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T
his chapter, ``Control,'' is an introduction to automation for technical

students and engineers who will install, repair, or develop automatic

systems in an industrial environment. It is intended for use in

engineering technology programs at the postsecondary level, but it is also

suitable for use in industrial technology curricula, as well as for in-service

industrial training programs. Industrial managers, application engineers, and

production personnel who want to become familiar with control systems or

to use them in production facilities will ®nd this chapter useful.

The text requires an understanding of the principles of mechanics and

¯uid power, as well as a familiarity with the basics of mathematics. Although

not essential, a good knowledge of the principles of physics is also helpful.

1. Introduction

Control engineering is concerned with the automation of processes in order

to provide useful economic products. These processes can be conventional

systems, such as chemical, mechanical, or electrical systems, or modern

complex systems such as traf®c-control and robotic systems. Control engi-

neering is based on the foundation of feedback theory and linear system

analysis. The aim of the control system is to provide a desired system

response.

In order to be controlled, a process can be represented by a block, as

shown in Fig. 1.1. The input±output relationship represents the cause and

effect relationship of the process. The simplest system of automation is the

open-loop control system, which consists of a controller that provides the

input size for the process (Fig. 1.2).

13. Nonlinear Systems 678
13.1 Nonlinear Models: Examples 678
13.2 Phase Plane Analysis 681
13.3 Stability of Nonlinear Systems 685
13.4 Liapunov's First Method 688
13.5 Lipaunov's Second Method 689

14. Nonlinear Controllers by Feedback Linearization 691

15. Sliding Control 695
15.1 Fundamentals of Sliding Control 695
15.2 Variable Structure Systems 700

A. Appendix 703
A.1 Differential Equations of Mechanical Systems 703
A.2 The Laplace Transform 707
A.3 Mapping Contours in the s-Plane 707
A.4 The Signal Flow Diagram 712

References 714

Figure 1.1
Plant.
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A closed-loop control system (Fig. 1.3) uses a feedback signal consisting

of the actual value of the output. This value is compared with the prescribed

or desired input, and the result of the comparison de®nes the system error.

This size is ampli®ed and used to control the process by a controller. The

controller acts in order to reduce the error between the desired input and the

actual output. Moreover, several quality criteria are imposed in order to

obtain a good evolution of the global system.

1.1 A Classic Example

One of the most popular examples of a feedback control system is the water-

level ¯oat regulator (Fig. 1.4). The output of the system is de®ned by the

Figure 1.2
Open-loop

control system.

Figure 1.3 Closed-loop control system.

Figure 1.4
Water-level ¯oat

regulator.
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water level measured by a ¯oat that controls, by a mechanical system, the

valve that, in turn, controls the water ¯ow out of the tank. The plant is

represented by the water tank, and the water ¯owing into the tank represents

a disturbance of the system. If the water level increases, the ¯oat moves up

and, by a mechanical system representing the controller, initiates the opening

of the valve. If the water level decreases, the ¯oat moves down and initiates

the closing of the valve. The size of the closing or opening can be adjusted

from a reference panel that provides the prescribed values. The system

operates as a negative feedback control system because a difference is

obtained between the prescribed value and the output; the water level and

the variations of the water level are eliminated by compensation through the

valve functions.

This system represents one of the simplest control systems. Effort is

necessary in order to eliminate transient oscillations and to increase the

accuracy of the control system.

2. Signals

The differential equations associated with the components of control systems

(Appendix A) indicate that the time evolution of the output variable x0�t � is a

function of the input variable xi �t �. In order to obtain the main characteristics

of these elements it is necessary to use standard input signals.

(a) The impulse function d�t �: The unit impulse is based on a rectangular

function f �t � such as

fe�t � � 1=e; 0 � t � e
0; t > e;

�
�2:1�

where e > 0. As e approaches zero, the function fe�t � approaches the

impulse function d�t �, where�1
0

d�t �dt � 1 �2:2��1
0

d�t ÿ a�f �t �dt � f �a�: �2:3�

The impulse input is useful when one considers the convolution

integral for an output x0�t � in terms of an input xi �t �,

x0�t � �
�t

0

h�t ÿ t�xi�t�dt �lÿ1fh�� �xi�� �g; �2:4�

where h�s�;xi �s� are the Laplace transforms of h�t �; xi �t �, respec-

tively (Appendix B). If the input is the impulse function d�t �,
xi �t � � d�t � �2:5�

x0�t � �
�t

0

h�t ÿ t�d�t�dt; �2:6�
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and we have

x0�t � � h�t �: �2:7�
(b) The step input: This standard signal is de®ned as

xi �t � � a; t > 0
0; t < 0:

�
�2:8�

The Laplace transform is

Xi �s� �
a

s
: �2:9�

This signal is shown in Fig. 2.1.

