is coincident with the neutral axis of the section and the y

axis is coincident with the axis of symmetry of the section.

Applying a positive moment on the beam, the upper surface will bend

downward and, therefore, the neutral axis will also bend downward

(Fig. 1.11). Because of this fact, the section PQ initially parallel to RS will

Figure 1.10
Free-body

diagram for a
cantilever beam.
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twist through the angle df with respect to P 0Q 0. In Fig. 1.11, r is the radius of

curvature of the neutral axis, ds is the length of a differential element of the

neutral axis, and f is the angle between the two adjacent sides RS and P 0Q 0.
The de®nition of the curvature is

1

r
� df

ds
: �1:28�

The deformation of the beam at distance y from the neutral axis is

dx � ydf; �1:29�

and the strain

E � ÿ dx

ds
; �1:30�

where the negative sign suggests that the beam is in compression. Manip-

ulating Eqs. (1.28), (1.29), and (1.30), we obtain

E � ÿ y

r
: �1:31�

Since s � E E, the expression for stress is

s � ÿ Ey

r
: �1:32�

Figure 1.11
Normal stress in

¯exure.
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Observing that the force acting on an element of area dA is sdA and

integrating this force, we get�
s dA � ÿ E

r

�
y dA � 0: �1:33�

Since the x axis is the neutral axis, the preceding equation states that the

moment of the area about the neutral axis is zero. Thus, Eq. (1.33) de®nes

the location of the neutral axis, that is, the neutral axis passes through the

centroid of the cross-sectional area.

To ensure equilibrium, the internal bending moment created by the

stress s must be the same as the external moment Mz � M k, namely,

M �
�

ys dA � E

r

�
y2 dA; �1:34�

where the second integral in the foregoing equation is the second moment of

area I about the z axis. It is given by

I �
�

y2 dA: �1:35�

Manipulating Eqs. (1.34) and (1.35), we obtain

1

r
� M

EI
: �1:36�

Finally, eliminating r from Eqs. (1.32) and (1.36) yields

s � ÿMy

I
: �1:37�

Equation (1.37) states that the stress s is directly proportional to the bending

moment M and the distance y from the neutral axis (Fig. 1.12). The

maximum stress is

s � Mc

I
; �1:38�

where c � ymax . Equation (1.38) can also be written in the two forms

s � M

I =c
; s � M

Z
; �1:39�

where Z � I =c is called the section modulus.

EXAMPLE 1.4 Determine the diameter of a solid round shaft OC in Fig. 1.13, 36 in long,

such that the bending stress does not exceed 10 kpsi. The transversal loads of

800 lb and 300 lb act on the shaft.

Solution

The moment equation about C yieldsP
MC � ÿ36R1 � 24�800� � 8�300� � 0:
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Figure 1.12
Bending stress in

¯exure.

Figure 1.13
Loading diagram

of a rotating
shaft. (a) Free
body diagram;

(b) shear force
diagram; (c)

bending moment
diagram.
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The foregoing equation gives R1 � 600 lb. The force equation with respect to

the y axis is

R1 ÿ 400ÿ 150� R2 � 0;

yielding R2 � 500 lb. The next step is to draw the shear force and the bending

moment diagrams shown in Figs. 1.13b and 1.13c. From the bending moment

diagram, we observe that the maximum bending moment is

M � 600�12� � 7200 lb in:

The section modulus is

I

c
� pd3

32
� 0:0982d3:

Then, the bending stress is

s � M

I =c
� 7200

0:0982d3
:

Considering s � 10;000 psi and solving for d, we obtain

d �
�����������������������������

7200

0:0982�10000�
3

s
� 1:94 in: m

1.10 Beams with Asymmetrical Sections

Considering the restriction of having the plane of bending coincident with

one of the two principal axes of the section, the results of the preceding

section can be applied to beams with asymmetrical sections.

From Eq. (1.33), the stress at a distance y from the neutral axis is

s � ÿ Ey

r
: �1:40�

and, thus, the force on the element of area dA in Fig. 1.14 is

dF � s dA � Ey

r
dA:

Figure 1.14
Normal stress of

asymmetrical
section beam.
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The moment of this force about the y axis gives

My �
�

z dF �
�
sz dA � ÿ E

r

�
yz dA: �1:41�

The last integral in Eq. (1.41) is the product of inertia Iyz . It can be shown that

Iyz �
�

yz dA � 0 �1:42�

if the bending moment on the beam is in the plane of one of the principal

axes. Hence, the relations developed in the preceding section can be applied

to beams having asymmetrical sections only if one takes into account the

restriction given by Eq. (1.42).

1.11 Shear Stresses in Beams

In the general case, beams have both shear forces and bending moments

acting upon them. Let us consider a beam of constant cross-section subjected

to a shear force V � V j and a bending moment Mz � M k, j and k being the

unit vectors corresponding to the y and z axes, respectively (Fig. 1.15). From

Eq. (1.24), the relationship between V and M is

V � dM

dx
: �1:43�

Figure 1.15 Shear stresses in beams.
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Let us consider an element of length dx located at a distance y1 above the

neutral axis. Because of the shear force, the bending moment is not constant

along the x axis. Let us denote by M the bending moment on the near side of

the section and by M � dM the bending moment on the far side. These two

moments produce normal stresses s and s� ds, respectively. The normal

stresses generate forces perpendicular to the vertical faces of the element.

Since the force acting on the far side is larger than that one acting on the near

side, the resultant of these forces would cause the element to tend to slide in

the ÿx direction. To ensure equilibrium, the resultant must be balanced by a

shear force acting in the �x direction on the bottom of the section. A shear

stress t is generated by this shear force. Summarizing, three resultant forces

are exerted on the element, that is, FN � FN i, i being the unit vector

corresponding to the x axis, due to the normal stress s acting on the near

face; FF � FF i due to the normal stress s� ds acting on the far face; and

FB � FB i due to the shear stress t acting on the bottom face.

Let us consider a small element of area dA on the near face. Since stress

acting on this area is s, the force exerted on the small area can be calculated

as sdA. Integrating, we ®nd that the force on the near face is

FN �
�c

y1

s dA; �1:44�

where the limits show that the integration is from the bottom of the element

y � y1 to the top y � c. If we use the expression s � My=I , the preceding

equation yields

FN �
M

I

�c

y1

y dA: �1:45�

The force acting on the far face can be calculated in a similar fashion, namely,

FF �
�c

y1

�s� ds� dA � M � dM

I

�c

y1

y dA: �1:46�

The force on the bottom face is

FB � tb dx ; �1:47�
where b is the width of the element and b dx is the area of the bottom face.

Observing that all three forces act in the x direction, we can sum them

algebraically: P
Fx � FN ÿ FF � FB � 0: �1:48�

Substituting FN and FF and solving for FB yields

FB � FF ÿ FN �
M � dM

I

�c

y1

y dA ÿM

I

�c

y1

y dA � dM

I

�c

y1

y dA: �1:49�

Substituting Eq. (1.47) for FB and solving for shear stress gives

t � dM

dx

1

Ib

�c

y1

y dA: �1:50�

1. Stress 141

M
ec

h
an

ic
s



Using Eq. (1.43), we ®nd that the shear stress formula becomes

t � V

Ib

�c

y1

y dA: �1:51�

In the preceding equation, the integral is the ®rst moment of area of the

vertical face about the neutral axis usually denoted as Q, and

Q �
�c

y1

y dA: �1:52�

Therefore, Eq. (1.51) can be rewritten as

t � VQ

Ib
; �1:53�

where I is the second moment of area of the section about the neutral axis.