(c) The ramp input: The standard test signal has the form (Fig. 2.2)

xi �t � � at ; t > 0
0; t < 0

�
�2:10�

and the Laplace transform

Xi �s� �
a

s2
: �2:11�

(d) The sinusoidal input signal: The standard form is

xi�t � � a sinot ; o � 2p
T
; �2:12�

Figure 2.1
Step input.

Figure 2.2
Ramp input.
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where a is the amplitude, o is the frequency of the signal (Fig. 2.3),

and T is the period. This signal is used when we analyze the

response of the system when the frequency of the sinusoid is

varied. So, several performance measures for the frequency

response of a system. The Laplace transform is

Xi�s� �
ao

s2 � o2
: �2:13�

3. Transfer Functions

All the elements of the control system are unidirectional information trans-

mission elements:

Y �s� � Xo�s�
Xi �s�

: �3:1�

The transfer function of the linear system is de®ned as the ratio of the

Laplace transform of the output variable Xo�s� to the Laplace transform of the

input variable Xi�s�, with all the initial conditions assumed to be zero. The

transform function is de®ned only for linear and constant parameter systems.

3.1 Transfer Functions for Standard Elements

Transfer functions for standard elements are the following:

(a) Proportional element: For this element, the output is proportional to

the input,

xo�t � � K xi �t � �3:2�
Xo�s� � K Xi �s�; �3:3�

and the transfer function (Fig. 3.1) will be

Y �s� � Xo�s�
Xi �s�

� K : �3:4�

Figure 2.3
Sinusoidal input.
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(b) Integrating element: The output is de®ned by the integral of the

input,

xo�t � � KI

�
xi�t �dt ; �3:5�

or

_xo�t � � KI xi�t �; �3:6�
sXo�s� � KI Xi�s� �3:7�

and the transfer function

Y �s� � Xo�s�
Xi�s�

� KI

s
: �3:8�

(c) Differentiating element: This element is de®ned by

xo�t � � KD _xi �t � �3:9�
Xo�s� � KDsXi �s� �3:10�

with the transfer function

Y �s� � Xo�s�
Xi �s�

� KDs: �3:11�

(d) Mixed elements: From standard elements, we can obtain new

transfer functions:

j Proportional-integrating element (PI):

�s� � K � KI

s
�3:12�

j Proportional-differentiating element (PD):

Y �s� � K � KDs �3:13�
j Proportional-integrating±differentiating element (PID):

Y �s� � K � KI

s
� KDs �3:14�

3.2 Transfer Functions for Classic Systems

We consider the linear spring±mass±damper system described in Appendix

A.1, Eq. (A1.2), with zero initial conditions

Ms2Xo�s� � kf sXo�s� � kXo�s� � AXi�s�: �3:15�

Figure 3.1
Transfer

function.
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The transfer function will be

Y �s� � Xo�s�
Xi �s�

� A

Ms2 � kf s � k
: �3:16�

In a similar way, for the linear approximated rotational spring mass

damper system, we have

Y �s� � Y�s�
T �s� �

1

Js2 � kf s � �k �Mgl=2� : �3:17�

4. Connection of Elements

In order to represent a system with several variables under control, an

interconnecting of elements is used. Each element is represented by a block

diagram. The block diagram is a unidirectional block that represents the

transfer function of its variables. For example, the block diagram of the linear

spring±mass±damper element is represented as in Fig. 4.1. This representa-

tion de®nes the relationships between the inputs, the system pressure p�t �,
and the output, the position z �t �.

In order to represent a complex system, an interconnecting of blocks is

used. This representation offers a better understanding of the contribution of

each variable than is possible to obtain directly from differential equations.

(a) Cascade connection: In this case, the output of the ®rst element is

also the input in the second element (Fig. 4.2),

Xi2�s� � Xo1�s�; �4:1�

but

Y1�s� �
Xo1�s�
Xi1�s�

; Y2�s� �
Xo2�s�
Xi2�s�

; �4:2�

Figure 4.1
Block diagram of

the linear
spring±mass±

damper element.

Figure 4.2
Cascade

connection.
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and for the overall system,

Y �s� � Xo�s�
Xi�s�

� Xo1�s�
Xi1�s�

� Xo2�s�
Xi2�s�

� Y1�s� � Y2�s�: �4:3�

(b) Parallel connection: For this structure, the input is the same for both

elements, and the output is de®ned by summing of outputs:

Xi1�s� � Xi2�s� � Xi�s� �4:4�
Xo�s� � Xo1�s� � Xo2�s� �4:5�

and

Y �s� � Xo�s�
Xi �s�

� Xo1�s�
Xi1�s�

� Xo2�s�
Xi2�s�

� Y1�s� � Y2�s�: �4:6�

(c) Negative feedback connection: This system is represented in Fig. 4.3.

The relations that describe the system are (Fig. 4.4)

E �s� � Xi �s� ÿ Xf �s� �4:7�
Xo�s�
Y1�s�

� Xi �s� ÿ Xo�s� � Y2�s�: �4:8�

The transfer function will be

Y �s� � Xo�s�
Xi �s�

� Y1�s�
1� Y1�s� � Y2�s�

: �4:9�

Relation (4.9) is particularly important because it represents the

closed-loop transfer function.

(d) Complex connection: A complex structure can contain a number of

variables under control. This system can be described by a set of

equations represented as Laplace transforms:

X01�s� � Y11�s� � Xi1�s� � Y12�s� � Xi2�s� � � � � � Y1m�s� � Xim�s�
X02�s� � Y21�s� � Xi1�s� � Y22�s� � Xi2�s� � � � � � Y2m�s� � Xim�s�;

..

.

X0n�s� � Yn1�s� � Xi1�s� � Yn2�s� � Xi2�s� � � � � � Ynm�s� � Xim�s�;
�4:10�

Figure 4.3
Parallel

connection.

Figure 4.4
Negative
feedback

connection.
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where Yij �s� is the transfer function relating the ith output variable to

the j th input variable (Fig. 4.5).

5. Poles and Zeros

In Section 4 we introduced the negative feedback connection as the main

connection in the control systems. This connection is also known as a closed-

loop connection or closed-loop control system (Fig. 5.2). The presence of

feedback assures the improvement of control quality.

An open-loop control system is shown in Fig. 5.1. The main difference

between the open- and closed-loop control systems is the generation and

utilization of the error signal. The error signal is de®ned as the difference

between the input variable and the feedback variable,

e�t � � xi�t � ÿ xf �t � �5:1�
E �s� � Xi�s� ÿ Xf �s�: �5:2�

Figure 4.5
Block diagram
for a complex

structure.
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The closed-loop system (Fig. 5.2) operates so that the error is reduced to

a minimum value. We consider that a control system with good performance

ensures that

lim
t!1 e�t � � 0: �5:3�

We demonstrated that the transfer function for closed-loop systems is

Y �s� � Y1�s�
1� Y1�s� � Y2�s�

: �5:4�

From (5.2) and (5.4) we easily obtain

E �s� � 1

1� Y1�s� � Y2�s�
� Xi �s�; �5:5�

which de®nes the error signal as a function of the input variable.

If we consider Y2�s� � 1 (direct negative feedback system),

Y �s� � Y1�s�
1� Y1�s�

; �5:6�

where Y1�s� is called ``the direct-way transfer function'' or ``open-loop

transfer function.'' This transfer function can be written as

Y1�s� �
Q�s�
R�s� ; �5:7�

where Q�s�, R�s� are two polynomials.

In the relation (5.7), the denominator polynomial R�s�, when set equal to

zero, is called the characteristic equation because the roots of this equation

determine the character of the system. The roots of this characteristic

equation are called the poles or singularities of the system.

The roots of the numerator polynomial Q�s� in (5.4) are called the zeros

of the system. The complex frequency s-plane plot of the poles and zeros

graphically portrays the character of the system. Y1�s� can be rewritten as

Y1�s� �
K �s � z1��s � z2� � � � �s � zm�
sl �s � p1��s � p2� � � � �s � pn�

; �5:8�

Figure 5.1
An open-loop

control system.

Figure 5.2
A closed-loop

control system.
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where K is a constant and ÿz1;ÿz2; . . . ;ÿzm are the zeros of the

Y1�s�;ÿp1;ÿp2; . . . ;ÿpn are the poles, and p � 0 represents an l -order

pole of Y1�s�.
If l � 0, relation (5.8) de®nes a type-zero transfer function; for l � 1, we

have a type-one transfer function; etc. For example, let us consider the

translational mechanism in Fig. 5.3. The dynamic model is de®ned by the

equation

F �t � � G �m �z �t � � kf _z �t �; �5:9�

where kf is the friction constant, F is the input variable, and z is the output

variable. If we neglect the component G , the transfer function for this

element can be considered as

Ym�s� �
Z �s�
F �s� �

1

s�ms � kf �
: �5:10�

The relation (5.10) represents a type-one transfer function in which we

®nd two poles,

p1 � 0

p2 � ÿ
kf

m
:

�5:11�

A simple closed-loop control system can be introduced, in which the

direct way contains a power ampli®er of the force F (Fig. 5.4) with a gain

factor. The function for the direct way is

Y1�s� �
Z �s�
E �s� �

kG

s�ms � kf �
; �5:12�

Figure 5.3
Translational
mechanism.