1.12 Shear Stresses in Rectangular Section Beams

Figure 1.16 shows a part of a beam acted upon by a shear force V � V j and a

bending moment Mz � M k. Because of the bending moment, a normal

stress s is produced on a cross-section of the beam, such as A±A. The beam

is in compression above the neutral axis and in tension below. Let us

consider an element of area dA located at a distance y above the neutral

axis. Observing that dA � b dy , we ®nd that Eq. (1.52) becomes

Q �
�c

y1

y dA � b

�c

y1

y dy � by2

2

����c
y1

� b

2
�c2 ÿ y2

1 �: �1:54�

Figure 1.16
Stresses in
rectangular

section beams.
(a) Side view;

(b) cross-
section.
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Substituting Eq. (1.54) into Eq. (1.53) gives

t � V

2I
�c2 ÿ y2

1 �: �1:55�

This equation represents the general equation for shear stress in a beam of

rectangular cross-section. The expression for the second moment of area I

for a rectangular section is

I � bh3

12
;

and, if we substitute h � 2c and A � bh � 2bc, the expression for I becomes

I � Ac3

3
: �1:56�

Substituting Eq. (1.56) into Eq. (1.55) yields

t � 3V

2A
1ÿ y2

1

c2

� �
� C

V

A
: �1:57�

The values C versus y1 are listed in Table 1.4. The maximum shear stress is

obtained for y1 � 0, that is,

tmax �
3V

2A
; �1:58�

and the zero shear stress is obtained at the outer surface where y1 � c.

Formulas for the maximum ¯exural shear stress for the most commonly used

shapes are listed in Table 1.5.

1.13 Torsion

A torque vector is a moment vector collinear with an axis of a mechanical

element, causing the element to twist about that axis. A torque Tx � T i

applied to a solid round bar is shown in Fig. 1.17. The torque vectors are the

arrows shown on the x axis. The angle of twist is given by the relationship

y � Tl

GJ
; �1:59�

where T is the torque, l the length, G the modulus of rigidity, and J the polar

second moment of area. Since the shear stress is zero at the center and

Table 1.4 Variation of Shear Stress t � C
V

A

Distance y1 0 0.2c 0.4c 0.6c 0.8c c

Factor C 1.50 1.44 1.26 0.96 0.54 0

Source: J. E. Shigley and C. R. Mischke, Mechanical Engineering Design. McGraw-Hill, New York, 1989. Used
with permission.
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maximum at the surface for a solid round bar, the shear stress is proportional

to the radius r, namely,

t � T r
J
: �1:60�

If r is the radius to the outer surface, then

tmax �
Tr

J
: �1:61�

Table 1.5 Formulas for Maximum Shear
Stress Due to Bending

Beam shape Formula

tmax �
3V

2A

tmax �
4V

3A

tmax �
2V

A

tmax �
V

Aweb

Figure 1.17
Torsion bar.
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For a rotating shaft, the torque T can be expressed in terms of power and

speed. One form of this relationship can be

H � 2pTn

33;000�12� �
FV

33;000
� Tn

63;000
; �1:62�

where H is the power (hp), T the torque (lb in), n the shaft speed (rev=min),

F the force (lb), and V the velocity (ft=min). When SI units are used, the

equation becomes

H � T o; �1:63�
where H is the power (W), T the torque (N m), and o the angular velocity

(rad=s). Thus, the torque T can be approximated by

T � 9:55
H

n
; �1:64�

where n is in rev=min.

For rectangular sections, the following approximate formula applies:

tmax �
T

wt2
3� 1:8

t

w

� �
: �1:65�

Here w and t are the width and the thickness of the bar, respectively.

EXAMPLE 1.5 (Source: J. E. Shigley and C. R. Mischke, Mechanical Engineering Design.

McGraw-Hill, New York, 1989.)

Figure 1.18 shows a crank loaded by a force F � 1000 lb that causes

twisting and bending of a 3
4-in diameter shaft ®xed to a support at the origin of

the reference system. Draw separate free body diagrams of the shaft AB and

the arm BC , and compute the values of all exerted forces, moments, and

torques. Compute the maximum torsional stress and the bending stress in the

arm BC and indicate where they occur.

Solution

The two free body diagrams are shown in Fig. 1.19. The force and torque at

point C are

F � ÿ1000 lb; T � ÿ1000k lb in:

At the end B of the arm BC ,

F � 1000 lb; M � 4000 lb in; T � 1000k lb in;

whereas at the end B of the shaft AB ,

F � ÿ1000 lb; T � ÿ4000 lb in; M � ÿ1000k lb in:

At point A,

F � 1000 lb; M � 6000k lb in; T � 4000 lb in:

j

j i

j i

j i
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Figure 1.18
Crank

mechanism.
Used with

permission from
Ref. 16.

Figure 1.19
Free body

diagrams of a
crank

mechanism.
Used with

permission from
Ref. 16.
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For the arm BC , the bending stress will reach a maximum near the shaft at B.

The bending stress for the rectangular cross-section of the arm is

s � M

I =c
� 6M

bh2
� 6�4000�

0:25�1:25�2 � 61;440 psi:

The torsional stress is

tmax �
T

wt2
3� 1:8

t

w

� �
� 1000

1:25�0:25�2 3� 1:8
0:25

1:25

� �
� 43;008 psi:

The stress occurs at the middle of the 1 1
4-in side. m

1.14 Contact Stresses

The theory presented in this section is based on the Hertzian stresses

approach. A typical case of contact stresses occurs when the bodies in

contact have a double radius of curvature. This means that the radius in the

plane of rolling is different from the radius in a perpendicular plane, both

planes taken through the axis of the contacting force. When such bodies are

pressed together the produced stresses are three-dimensional. As the bodies

are pressed, the initial point of contact between the bodies becomes an area

of contact.

For example, if a force F is applied to two solid spheres of diameters d1

and d2, respectively, the spheres are pressed together and a circular area of

contact of radius a is developed. The radius a is given by

a �
���������������������������������������������������������
3F

8

�1ÿ n2
1�=E1 � �1ÿ n2

2�=E2

1=d1 � 1=d2

3

s
; �1:66�

where E1, n1 and E2, n2 are the elastic constants of the two spheres,

respectively. The pressure distribution within each sphere is semielliptical

(Fig. 1.20). The maximum pressure Pmax is obtained at the center of the

contact area given by

Pmax �
3F

2pa2
: �1:67�

In the case of the contact between a sphere and a plane surface or a

sphere and an internal spherical surface, Eqs. (1.66) and (1.67) can also be

applied. If we observe that for a plane surface d � 1 and for an internal

surface the diameter is a negative quantity, the principal stresses are

sx � sy � ÿPmax 1ÿ z

a
tanÿ1 1

z

a

0B@
1CA�1� m� ÿ 1

2 1� z 2

a2

� �
2664

3775; �1:68�

sz �
ÿpmax

1� z 2

a2

: �1:69�
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In the case of the contact between two cylinders of length l and

diameters d1 and d2 (Fig. 1.21), the area of contact is a narrow rectangle of

width 2b and length l . The pressure distribution is elliptical. The half-width b

is given by

b �
���������������������������������������������������������
2F

pl

�1ÿ n2
1�=E1 � �1ÿ n2

2�=E2

1=d1 � 1=d2

s
; �1:70�

and the maximum pressure by

Pmax �
2F

pbl
: �1:71�

As in the case of the sphere contact, setting d � 1, the preceding equations

can be applied for the contact of a cylinder and a plane surface or a cylinder

Figure 1.20
Contact stress of
two spheres. (a)

Spheres in
contact; (b)

contact stress
distribution.

Used with
permission from

Ref. 16.
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and an internal cylindrical surface (for the last situation d is negative). The

stresses on the z axis are given by the following equations, respectively:

sx � ÿ2nPmax

��������������
1� z 2

b2

r
ÿ z

b

 !
�1:72�

sy � ÿPmax 2ÿ 1

1� z 2

b2

0BB@
1CCA

��������������
1� z 2

b2

r
ÿ 2

z

b

2664
3775 �1:73�

sz �
ÿPmax��������������
1� z 2

b2

r : �1:74�

2. De¯ection and Stiffness

A rigid is a mechanical element that does not bend, de¯ect, or twist when an

external action is exerted on it. Conversely, a ¯exible is a mechanical element

Figure 1.21
Contact stress of

two cylinders.
(a) Cylinders in

contact; (b)
contact stress
distribution.

Used with
permission from

Ref. 16.
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that changes its geometry when an external force, moment, or torque is

applied. Therefore, rigidity and ¯exibility are terms that apply to particular

situations. This chapter deals with de¯ection analysis that is frequently

performed in the design of, for example, transmissions, springs, or auto-

motive suspensions.

2.1 Springs

The property of a material that enables it to regain its original geometry after

having been deformed is called elasticity. Let us consider a straight beam of

length l which is simply supported at the ends and loaded by the transversal

force F (Fig. 2.1a). If the elastic limit of the material is not exceeded (as

indicated by the graph), the de¯ection y of the beam is linearly related to the

force, and, therefore, the beam can be described as a linear spring.

The case of a straight beam supported by two cylinders is illustrated in

Fig. 2.1b. As the force F is applied to the beam, the length between the

supports decreases and, therefore, a larger force is needed to de¯ect a short

beam than that required for a long one. Hence, the more this beam is

de¯ected, the stiffer it becomes. The force is not linearly related to the

de¯ection, and, therefore, the beam can be described as a nonlinear

stiffening spring.

A dish-shaped round disk acted upon by the load F is shown in Fig. 2.1c.

To ¯atten the disk, a larger force is needed, so the force increases ®rst. Then,

the force decreases as the disk approaches a ¯at con®guration. A mechanical

element having this behavior is called a nonlinear softening spring.

If we consider the relationship between force and de¯ection as

F � F �y�; �2:1�
then the spring rate is de®ned as

k�y� � lim
Dy!0

DF

Dy
� dF

dy
; �2:2�

where y is measured at the point of application of F in the direction of F . For

a linear spring, k is a constant called the spring constant, and Eq. (2.2)

becomes

k � F

y
: �2:3�

2.2 Spring Rates for Tension, Compression, and Torsion

The total extension or deformation of a uniform bar is

d � Fl

AE
; �2:4�
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where F is the force applied on the bar, l the length of the bar, A the cross-

sectional area, and E the modulus of elasticity. From Eqs. (2.3) and (2.4), the

spring constant of an axially loaded bar is obtained:

k � AE

l
: �2:5�

If a uniform round bar is subjected to a torque T , the angular de¯ec-

tion is

y � Tl

GJ
; �2:6�

Figure 2.1
Springs. (a)

Linear spring;
(b) stiffening

spring; (c) soft-
ening spring.

Used with
permission from

Ref. 16.
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where T is the torque, l the length of the bar, G the modulus of rigidity, and J

the polar moment of area. If we multiply Eq. (2.6) by 180=p and substitute

J � pd4=32 (for a solid round bar), the expression for y becomes

y � 583:6Tl

Gd 4
; �2:7�

where y is in degrees and d is the diameter of the round cross-section. If we

rewrite Eq. (2.6) as a ratio between T and y, we can de®ne the spring rate:

k � T

y
� GJ

l
: �2:8�

2.3 De¯ection Analysis

If a beam is subjected to a positive bending moment M , the beam will de¯ect

downward. The relationship between the curvature of the beam and the

external moment M is

1

r
� M

EI
; �2:9�

where r is the radius of curvature, E the modulus of elasticity, and I the

second moment of area. It can be proved mathematically that the curvature

of a plane curve can be described by

1

r
� d2y=dx2

�1� �dy=dx �2�3=2 ; �2:10�

where y is the de¯ection of the beam at any point of coordinate x along its

length. The slope of the beam at point x is

y � dy

dx
: �2:11�

If the slope is very small, that is, y � 0, then the denominator of Eq. (2.10)

1� dy

dx

� �2
" #3=2

� �1� y2�3=2 � 1:

Hence, Eq. (2.9) yields

M

EI
� d2y

dx 2
: �2:12�

Differentiating Eq. (2.12) two times successively gives

V

EI
� d3y

dx 3
�2:13�

q

EI
� d4y

dx 4
; �2:14�
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where q is the load intensity and V the shear force,

V � dM

dx
and

dV

dx
� d 2M

dx 2
� q :

The preceding relations can be arranged as follows:

q

EI
� d4y

dx 4
�2:15�

V

EI
� d3y

dx 3
�2:16�

M

EI
� d2y

dx 2
�2:17�

y � dy

dx
�2:18�

y � f �x �: �2:19�
Figure 2.2 shows a beam of length l � 10 in loaded by the uniform load

w � 10 lb=in. All quantities are positive if upward, and negative if downward.

Figure 2.2 also shows the shear force, bending moment, slope, and de¯ection

diagrams. The values of these quantities at the ends of the beam, that is, at

x � 0 and x � l , are called boundary values. For example, the bending

moment and the de¯ection are zero at each end because the beam is simply

supported.

2.4 De¯ections Analysis Using Singularity Functions

Let us consider a simply supported beam acted upon by a concentrated load

at the distance a from the origin of the xy coordinate system (Fig. 2.3). We

want to develop an analytical expression for the de¯ection of the beam by

using the singularity functions studied in Section 1.8. Since the beam is

simply supported, we are interested in determining the de¯ection of the

beam in between the supports, namely for 0 < x < l. Thus, Eq. (2.15) yields

EI
d4y

dx 4
� q � ÿF hx ÿ aiÿ1: �2:20�

Because of the range chosen for x, the reactions R1 and R2 do not appear in

the preceding equation. Integrating from 0 to x Eq. (2.20) and using

Eq. (2.16) gives

EI
d3y

dx 3
� V � ÿF hx ÿ ai0 � C1; �2:21�

where C1 is an integration constant. Using Eq. (2.17) and integrating again,

we obtain

EI
d2y

dx 2
� M � ÿF hx ÿ ai1 � C1x � C2; �2:22�
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where C2 is also an integration constant. We can determine the constants C1

and C2 by considering two boundary conditions. The boundary condition

can be M � 0 at x � 0 applied to Eq. (2.22), which gives C2 � 0 and M � 0

at x � l also applied to Eq. (2.22), which gives

C1 �
F �l ÿ a�

l
� Fb

l
:

Figure 2.2 Uniformly loaded beam.
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Substituting C1 and C2 in Eq. (2.22) gives

EI
d2y

dx 2
� M � Fbx

l
ÿ F hx ÿ ai1: �2:23�

Integrating Eq. (2.23) twice according to Eqs. (2.18) and (2.19) yields

EI
dy

dx
� EI y � Fbx 2

2l
ÿ F hx ÿ ai2

2
� C3 �2:24�

EIy � Fbx 3

6l
ÿ F hx ÿ ai3

6
� C3x � C4: �2:25�

The integration constants C3 and C4 in the preceding equations can be

evaluated by considering the boundary conditions y � 0 at x � 0 and y � 0

at x � l . Substituting the ®rst boundary condition in Eq. (2.25) yields C4 � 0.

The second condition substituted in Eq. (2.25) yields

0 � Fbl 2

6
ÿ Fb3

6
� C3l ;

Figure 2.3
Simply

supported beam
loaded by a

concentrated
force.
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or

C3 � ÿ
Fb

6l
�l2 ÿ b2�:

If we substitute C3 and C4 in Eq. (2.25), the analytical expression for the

de¯ection y is obtained:

y � F

6EIl
�bx �x2 � b2 ÿ l2� ÿ lhx ÿ ai3�: �2:26�

The shear force and bending moment diagrams are shown in Fig. 2.3.

As a second example, let us consider the beam shown in Fig. 2.4a. The

loading diagram and the approximate de¯ection curve are shown in

Fig. 2.4b. We will develop the analytical expression for the de¯ection y as

a function of x in a similar manner as for the preceding example. The loading

equation for x in the range 0 < x < l is

q � R2hx ÿ aiÿ1 ÿ whx ÿ ai0: �2:27�
Integrating this equation four times according to Eqs. (2.15) to (2.19) yields

V � R2hx ÿ ai0 ÿ whx ÿ ai1 � C1 �2:28�

M � R2hx ÿ ai1 ÿ w

2
hx ÿ ai2 � C1x � C2 �2:29�

EI y � R2

2
hx ÿ ai2 ÿ w

6
hx ÿ ai3 � C1

2
x 2 � C2x � C3 �2:30�

EIy � R2

6
hx ÿ ai3 ÿ w

24
hx ÿ ai4 � C1

6
x3 � C2

2
x 2 � C3x � C4: �2:31�

Figure 2.4
Cantilever beam

loaded by a
uniformly

distributed force
at the free end.