Figure 5.4
Closed-loop

control for a
translational
mechanism.
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and the transfer function for the closed-loop system will be

Y �s� � kG

ms2 � kf s � kG

: �5:13�

6. Steady-State Error

The steady-state error is the error generated after the transient response

(determined by the input variation or a disturbance signal) has decayed,

leaving only the continuous response.

6.1 Input Variation Steady-State Error

Let us consider the closed-loop control system from Fig. 5.2, in which we

assume Y2�s� � 1 (the direct negative feedback connection, Fig. 6.1). From

Eq. (5.5) we obtain

E �s� � 1

1� Y1�s�
� Xi�s�: �6:1�

In order to calculate the steady-error Es, we use the ®nal-value theorem

(Appendix A.2),

Es � lim
t!1 e�t � � lim

s!0
�sE �s��: �6:2�

From Eq. (6.1), results

Es � lim
s!0

s
1

1� Y1�s�
Xi�s�

� �
: �6:3�

If we consider a unit step input, Xi�s� � 1=s,

Es � lim
s!0

1

1� Y1�s�
� �

: �6:4�

Figure 6.1
Direct negative

feedback
connection.
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We consider Y1�s� in general form Eq. (5.8). For a type-zero system, the

steady-state error is

Es �
1

1� Y1�0�
; �6:5�

Es �
1

1�
K
Qm
i�1

ziQn
i�1

pi

: �6:6�

For a type-one system or more (l � 1),

Y1�0� � 1; �6:7�
and

Es � 0: �6:8�
For a ramp input, Xi �s� � 1=s2, we have

Es � lim
s!0

s
1

1� Y1�s�
� 1
s2

� �
�6:9�

Es � lim
s!0

1

sY1�s�
: �6:10�

If Y1�s� de®nes a type-zero system (l � 0),

Es � 1: �6:11�
For a type-one system,

Es �
Qn
i�1

pi

K
Qm
i�1

zi

: �6:12�

If l > 1,

Es � 0: �6:13�

6.2 Disturbance Signal Steady-State Error

A disturbance signal d �t � is an unwanted signal that affects the system's

output signal. Feedback in control systems is used to reduce the effect of

disturbance input.

We will consider the closed-loop control system from Fig. 6.1, and we

assume that the disturbance signal is applied on the direct path of the system

(Fig. 6.2). We consider that the disturbance signal point allows the decom-

position of the transfer function Y1�s� in two blocks, Y 01�s�;Y 001 �s�. Let us
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assume the case in which a steady state for xi�t � � 0, d �t � � 0 is obtained. Of

course, xo�t � � 0,

Xi �s� � 0

D�s� � 0 �6:14�
X0�s� � 0:

Now, we consider a disturbance signal (the input signal is Xi�s� � 0),

Xo�s� � Y 001 �s�D�s� � Y 01�s� � Y 001 �s�E �s�; �6:15�
where

Eo�s� � ÿXo�s� �6:16�
Y 01�s� � Y 001 �s� � Y1�s� �6:17�

From Eqs. (6.15)±(6.17), we obtain

Xo�s� �
Y 001 �s�

1� Y1�s�
D�s�: �6:18�

We can de®ne the transfer function due to the disturbance as

YOD�s� �
Y 001 �s�

1� Y1�s�
: �6:19�

The steady-state error signal, in this case, will be (xi �t � � 0)

jeD �t �j � jxo�t �j �6:20�

ED �s� �
Y 001 �s�

1� Y1�s�
D�s�: �6:21�

If the disturbance signal is a unit step, D�s� � 1=s, we obtain

ED �s� �
1

s

Y 001 �s�
1� Y1�s�

: �6:22�

If we consider that Y 001 �s� is a type-zero transfer function and Y1�s� is a

type-one transfer function, we obtain

EDS � lim
t!1 eD �t � � lim

s!0
�sED �s�� �6:23�

EDS � lim
s!0

Y 001 �s�
1� Y1�s�

; �6:24�

Figure 6.2
Disturbance in

the control
system.
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but

lim
s!0

Y1�s� � 1; �6:25�
so that

EDS � 0: �6:26�
If we consider that Y 001 �s� is a type-one transfer function, from Eq. (6.24)

we obtain

EDS � lim
s!0

Y 001 �s�
1� Y 01�s� � Y 001 �s�

�6:27�

or

EDS � lim
s!0

1
1

Y 001 �s�
� Y 01�s�

; �6:28�

but

lim
s!0

1

Y 001 �s�
� 0; �6:29�

and, from Eq. (6.28),

EDS � lim
s!0

1

Y 01�s�:
�6:30�

In order to obtain EDS � 0 it is necessary that

lim
s!0

Y 01�s� � 1: �6:31�

Relation (6.31) shows that the disturbance steady-state error approaches

zero if Y 01�s� represents a type-one transfer function.