(a) Loading
diagram; (b)

free-body
diagram. Used
with permission

from Ref. 16.
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The integration constants C1 to C4 can be evaluated by considering appro-

priate boundary conditions. Both EI y � 0 and EIy � 0 at x � 0. This gives

C3 � 0 and C4 � 0. At x � 0 the shear force is equal to ÿR1. Therefore,

Eq. (2.28) gives V �0� � R1 � C1. The de¯ection must be zero at x � a. Thus,

Eq. (2.31) yields

C1

6
a3 � C2

2
a2 � 0 or C1

a

3
� C2 � 0: �2:32�

At the overhanging end, at x � l , the moment must be zero. For this

boundary condition Eq. (2.29) gives

R2�l ÿ a� ÿ w

2
�l ÿ a�2 � C1l � C2 � 0;

or, if we use the notation l ÿ a � b and the equation resulting from the sum

of the forces in the y direction, namely R2 � R1 � wb � ÿC1 � wb,

C1a � C2 � ÿ
wb2

2
: �2:33�

Solving Eqs. (2.32) and (2.33) simultaneously for C1 and C2 gives

C1 �
3wb2

4a
; C2 �

wb2

4
:

Therefore, the reaction R2 is obtained:

R2 � ÿC1 � wb � wb

4a
�4a � 3b�:

Equation (2.29) for x � 0 gives

M �0� � M1 � C2 �
wb2

4
:

The analytical expression for the de¯ection curve is obtained by

substituting the expressions for R2 and the constants C1, C2, C3, and C4 in

Eq. (2.31), that is,

EIy � wb

24a
�4a � 3b�hx ÿ ai3 ÿ w

24
hx ÿ ai4 ÿ wb2x 3

8a
� wb2x 2

8
: �2:34�

2.5 Impact Analysis

An impact situation is shown in Fig. 2.5, where a weight W moving with a

constant velocity v on a frictionless surface strikes a spring of constant k. We

are interested in ®nding the maximum force and the maximum de¯ection of

the beam caused by the impact.

The following equation of motion for the weight can be developed after

the impact:

W

g
�y � ÿky : �2:35�
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Here, the left-hand side term is actually mass times acceleration and the right-

hand side term is the force due to the spring. It tends to retard the motion of

the weight and, therefore, the spring force is negative. Written as

�y � kg

W
y � 0;

Eq. (2.35) is a homogeneous second-order differential equation having the

solution

y � A cos
kg

W

� �1=2

t � B sin
kg

W

� �1=2

t ; �2:36�

where A and B are two constants to be determined. Differentiating Eq. (2.36),

we obtain the equation for the velocity of W after impact:

_y � A
kg

W

� �1=2

sin
kg

W

� �1=2

t � B
kg

W

� �1=2

cos
kg

W

� �1=2

t : �2:37�

Considering the initial conditions y � 0 and _y � v at t � 0 in Eqs. (2.36) and

(2.37), respectively, the constants A and B are obtained:

A � 0; B � v

�kg=W �1=2 :

Substituting the preceding expressions in Eq. (2.36), we can write the

solution of the equation of motion (2.35) as

y � v

�kg=W �1=2 sin
kg

W

� �1=2

t : �2:38�

The maximum de¯ection is obtained when sin
kg

W

� �1=2

t � 1. Thus,

ymax �
v

�kg=W �1=2 � v
kg

W

� �1=2

: �2:39�

The maximum force acting on the spring is

Fmax � kymax � kv
kg

W

� �1=2

: �2:40�

Another impact situation is shown in Fig. 2.6a. A weight W falls a

distance h and impacts a structure or member of spring rate k. The origin of

the coordinate y corresponds to the position of the weight at t � 0. We want

to ®nd the maximum de¯ection and the maximum force acting on the spring

caused by the impact.

Figure 2.5
Impacting

system.
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The free-body diagrams of the weight shown in Fig. 2.6b and 2.6c depict

two different situation, namely y � h and y > h, respectively. For each free-

body diagram, Newton's second law yields, respectively,

W

g
�y � W ; y � h

W

g
�y � k�y ÿ h� �W ; y > h: �2:41�

The foregoing equations are linear, but each applies only for a certain range

of y . The solution to the ®rst equation is

y � gt2

2
; y � h: �2:42�

The preceding solution is no longer valid if y � h, which corresponds to the

moment of time

t1 �
2h

g

� �1=2

: �2:43�

Differentiating Eq. (2.42) with respect to time gives the equation for the

weight velocity,

_y � gt ; y � h: �2:44�

The velocity of the weight at t � t1 is

_y1 � gt1 � �2gh�1=2: �2:45�

To solve the second equation of the system (2.41), it is convenient to

de®ne another time variable t 0 � t ÿ t1. Thus, t 0 � 0 when the weight strikes

Figure 2.6
Impacting

system falling
under gravity.

(a) System
diagram; (b)

free-body
diagram before

impact; (c) free-
body diagram
after impact.

Used with
permission from

Ref. 16.
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the spring. The solution of the second equation of the system (2.41) in terms

of the new time variable t 0 is

y � A cos
kg

W

� �1=2

t 0 � B sin
kg

W

� �1=2

t 0 � h �W

k
: �2:46�

The constants A and B can be evaluated by considering the initial conditions

in a similar fashion as for the preceding example. Therefore, the ®nal

expression for y will be

y � W

k

� �2

� 2Wh

k

" #1=2

cos
kg

W

� �1=2

t 0 ÿ f

" #
� h �W

k
; y > h; �2:47�

where the phase angle f is given by

f � p
2
� tanÿ1 W

2kh

� �1=2

: �2:48�

The maximum de¯ection of the spring d � y ÿ h occurs when the cosine

term in Eq. (2.47) is equal to unity. Therefore,

d � W

k
�W

k
1� 2kh

W

� �� �1=2

: �2:49�

The maximum force acting on the spring is

F � kd � W �W 1� 2hk

W

� �� �1=2

: �2:50�

2.6 Strain Energy

The work done by the external forces on a deforming elastic member is

transformed into strain, or potential energy. If y is the distance a member is

deformed, then the strain energy is

U � F

2
y � F 2

2k
; �2:51�

where y � F =k. In the preceding equation, F can be a force, moment, or

torque.

For tension (compression) and torsion, the potential energy is, respec-

tively,

U � F 2l

2AE
�2:52�

U � T 2l

2GJ
: �2:53�

Let us consider now the element with one side ®xed (Fig. 2.7a). The

force F places the element in pure shear and the work done is U � F d=2.
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The shear strain is g � d=l � t=G � F =AG . Therefore, the strain energy due

to shear is

U � F 2l

2AG
: �2:54�

The expression for the strain energy due to bending can be developed

by considering a section of a beam as shown in Fig. 2.7b. PQ is a section of

the elastic curve of length ds and radius of curvature r. The strain energy is

dU � �M =2�dy. Since rdy � ds, the strain energy becomes

dU � Mds

2r
: �2:55�

Considering Eq. (2.9), we can eliminate r in Eq. (2.55) and obtain

dU � M 2ds

2EI
: �2:56�

The strain energy due to bending for the whole beam can be obtained by

integrating Eq. (2.56) and considering that ds � dx for small de¯ections of

the beam, that is,

U �
�

M 2dx

2EI
: �2:57�

Figure 2.7 Strain energy. (a) Strain energy due to direct shear; (b) strain energy due to bending.
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The strain energy stored in a unit volume u can be obtained by dividing

Eqs. (2.52)±(2.54) by the total volume lA:

u � s2

2E
(tension and compression)

u � t2

2G
(direct shear)

u � t2
max

4G
(torsion):

Even if shear is present and the beam is not very short, Eq. (2.57) still

gives good results. The expression of the strain energy due to shear loading

of a beam can be approximated by considering Eq. (2.54) multiplied by a

correction factor C . The values of C depend upon the shape of the cross-

section of the beam. Thus, the strain energy due to shear in bending is

U �
�

CV 2dx

2AG
; �2:58�

where V is the shear force. Table 2.1 lists the values of the correction factor C

for various cross-sections.