The transient response for a unit step disturbance signal is represented in

Fig. 6.3. If Y 01�s� is a type-zero transfer function, then EDS 6� 0. (Fig. 6.4).

Figure 6.4
Transient

response for a
type-zero

transfer function
Y 0i �s�.

Figure 6.3
Transient

response for a
type-one

transfer function
Y 01�s�.
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For example, let us reconsider the translational mechanism presented in

Fig. 5.3 and 5.4. If we neglect the gravitational component, the system

de®nes a type-one transfer function

Y1�s� �
kG

s�ms � kf �
; �6:32�

and the steady-state error will be

E �s� � lim
s!0

s
s�ms � kf �

ms2 � kf s � kG

� Zd �s�
" #

: �6:33�

For the step input,

zd �t � � zd*

Zd �s� �
zd*

s
;

�6:34�

we obtain

E �s� � 0; �6:35�
and for the ramp input,

zd �t � � kd t

Zd �s� �
kd

s2
:

�6:36�

From (6.33) results

E �s� � kd kf

kG

: �6:37�

We now reconsider the dynamic model (5.9) in which we do not neglect

the gravitational component G :

F �t � � G �m �z �t � � kf _z �t �: �6:38�

If we use the Laplace transform, we obtain

Z �s� � 1

s�ms � kf �
F �s� ÿ 1

s�ms � kf �
G �s�: �6:39�

We can remark that the gravitational component can be interpreted as a

disturbance of the system (Fig. 6.5).

Figure 6.5
Disturbance in

the closed-loop
control for

translational
mechanism.
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For an input zd � 0, from Eqs. (6.20) and (6.21) we obtain

ED �s� � ÿ
1

ms2 � kf s � kG

G �s�; �6:40�

but G �s� � G=s and from Eqs. (6.24) and (6.40),

jEDS j �
G

kG

: �6:41�

7. Time-Domain Performance

The time-domain performance is important because control systems are time-

domain systems. This means that time performance is the most important

performance for control systems. Time-domain performance is usually

de®ned in terms of the response of a system to the test input signals: step

unit or ramp input. The standard step response of a control is shown in Fig.

7.1.

We can de®ne the following parameters:

(a) The overshoot is de®ned as the difference between the peak value M

of the time response and the standard input,

s � M ÿ 1; �7:1�

or, more generally,

s � M ÿ xd*; �7:2�

Figure 7.1
Unit step

response of a
system.

628 Control

Co
n
tro

l



where xd* is the amplitude of the step input. Frequently, this

parameter is de®ned as the percent overshoot,

sp �
M ÿ xd*

xd*
� 100: �7:3�

(b) The peak time is de®ned as the time required for the system to reach

the peak value.

(c) The rise time Tr is the time required for the system to reach the input

value for the ®rst time. These parameters are normally used for

underdamped systems. For overdamped systems another parameter

Tr1
is used that represents the rise time between 0:1xd* and 0:9xd*.

(d) The settling time Ts is de®ned as the time required for the system to

settle within a certain percentage D of the input amplitude xd*.

(e) The damping order d is de®ned as

d � 1ÿ s3

s
; �7:4�

where s3 is the amplitude of the third oscillation (Fig. 7.1). In order

to obtain good performance it is necessary that

d � dp; �7:5�
where dp is the prescribed value (of course, dp � 1).

All these parameters are de®ned in terms of the response of the

system to the test input. The same procedure can be used if we

analyze the response of the system to the disturbance test (Fig. 7.2).

(f) The disturbance overshoot is de®ned as the difference between the

peak value Md of the output signal and the input (constant value)

when a unit step disturbance [d �t � � 1] is applied:

W � Md ÿ xi : �7:6�
(g) The disturbance damping order d is de®ned as

d � 1ÿ W3

W
; �7:7�

Figure 7.2
Unit step

disturbance
response of a

system.
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where W3 is the third amplitude of the oscillation for a unit step

disturbed system.

It is very important for the control system analysis to establish the

relationship between the representation of a linear system in terms of the

location of the poles and zeros of its transfer function, and its time-domain

response to a unit step. This relationship will be developed in the following

sections, but now we will try to present this problem.