EXAMPLE 2.1 Consider a simply supported beam shown of length l and rectangular cross-

section (Fig. 2.8). A uniformly distributed load w is applied transversally. Find

the strain energy due to shear.

Table 2.1 Strain Energy Correction Factors
for Shear

Beam cross-sectional shape FactorC

Rectangular 1.50

Circular 1.33

Tubular, round 2.00

Box sections 1.00

Structural sections 1.00

Source: Arthur P. Boresi, Omar M. Sidebottom, Fred B.
Seely, and James O. Smith, Advanced Mechanics of Materi-
als, 3rd ed., p. 173. Wiley, New York, 1978.

Figure 2.8
Uniformly loaded

beam.
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Solution

If we consider a cut at an arbitrary distance x from the origin and take only

the left part of the beam as a free body, the shear force can be expressed as

V � R1 ÿ wx � wl

2
ÿ wx :

The strain energy given by Eq. (2.58) with C � 1:5 (see Table 2.1) is

U � 1:5

2AG

� l

0

wl

2
ÿ wx

� �2

dx � 3w2l3

48AG
: m

EXAMPLE 2.2 A concentrated load F is applied to the end of a cantilever beam (Fig. 2.9).

Find the strain energy by neglecting the shear.

Solution

The bending moment at any point x along the beam has the expression

M � ÿFx . If we substitute M into Eq. (2.57), the strain energy is

U �
�l

0

F 2x2

2EI
dx � F 2l3

6EI
: m

2.7 Castigliano's Theorem

Castigliano's theorem provides a unique approach to de¯ection analysis. It

states that when forces act on elastic systems subject to small displacements,

the displacement corresponding to any force, collinear with the force, is

equal to the partial derivative of the total strain energy with respect to that

force (Ref. 16). Castigliano's theorem can be written as

di �
@U

@Fi

; �2:59�

where di is the displacement of the point of application of the force Fi in

the direction of Fi , and U is the strain energy. For example, applying

Castigliano's theorem for the cases of axial and torsional de¯ections and

Figure 2.9
Cantilever beam

loaded by a
concentrated

force at the free
end.
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considering the expressions for the strain energy given by Eqs. (2.52) and

(2.53), we obtain, respectively,

d � @

@F

F 2l

2AE

� �
� Fl

AE
�2:60�

y � @

@T

T 2l

2GJ

� �
� Tl

GJ
: �2:61�

Even if no force or moment acts at a point where we want to determine

the de¯ection, Castigliano's theorem can still be used. In such a case, to apply

Castigliano's theorem, ®rst we need to consider a ®ctitious (dummy) force or

moment Qi at the point of interest and develop the expression for the strain

energy including the energy due to that dummy force and moment. Then, we

®nd the expression for the de¯ection by using Eq. (2.61) where the

differentiation will be performed with respect to the dummy force or

moment Qi , that is, di � @U =@Qi . Finally, since Qi is a ®ctitious force or

moment, we will set Qi � 0 in the expression for di.

EXAMPLE 2.3 A cantilever of length l is loaded by a transversal force F at a distance a as

shown in Fig. 2.10. Find the maximum de¯ection of the cantilever if shear is

neglected.

Solution

The maximum de¯ection of the cantilever will be at its free end. Therefore, to

apply Castigliano's theorem, we consider a ®ctitious force Q at that point.

Since we will apply Eq. (2.57) to develop the expression for the strain energy,

we need to ®nd the expression for the bending moment M . Hence, the

bending moments corresponding to the segments OA and AB are, respec-

tively,

MOA � F x ÿ a� � � Q�x ÿ l �
MAB � Q�x ÿ l �:

The total strain energy is obtained:

U �
�a

0

M 2
OA

2EI
dx �

� l

a

M 2
AB

2EI
dx :

Figure 2.10
Castigliano's

theorem applied
for a cantilever

beam.
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When Castigliano's theorem is applied, the de¯ection is

y � @U
@Q
� 1

2EI

�a

0

2MOA

@MOA

@Q
dx �

�l

a

2MAB

@MAB

@Q
dx

� �
:

Since

@MOA

@Q
� @MAB

@Q
� x ÿ l ;

the expression for the de¯ection becomes

y � F

EI

�a

0

F x ÿ a� � � Q�x ÿ l �� ��x ÿ l � dx �
�l

a

�Q�x ÿ l ���x ÿ l � dx

� �
:

Since Q is a dummy force, setting Q � 0 in the preceding equation gives

y � F

EI

�a

0

x ÿ a� ��x ÿ l � dx � a2�3l ÿ a�
6EI

: m

2.8 Compression

The analysis and design of compression members depends upon whether

these members are loaded in tension or in torsion. The term column is

applied to those members for which failure is not produced because of pure

compression. It is convenient to classify the columns according to their

length and to whether the loading is central or eccentric. Thus, for example,

there are long columns with central loading, intermediate-length columns

with central loading, columns with eccentric loading, or short columns with

eccentric loading. The problem of compression members is to ®nd the

critical load that produces the failure of the member.

2.9 Long Columns with Central Loading

Figure 2.11 shows long columns of length l having applied an axial load P

and various end conditions. The load P is applied along the vertical

symmetry axis of the column. The end conditions shown in Fig. 2.11 are

rounded±rounded ends (Fig. 2.11a), ®xed±®xed ends (Fig. 2.11b), free±®xed

ends (Fig. 2.11c), and rounded±®xed ends (Fig. 2.11d).

To develop the relationship between the critical load Pcr and the column

material and geometry, ®rst let us consider the situation shown in Fig. 2.11a.

The ®gure shows that the bar is bent in the positive y direction and, thus, a

negative moment is required:

M � ÿPy : �2:62�
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Conversely, if the bar is bent in the negative y direction, a positive moment

would is needed, and also M � ÿPy because of ÿy . Using Eqs. (2.17) and

(2.62), we obtain

d2y

dx 2
� ÿ P

EI
y; �2:63�

or

d2y

dx 2
� P

EI
y � 0: �2:64�

The solution of the preceding equation is

y � A sin

�����
P

EI

r
x � B cos

�����
P

EI

r
x ; �2:65�

where A and B are constants of integration that can be determined by

considering the boundary conditions y � 0 at x � 0 and y � 0 at x � l .

Substituting the two boundary conditions in Eq. (2.65), we obtain B � 0 and

0 � A sin

�����
P

EI

r
l : �2:66�

Figure 2.11
Loading

columns. (a)
Column with

both ends
pivoted; (b)
column with

both ends ®xed;
(c) column with
one free end and

one ®xed end;
(d) column with
one pivoted and
guided end and
one ®xed end.

Used with
permission from

Ref. 16.
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If we consider A � 0 into the foregoing equation, we obtain the trivial

solution of no buckling. If A 6� 0, then

sin

�����
P

EI

r
l � 0; �2:67�

which is satis®ed if
�����������
P=EI
p

l � np, where n � 1; 2; 3; . . . : The critical load

associated with n � 1 is called the ®rst critical load and is given by

Pcr �
p2EI

l2
: �2:68�

This equation is called Euler column formula and is applied only for

rounded-ends columns. Substituting Eq. (2.68) into Eq. (2.65), we ®nd the

equation of the de¯ection curve:

y � A sin
px

l
: �2:69�

This equation emphasizes that the de¯ection curve is a half-wave sine.

We observe that the minimum critical load occurs for n � 1. Values of n

greater than 1 lead to de¯ection curves that cross the vertical axis at least

once. The intersections of these curves with the vertical axis occur at the

points of in¯ection of the curve, and the shape of the de¯ection curve is

composed of several half-wave sines.

Consider the relation I � Ak2 for the second moment of area I , where A

is the cross-sectional area and k the radius of gyration. Equation (2.68) can be

rewritten as

Pcr

A
� p2E

�l=k�2 ; �2:70�

where the ratio l=k is called the slenderness ratio and Pcr =A the critical unit

load. The critical unit load is the load per unit area that can place the column

in unstable equilibrium. Equation (2.70) shows that the critical unit load

depends only upon the modulus of elasticity and the slenderness ratio.