Let us consider a closed-loop system with the transfer function

Y �s� � X0�s�
Xi �s�

� Y1�s�
1� Y1�s�

;

where Y1�s� has the form (5.8). We assume that the roots of the characteristic

equation of Y �s� (the poles) are si ; i � 1; . . . ;m (simple poles) and

ÿak � j � ok ; k � 1; . . . ;n (complex conjugate pairs). For a unit step

input, the output of the system can be written as a partial fraction expansion

[8]:

X0�s� �
1

s
�Pn

i�1

Ai

s � si

� Pn
k�1

Bk

s2 � 2aks � �a2
k � o2

k �
: �7:8�

Then the inverse Laplace transform can be obtained as a sum of terms:

x0�t � � 1�Pm
i�1

Aie
ÿsi �t � Pn

k�1

Bk

ok

eÿak �t sinok � t : �7:9�

The transient response contains a steady-state output, exponential terms,

and damped sinusoidal terms. It is clear that, in order for the response to be

stable, the real parts of the roots si and ak must be negative.

For example, we consider the closed-loop control system from Fig. 5.4.

The closed-loop transfer function is

Y �s� � kG

s2m � skf � kG

: �7:10�

This relation can be rewritten as

Y �s� � o2
n

s2 � 2zons � o2
n

; �7:11�

where on is the natural frequency,

o2
n �

kG

m
; �7:12�

and z is the dimensionless damping ratio,

z � kf

2
�������������
m � kG

p : �7:13�

The roots of the characteristic equation are

s1;2 � ÿzon � on

�������������
z2 ÿ 1

q
: �7:14�
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When z > 1, the roots are real and the system is de®ned as overdamped.

For z < 1, the roots are complex and conjugates and the system is called

underdamped:

s1;2 � ÿzon � jon

�������������
1ÿ z2

q
: �7:15�

For z � 1, we have double roots and the system is de®ned as critical

damping:

s1 � s2 � ÿzon: �7:16�
If we consider a unit step input, the transient response of Eq. (7.11)

is [4, 9]

x0�t � � 1ÿ eÿzont�������������
1ÿ z2

p � sin on

�������������
1ÿ z2

q
� t � tanÿ1

�������������
1ÿ z2

p
z

 ! !
: �7:17�

The form of the transient response is illustrated in Fig. 7.3.

8. Frequency-Domain Performances

The frequency response of a system is de®ned as the steady-state response of

the system to a sinusoidal input signal. For a linear system, the output signal

will be a sinusoidal signal that differs from the input only in amplitude and

phase angle. The frequency transfer function is obtained by replacing s with

jo. This transfer function is a function of the complex variable jo,

Y �jo� � Y �s�js�jo �8:1�
Y �jo� � P �o� � jQ�o�; �8:2�

where

P �o� � Re�Y � jo��
Q�o� � Im�Y � jo��:

�
�8:3�

The transfer function can be also represented by a magnitude M �o� and

a phase C�o�,
Y �jo� � M �o� � e j �C�o�; �8:4�

Figure 7.3
Response of the

closed-loop
control for the

translational
mechanical

system.
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where

C�o� � tanÿ1 Q�o�
P �o�

� �
�8:5�

jM �o�j2 � �P �o�2 � �Q�o��2�: �8:6�

8.1 The Polar Plot Representation

The polar plot representation is the graphical representation of Y � jo�. The

polar plot is obtained as the locus of the real and imaginary parts of Y � jo� in
the polar plane. The coordinates of the polar plot are the real and imaginary

parts of Y � jo�. For example, we reconsider the open-loop system for a

translational mechanism (5.13), Y1�s� � kG=s�ms � kf �. The transfer function

can be rewritten as

Y1�s� �
k

s�ts � 1� ; �8:7�

where

k � kG

kf

t � m

kf

:

�8:8�

The frequency transfer function Y1�jo� will be

Y1�s�js�jo � Y1�jo� �
k

ÿo2 � jo
: �8:9�

From Eqs. (8.3)±(8.6), we obtain

P1�o� �
ÿko2t

o4t2 � o2

Q1�o� �
ÿok

o4t2 � o2

�8:10

and

M1�o� �
k

�o4t2 � o2�1=2 �8:11�

C1�o� � ÿ tanÿ1 ÿ1

ot

� �
: �8:12�

We ®nd several values of M �o� and C�o�:

For o � 0,

M1�0� � 1
C�0� � ÿ p

2
;
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For o � 1=t,

M1

1

t

� �
�

���
2
p

2
kt

C
1

t

� �
� ÿ 3p

4
;

For o � 1,

M1�1� � 0

C�1� � ÿp:
The polar plot of Y1�jo� is shown in Fig. 8.1.

8.2 The Logarithmic Plot Representation

Logarithmic plots or Bode plots are based on logarithmic graphical plots for

the magnitude and phase angle,

log Y1� jo� � log M1�o� � jC1�o�: �8:13�
The logarithm of M1�o� is normally expressed in terms of

log M1�o� ! 20 log M1�o�; �8:14�
where the units are decibels (dB). The logarithmic gain in decibels and the

angle C1�o� can be plotted versus the frequency o.

In order to analyze this method we will use the model offered by the

translational mechanism,

Y1�jo� �
k

jo� jot� 1� � M1�o� � e j �C1�o�: �8:15�

The transfer function can be rewritten as

Y1� jo� � Y 0� jo� � Y 00� jo� � Y 000� jo�; �8:16�

Figure 8.1
Polar plot for

open-loop
system of

translational
mechanism.
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where

Y 0� jo� � M 01�o� � e j �C0�o� � k �8:17�
Y 00� jo� � M 001 �o� � e j �C00�o� � 1

jo
�8:18�

Y 000� jo� � M 0001 �o� � e j �C000�o� � 1

jot� 1
: �8:19�

By using the logarithmic plots, the magnitude and angle can be easily

plotted from the partial transfer functions Y 0� jo�, Y 00� jo�, Y 000� jo�:

20 log M1�o� � 20 log M 01�o� � 20 log M 001 �o� � 20 log M 0001 �o�; �8:20�
C1�o� � C01�o� �C001�o� �C0001 �o�: �8:21�

Examining the relations (8.17)±(8.19), we obtain

20 log M 001 �o� � 20 log k �8:22�

20 log M 001 �o� � 20 log
1

jo

���� ���� � ÿ20 logo �8:23�

20 log M 0001 �o� � 20 log
1

jot� 1

���� ���� � ÿ20 log�1� o2t2�1=2: �8:24�

The relation (8.22) de®nes the logarithmic gain as a constant, and the

phase angle is zero (Fig. 8.2):

C01�o� � 0: �8:25�

In order to plot the magnitude versus frequency in a Bode diagram, we

consider that the use of a logarithmic scale of frequency is the most judicious

choice. In this case, the frequency axis is marked by logo.

The logarithmic magnitude M 001 �o� from Eq. (8.23) will be represented by

a straight line. The slope of the line can be computed by choosing an interval

Figure 8.2
Frequency

diagrams for
M01�o� and

C01�o�.
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of two frequencies with a ratio equal to 10. This interval is called a decade.

Let us consider two frequencies, o2;o1;o2 � 10 � o1. The slope will be

20 log M 001 �o2� ÿ 20 log M 001 �o1� � ÿ20 logo2 � 20 logo1

� ÿ20 log
o2

o1

� ÿ20 dB=decade: �8:26�

The phase plot is obtained easily from Eq. (8.18):

C001�o� � ÿ
p
2
: �8:27�

An approximate representation of Y 0001 � jo� can be obtained if we analyze

the frequency domain around the value

ob �
1

t
; �8:28�

called the break frequency. For small frequencies, o� 1=t, the relation

(8.24) can be rewritten as

20 log M 0001 �o� � 0: �8:29�
For large frequencies, o� 1=t, we have

20 log M 0001 �o� � ÿ20 logot: �8:30�
The relation (8.30) de®nes a straight line with the slope

20 log M 0001 �o2� ÿ 20 log M 0001 �o1� � ÿ20 logo2t� 20 logo1t

� ÿ20 log 10 � ÿ20 dB=decade: �8:31�
The approximate plot of magnitude is represented in Fig. 8.4 by the solid

line, and the exact curve by the dashed line. The phase angle C0001 �o� is

obtained from Eq. (8.19) (Fig. 8.3) as

C0001 �o� � ÿ tanÿ1�ot�: �8:32�

Figure 8.3
Frequency

diagrams for
M001�o� and

C001�o�.
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For the break value ob � 1=t; we have 20 log M 0001 �1=t� � ÿ20 log 2 �
ÿ3 dB, C0001 �1=t� � ÿ tanÿ1�1� � ÿp=4. The Bode plots for Y1� jo� can be

obtained by adding the plots of the partial transfer functions. The result is

presented in Fig. 8.5.

Figure 8.4
Frequency

diagrams for
M0001 �o� and

C0001 �o�.

Figure 8.5
Frequency plots

for Y1� jo�.
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8.3 Bandwidth

The bandwidth is an important parameter that de®nes the quality of the

closed-loop control system,

Y � jo� � Y1� jo�
1� Y1� jo�

; �8:33�

and we consider M �o�, C�o� the magnitude and the phase of the closed-loop

system, respectively:

Y �jo� � M �o�ej �C�o�: �8:34�
The general form of M �o� is represented in Fig. 8.6.