Figure 2.11b depicts a column with both ends ®xed. The in¯ection points

are at A and B located at a distance l=4 from the ends. Comparing Figs. 2.11a

and 2.11b, we can notice that AB is the same curve as for the column with

rounded ends. Hence, we can substitute the length l by l=2 in Eq. (2.68) and

obtain the expression for the ®rst critical load:

Pcr �
p2EI

�l=2�2 �
4p2EI

l2
: �2:71�

Figure 2.11c shows a column with one end free and the other one ®xed.

Comparing Figs. 2.11a and 2.11c, we observe that the curve of the free±®xed

ends column is equivalent to half of the curve for columns with rounded
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ends. Therefore, if 2l is substituted in Eq. (2.68) for l, the critical load for this

case is obtained:

Pcr �
p2EI

�2l �2 �
p2EI

4l2
: �2:72�

Figure 2.11d shows a column with one end ®xed and the other one

rounded. The in¯ection point is the point A located at a distance of 0:707l

from the rounded end. Therefore,

Pcr �
p2EI

�0:707l �2 �
2p2EI

l2
: �2:73�

The preceding situations can be summarized by writing the Euler

equation in the forms

Pcr �
Cp2EI

l2
;

Pcr

A
� Cp2E

�l=k�2 ; �2:74�

where C is called the end-condition constant. It can have one of the values

listed in Table 2.2.

Figure 2.12 plots the unit load Pcr =A as a function of the slenderness ratio

l=k. The curve PQR is obtained. In this ®gure, the quantity Sy that corre-

sponds to point Q represents the yield strength of the material. Thus, one

would consider that any compression member having an l=k value less than

�l=k�Q should be treated as a pure compression member, whereas all others

can be treated as Euler columns. In practice, this fact is not true. Several tests

showed the failure of columns with a slenderness ratio below or very close to

point Q. For this reason, neither simple compression methods nor the Euler

column equation should be used when the slenderness ratio is near �l=k�Q.

The solution in this case is to consider a point T on the Euler curve of

Fig. 2.12 such that, if the slenderness ratio corresponding to T is �l=k�1, the

Euler equation should be used only when the actual slenderness ratio of the

Table 2.2 End-Condition Constants for Euler Columns

End-condition constant C

Column end
conditions

Theoretical
value

Conservative
value

Recommended
valuea

Fixed±free 1=4 1=4 1=4

Rounded±rounded 1 1 1

Fixed±rounded 2 1 1.2

Fixed±®xed 4 1 1.2

a To be used only with liberal factors of safety when the column load is accurately known.
Source: Joseph E. Shigley and Charles R. Mischke, Mechanical Engineering Design, 5th ed., p. 123. McGraw-
Hill, New York, 1989. Used with permission.
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column is greater than �l=k�1. Point T can be selected such that

Pcr =A � Sy=2. From Eq. (2.74), the slenderness ratio �l=k�1 is obtained:

l

k

� �
1

� 2p2CE

Sy

 !1=2

: �2:75�

2.10 Intermediate-Length Columns with Central Loading

When the actual slenderness ratio l=k is less than �l=k�1, and so is in the

region in Fig. 2.12 where the Euler formula is not suitable, one can use the

parabolic or J. B. Johnson formula of the form

Pcr

A
� a ÿ b

l

k

� �2

; �2:76�

where a and b are constants that can be obtained by ®tting a parabola (the

dashed line tangent at T ) to the Euler curve in Fig. 2.12. Thus, we ®nd

a � Sy �2:77�

and

b � Sy

2p

� �2
1

CE
: �2:78�

Figure 2.12
Euler's curve.

Used with
permission from

Ref. 16.
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Substituting Eqs. (2.77) and (2.78) into Eq. (2.76) yields

Pcr

A
� Sy ÿ

Sy

2p
l

k

� �2
1

CE
; �2:79�

which can be applied if
l

k
� l

k

� �
1

:

2.11 Columns with Eccentric Loading

Figure 2.13a shows a column acted upon by a force P that is applied at a

distance e, also called eccentricity, from the centroidal axis of the column. To

solve this problem, we consider the free-body diagram in Fig. 2.13b.

Equating the sum of moments about the origin O to zero gives

P
MO � M � Pe � Py � 0: �2:80�

Substituting M from Eq. (2.80) into Eq. (2.17) gives a nonhomogeneous

second-order differential equation,

d2y

dx 2
� P

EI
y � ÿPe

EI
: �2:81�

Figure 2.13
(a) Eccentric

loaded column;
(b) free-body

diagram.
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Considering the boundary conditions

x � 0; y � 0

x � l

2
;

dy

dx
� 0;

and substituting x � l=2 in the resulting solution, we obtain the maximum

de¯ection d and the maximum bending moment Mmax :

d � e sec
1

2

�����
P

EI

r !
ÿ 1

" #
�2:82�

Mmax � ÿP �e � d� � ÿPe sec
1

2

�����
P

EI

r !
: �2:83�

At x � l=2, the compressive stress sc is maximum and can be calculated

by adding the axial component produced by the load P and the bending

component produced by the bending moment Mmax , that is,

sc �
P

A
ÿMc

I
� P

A
ÿ Mc

Ak2
: �2:84�

Substituting Eq. (2.83) into the preceding equation yields

sc �
P

A
1� ec

k2
sec

1

2k

������
P

EA

r !" #
: �2:85�

Considering the yield strength Sy of the column material as sc and manip-

ulating Eq. (2.85) gives

P

A
� Syc

1� �ec=k2� sec��l=2k� ������������
P=AE
p � : �2:86�

The preceding equation is called the secant column formula, and the term

ec=k2 the eccentricity ratio. Since Eq. (2.86) cannot be solved explicitly for

the load P , root-®nding techniques using numerical methods can be applied.

2.12 Short Compression Members

A short compression member is illustrated in Fig. 2.14. At point D, the

compressive stress in the x direction has two component, namely, one due to

the axial load P that is equal to P=A and another due to the bending moment

that is equal to My=I . Therefore,

sc �
P

A
�My

I
� P

A
� PeyA

IA
� P

A
1� ey

k2

� �
; �2:87�

where k � �I =A�1=2 is the radius of gyration, y the coordinate of point D, and

e the eccentricity of loading. Setting the foregoing equation equal to zero and
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solving, we obtain the y coordinate of a line parallel to the x axis along

which the normal stress is zero:

y � ÿ k2

e
: �2:88�

If y � c, that is, at point B in Fig. 2.14, we obtain the largest compressive

stress. Hence, substituting y � c in Eq. (2.87) gives

sc �
P

A
1� ec

k2

� �
: �2:89�

For design or analysis, the preceding equation can be used only if the range

of lengths for which the equation is valid is known. For a strut, it is desired

that the effect of bending de¯ection be within a certain small percentage of

eccentricity. If the limiting percentage is 1% of e , then the slenderness ratio is

bounded by

1

k

� �
2

� 0:282
AE

Pcr

� �1=2

: �2:90�

Therefore, the limiting slenderness ratio for using Eq. (2.89) is given by

Eq. (2.90).

Figure 2.14
Short compres-
sion member.
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3. Fatigue

A periodic stress oscillating between some limits applied to a machine

member is called repeated, alternating, or ¯uctuating. The machine

members often fail under the action of these stresses, and the failure is

called fatigue failure. Generally, a small crack is enough to initiate fatigue

failure. Since the stress concentration effect becomes greater around it, the

crack progresses rapidly. We know that if the stressed area decreases in size,

the stress increases in magnitude. Therefore, if the remaining area is small,

the member can fail suddenly. A member failed because of fatigue shows

two distinct regions. The ®rst region is due to the progressive development of

the crack; the other is due to the sudden fracture.

3.1 Endurance Limit

The strength of materials acted upon by fatigue loads can be determined by

performing a fatigue test provided by R. R. Moore's high-speed rotating beam

machine. During the test, the specimen is subjected to pure bending by using

weights and rotated with constant velocity. For a particular magnitude of the

weights, one records the number of revolutions at which the specimen fails.

Then, a second test is performed for a specimen identical with the ®rst one,

but the magnitude of the weight is reduced. Again, the number of revolutions

at which the fatigue failure occurs is recorded. The process is repeated

several times. Finally, the fatigue strengths considered for each test are

plotted against the corresponding number of revolutions. The resulting

chart is called the S±N diagram.

Numerous tests have established that the ferrous materials have an

endurance limit de®ned as the highest level of alternating stress that can

be withstood inde®nitely by a test specimen without failure. The symbol for

endurance limit is S 0e . The endurance limit can be related to the tensile

strength through some relationships. For example, for steel, Mischke1

predicted the following relationships

S 0e �
0:504Sut , Sut � 200 kpsi (1400 MPa)

100 kpsi, Sut > 200 kpsi

700 MPa, Sut > 1400 MPa,

8<: �3:1�

where Sut is the minimum tensile strength. Table 3.1 lists the values of the

endurance limit for various classes of cast iron. The symbol S 0e refers to the

endurance limit of the test specimen that can be signi®cantly different from

the endurance limit Se of any machine element subjected to any kind of

loads. The endurance limit S 0e can be affected by several factors called

modifying factors. Some of these factors are the surface factor ka, the size

1 C. R. Mischke, `̀ Prediction of stochastic endurance strength,'' Trans. ASME, J. Vibration,
Acoustics, Stress, and Reliability in Design 109(1), 113±122 (1987).
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Table 3.1 Typical Properties of Gray Cast Iron

Fatigue
Shear Modulus of elasticity stress

Tensile Compressive modulus (Mpsi) Endurance Brinell concentration
ASTM strength Sut strength Suc of rupture Ssu limit Se hardness factor
number (kpsi) (kpsi) (kpsi) tension torsion (kpsi) HB Kf

20 22 83 26 9.6±14 3.9±5.6 10 156 1.00

25 26 97 32 11.5±14.8 4.6±6.0 11.5 174 1.05

30 31 109 40 13±16.4 5.2±6.6 14 201 1.10

35 36.5 124 48.5 14.5±17.2 5.8±6.9 16 212 1.15

40 42.5 140 57 16±20 6.4±7.8 18.5 235 1.25

50 52.5 164 73 18.8±22.8 7.2±8.0 21.5 262 1.35

50 62.5 187.5 88.5 20.4±23.5 7.8±8.5 24.5 302 1.50

Source: Joseph E. Shigley and Charles R. Mischke, Mechanical Engineering Design, 5th ed., p. 123. McGraw-Hill, New York, 1989. Used with permission.

Mechanics



factor kb, or the load factor kc. Thus, the endurance limit of a member can be

related to the endurance limit of the test specimen by

Se � ka kb kc S 0e : �3:2�

Some values of the foregoing factors for bending, axial loading, and torsion

are listed in Table 3.2.

3.1.1 SURFACE FACTOR ka

The in¯uence of the surface of the specimen is described by the modi®cation

factor ka, which depends upon the quality of the ®nishing. The following

formula describes the surface factor:

ka � aS b
ut : �3:3�

Sut is the tensile strength. Some values for a and b are listed in Table 3.3.

Table 3.2 Generalized Fatigue Strength Factors for Ductile Materials

Bending Axial Torsion

a. Endurance limit

Se � kakbkcS 0e , where S 0e is the
specimen endurance limit

kc (load factor) 1 1 0.58

kb (gradient factor)

diameter< (0.4 in or 10 mm) 1 0.7±0.9 1

(0.4 in or 10 mm)< diameter
< (2 in or 50 mm)

0.9 0.7±0.9 0.9

ka (surface factor) See Fig. 3.5

b. 103-cycle strength 0.9Su 0.75Su 0.9Sus
a

aSus � 0:8Su for steel; Sus � 0:7Su for other ductile materials.
Source: R. C. Juvinall and K. M. Marshek, Fundamentals of Machine Component Design. John Wiley & Sons,
New York, 1991. Used with permission.

Table 3.3 Surface Finish Factor

Factor a
Exponent

Surface ®nish kpsi MPa b

Ground 1.34 1.58 ÿ0.085

Machined or cold-drawn 2.70 4.51 ÿ0.256

Hot-rolled 14.4 57.7 ÿ0.718

As forged 39.9 272.0 ÿ0.995

Source: J. E. Shigley and C. R. Mischke, Mechanical Engineering Design. McGraw-
Hill, New York, 1989. Used with permission.
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3.1.2 SIZE FACTOR kb

The results of the tests performed to evaluate the size factor in the case of

bending and torsion loading of a bar, for example, can be expressed as

kb �
d

0:3

� �ÿ0:1133

in; 0:11 � d � 2 in

d

7:62

� �ÿ0:1133

mm; 2:79 � d � 51 mm;

8>>><>>>: �3:4�

where d is the diameter of the test bar. For larger sizes, the size factor varies

from 0.06 to 0.075. The tests also revealed that there is no size effect for axial

loading; thus, kb � 1.

To apply Eq. (3.4) for a nonrotating round bar in bending or for a

noncircular cross section, we need to de®ne the effective dimension de . This

dimension is obtained by considering the volume of material stressed at and

above 95% of the maximum stress and a similar volume in the rotating beam

specimen. When these two volumes are equated, the lengths cancel and only

the areas have to be considered. For example, if we consider a rotating round

section (Fig. 3.1a) or a rotating hollow round, the 95% stress area is a ring

having the outside diameter d and the inside diameter 0:95d. Hence, the 95%

stress area is

A0:95s �
p
4
�d2 ÿ �0:95d �2� � 0:0766d2: �3:5�

If the solid or hollow rounds do not rotate, the 95% stress area is twice

the area outside two parallel chords having a spacing of 0:95D, where D is

the diameter. Therefore, the 95% stress area in this case is

A0:95s � 0:0105D2: �3:6�
Setting Eq. (3.5) equal to Eq. (3.6) and solving for d, we obtain the effective

diameter

de � 0:370D; �3:7�
which is the effective size of the round corresponding to a nonrotating solid

or hollow round.

A rectangular section shown in Fig. 3.1b has A0:95s � 0:05hb and

de � 0:808�hb�1=2: �3:8�
For a channel section,

A0:95s �
0:5ab; axis 1-1;

0:052xa � 0:1tf �b ÿ x �; axis 2-2;

�
�3:9�

where a; b; x ; tf are the dimensions of the channel section as depicted in

Fig. 3.1c.

The 95% area for an I-beam section is (Fig. 3.1d)

A0:95s �
0:10atf ; axis 1-1;

0:05ba; tf > 0:025a; axis 2-2:

�
�3:10�
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3.1.3 LOAD FACTOR kc

Tests revealed that the load factor has the following values:

kc �
0:923; axial loading; Sut � 220 kpsi (1520 MPa);

1; axial loading; Sut > 220 kpsi (1520 MPa);

1; bending;

0:577; torsion and shear:

8>>><>>>: �3:11�

Figure 3.1 Beam cross-sections. (a) Solid round; (b) rectangular section; (c) channel section; (d) web
section. Used with permission from Ref. 16.
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3.2 Fluctuating Stresses

In design problems, it is frequently necessary to determine the stress of parts

corresponding to the situation when the stress ¯uctuates without passing

through zero (Fig. 3.2). A ¯uctuating stress is a combination of a static plus a

completely reversed stress. The components of the stresses are depicted in

Fig. 3.2, where smin is minimum stress, smax the maximum stress, sa the

stress amplitude or the alternating stress, sm the midrange or the mean stress,

sr the stress range, and ss the steady or static stress. The steady stress can

have any value between smin and smax and exists because of a ®xed load. It

is usually independent of the varying portion of the load. The following

relations between the stress components are useful:

sm �
smax � smin

2
�3:12�

sa �
smax ÿ smin

2
: �3:13�

The stress ratios

R � smin

smax

A � sa

sm

�3:14�

are also used to describe the ¯uctuating stresses.

3.3 Constant Life Fatigue Diagram

Figure 3.3 illustrates the graphical representation of various combinations of

mean and alternating stress. This diagram is called the constant life fatigue

diagram because it has lines corresponding to a constant 106-cycle or

``in®nite'' life. The horizontal axis (sa � 0) corresponds to static loading.

Yield and tensile strength are represented by points A and B, while the

compressive yield strength ÿSy is at point A0. If sm � 0 and sa � Sy (point

A00), the stress ¯uctuates between �Sy and ÿSy . Line AA00 corresponds to

¯uctuations having a tensile peak of Sy , and line A0A00 corresponds to

compressive peaks of ÿSy . Points C , D, E , and F correspond to sm � 0

for various values of fatigue life, and lines CB, DB, EB, and FB are the

estimated lines of constant life (from the S±N diagram). Since Goodman

developed this empirical procedure to obtain constant life lines, these lines

are called the Goodman lines.

From Fig. 3.3, we observe that area A00HCGA corresponds to a life of at

least 106 cycles and no yielding. Area HCGA00H corresponds to less than 106

cycles of life and no yielding. Area AGB along with area A0HCGA corre-

sponds to 106 cycles of life when yielding is acceptable.
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EXAMPLE 3.1 (Source: R. C. Juvinall and K. M. Marshek, Fundamentals of Machine

Component Design. John Wiley & Sons, New York, 1991.)

Estimate the S±N curve and a family of constant life fatigue curves

pertaining to the axial loading of precision steel parts having Su � 120 ksi,

Sy � 100 ksi (Fig. 3.4). All cross-sectional dimensions are under 2 in.

Solution

According to Table 3.2, the gradient factor kb � 0:9. The 103-cycle peak

alternating strength for axially loaded material is S � 0:75Su � 0:75�120� �
90 ksi. The 106-cycle peak alternating strength for axially loaded ductile

material is Se � kakbkcS 0e , where S 0e � �0:5��120� � 60 ksi from Eq. (3.1),

Figure 3.2
Sinusoidal ¯uc-
tuating stress.
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kc � 1, and ka � 0:9 from Fig. 3.5. The endurance limit is Se � 48:6 ksi. The

estimated S±N curve is plotted in Fig. 3.6. From the estimated S±N curve, the

peak alternating strengths at 104 and 105 cycles are, respectively, 76.2 and

62.4 ksi. The sm±sa curves for 103; 104; 105, and 106 cycles of life are given in

Fig. 3.6. m

Figure 3.3 Constant life fatigue diagram. Used with permission from Ref. 9.

Figure 3.4 Axial loading cylinder. (a) Loading diagram; (b) ¯uctuating load.
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3.4 Fatigue Life for Randomly Varying Loads

For the most mechanical parts acted upon by randomly varying stresses, the

prediction of fatigue life is not an easy task. The procedure for dealing with

this situation is often called the linear cumulative damage rule. The idea is

as follows: If a part is cyclically loaded at a stress level causing failure in 105

cycles, then each cycle of that loading consumes one part in 105 of the life of

the part. If other stress cycles are interposed corresponding to a life of 104

cycles, each of these consumes one part in 104 of the life, and so on. Fatigue

failure is predicted when 100% of the life has been consumed.

Figure 3.5 Surface factor. Used with permission from Ref. 9.
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The linear cumulative damage rule is expressed by

n1

N1

� n2

N2

� � � � � nk

Nk

� 1 or
Pj�k

j�1

nj

Nj

� 1; �3:15�

where n1;n2; . . . ;nk represent the number of cycles at speci®c overstress

levels and N1;N2; . . . ;Nk represent the life (in cycles) at these overstress

levels, as taken from the appropriate S±N curve. Fatigue failure is predicted

when the above equation holds.

Figure 3.6
Life diagram.

Used with
permission from

Ref. 9.
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EXAMPLE 3.2 (Source: R. C. Juvinall and K. M. Marshek, Fundamentals of Machine

Component Design, John Wiley & Sons, New York, 1991.)

The stress ¯uctuation of a part during 6 s of operation is shown in

Fig. 3.7a. The part has Su � 500 MPa, and Sy � 400 MPa. The S±N curve for

bending is given in Fig. 3.7c. Estimate the life of the part.

Solution

The 6-s test period includes, in order, two cycles of ¯uctuation a, three

cycles of ¯uctuation b, and two cycles of c. Each of these ¯uctuations

corresponds to a point in Fig. 3.7b. For a the stresses are sm � 50 MPa, sa �
100 MPa.

Points (a), (b), (c) in Fig. 3.7b are connected to the point sm � Su , which

gives a family of four ``Goodman lines'' corresponding to some constant

life.

The Goodman lines intercept the vertical axis at points a0 through c 0.
Points a through d correspond to the same fatigue lives as points a0 through

d 0. These lives are determined from the S±N curve in Fig. 3.7c. The life for a

and a0 can be considered in®nite.

Adding the portions of life cycles b and c gives

nb

Nb

� nc

Nc

� 3

3� 106
� 2

2� 104
� 0:000011:

This means that the estimated life corresponds to 1=0.000011, or 90,909

periods of 6-s duration. This is equivalent to 151.5 hr. m

3.5 Criteria of Failure

There are various techniques for plotting the results of the fatigue failure test

of a member subjected to ¯uctuating stress. One of them is called the

modi®ed Goodman diagram and is shown in Fig. 3.8. For this diagram the

mean stress is plotted on the abscissa and the other stress components on the

ordinate. As shown in the ®gure, the mean stress line forms a 45� angle with

the abscissa. The resulting line drawn to Se above and below the origin are

actually the modi®ed Goodman diagram. The yield strength Sy is also plotted

on both axes, since yielding can be considered as a criterion of failure if

smax > Sy .

Four other criteria of failure are shown in the diagram in Fig. 3.9, that is,

Soderberg, the modi®ed Goodman, Gerber, and yielding. The fatigue limit Se

(or the ®nite life strength Sf ) and the alternating stress Sa are plotted on the

ordinate. The yield strength Syt is plotted on both coordinate axes and the

tensile strength Sut and the mean stress Sm on the abscissa. As we can

observe from Fig. 3.9, only the Soderberg criterion guards against yielding.
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We can describe the linear criteria shown in Fig. 3.9, namely Soderberg,

Goodman, and yield, by the equation of a straight line of general form

x

a
� y

b
� 1: �3:16�

Figure 3.7 Fatigue analysis of a cantilever beam. (a) Bending stress; (b) stress ¯uctuation; (c) life diagram;
(d) loading diagram. Used with permission from Ref. 9.
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In this equation, a and b are the coordinates of the points of intersection of

the straight line with the x and y axes, respectively. For example, the

equation for the Soderberg line is

Sa

Se

� Sm

Syt

� 1: �3:17�

Similarly, the modi®ed Goodman relation is

Sa

Se

� Sm

Sut

� 1: �3:18�

The yielding line is described by the equation

Sa

Sy

� Sm

Syt

� 1: �3:19�

Figure 3.8
Goodman

diagram. Used
with permission

from Ref. 16.
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The curve representing the Gerber theory is a better predictor since it passes

through the central region of the failure points. The Gerber criterion is also

called the Gerber parabolic relation because the curve can be modeled by a

parabolic equation of the form

Sa

Se

� Sm

Syt

 !2

� 1: �3:20�

If each strength in Eqs. (3.17) to (3.20) is divided by a factor of safety n,

the stresses sa and sm can replace Sa and Sm . Therefore, the Soderberg

equation becomes

sa

Se

� sm

Sy

� 1

n
; �3:21�

the modi®ed Goodman equation becomes

sa

Se

� sm

Sut

� 1

n
; �3:22�

Figure 3.9
Various criteria
of failure. Used
with permission

from Ref. 16.
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and the Gerber equation becomes

nsa

Se

� nsm

Sut

� �2

� 1: �3:23�

Figure 3.10 illustrates the Goodman line and the way in which the Goodman

equation can be used in practice. Given an arbitrary point A of coordinates

sm , sa as shown in the ®gure, we can draw a safe stress line through A

parallel to the modi®ed Goodman line. The safe stress line is the locus of all

points of coordinates sM , sm for which the same factor of safety n is

considered, that is, Sm � nsm and Sa � nsa .
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