The maximum magnitude is Mp and the frequency is called the resonant

frequency or . The bandwidth is de®ned as the domain of frequency for

which

M �o� �
���
2
p

2
M �0�: �8:35�

The associated frequency is ob , and if we consider M �0� � 1, then

20 log M �oB� � 20 log

���
2
p

2
� ÿ3 dB: �8:36�

If the open-loop transfer function has a pole in the origin, then

limo!0 Y1� jo� � 1, and

lim
o!0

Y �jo� � 1; �8:37�

then

M �0� � 1: �8:38�
If Y1�s� does not have a pole in origin, then

M �0� < 1: �8:39�
For example, we reconsider the closed-loop control system from Fig. 5.4

(translational mechanism closed-loop control).

Figure 8.6
Magnitude M�o�
for a closed-loop

system.
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From (7.11)±(7.13), we have the transfer function

Y �s� � o2
n

s2 � 2zons � o2
n

Y �jo� � 1

1ÿ o
on

� �2

� 2z
o
on

j

:
�8:40�

The logarithmic magnitude M �o� and the phase angle C�o� will be

20 log M �o� � ÿ10 log 1ÿ o
on

� �2
 !2

� 4z
o2

o2
n

 !
�8:41�

C�o� � ÿ tanÿ1

2z
o
on

1ÿ o2

o2
n

0BB@
1CCA: �8:42�

We will approximate these functions in two frequency domains. For

o� on , we obtain

20 log M �o� � 0 �8:43�
C�o� � 0: �8:44�

Figure 8.7
Frequency plots

for a closed-loop
control system.
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For o� on, we neglect several terms in (8.41) and

20 log M �o� ' ÿ40 log
o
on

; �8:45�

which determines a curve with a slope of ÿ40 dB=decade. Also, the phase

angle will be

C�o� ' ÿp: �8:46�

The magnitude asymptotes meet the 0-dB axis for o � on. The differ-

ence between the actual magnitude curve and the asymptotic approximation

is a function of the damping ratio z. The maximum value of the frequency

response Mp occurs at the resonant frequency or . When the damping ratio z
approaches zero, the resonant frequency or approaches the natural

frequency on (Fig. 8.7).

9. Stability of Linear Feedback Systems

A stable system is de®ned as a system with a bounded system response. If the

system is subjected to a bounded input or disturbance and the response is

bounded in magnitude, the system is said to be stable.

A ®rst result for the linear closed-loop system stability was obtained in

Section 7. For a unit step input, the output was written as

Xo�s� �
1

s
�Pm

i�1

Ai

s � si

� Pn
k�1

Bk

s2 � 2aks � �a2
k � o2

k �
; �9:1�

and the time response is obtained as a sum of terms,

xo�t � � 1�Pm
i�1

Aie
ÿsi t � Pn

k�1

Bk

ok

eÿsk t sinok t : �9:2�

Clearly, in order to obtain a bounded response, the real part of the

characteristic roots si and ak must be negative.

We may conclude that ``a necessary and suf®cient condition that a

feedback system be stable is that all the poles of the system transfer function

have negative real parts.'' Of course, the main methods, investigate the

stability by determining the characteristic roots. There are also other methods

that do not require the determination of the roots but use only the

polynomial coef®cients of the characteristic equations or the frequency

transfer function.
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9.1 The Routh±Hurwitz Criterion

The Routh±Hurwitz criterion is a necessary and suf®cient criterion for linear

system stability. This criterion is based on the ordering of the coef®cients of

the characteristic equation [4, 8, 9, 17, 18]

D�s� � ansn � anÿ1snÿ1 � � � � � a1s � a0 � 0 �9:3�

into an array as follows:

sn an anÿ2 anÿ4 � � �
snÿ1 anÿ1 anÿ3 anÿ5 � � �
snÿ2 bnÿ1 bnÿ3 bnÿ5 � � �
snÿ3 cnÿ1 cnÿ3 cnÿ5 � � �
snÿ4 dnÿ1 dnÿ3 dnÿ5 � � �
..
.

266666664

377777775:

Here,

bnÿ1 � ÿ
1

anÿ1

an anÿ2

anÿ1 anÿ3

���� ����; bnÿ3 � ÿ
1

anÿ1

an anÿ4

anÿ1 anÿ5

���� ����
cnÿ1 � ÿ

1

bnÿ1

anÿ1 anÿ3

bnÿ1 bnÿ3

���� ����; cnÿ3 � ÿ
1

bnÿ1

anÿ1 anÿ5

bnÿ1 bnÿ5

���� ����
dnÿ1 � ÿ

1

cnÿ1

bnÿ1 bnÿ3

cnÿ1 cnÿ3

���� ����; . . . :

The Routh±Hurwitz criterion requires that all the elements of the ®rst

column be nonzero and have the same sign. The condition is both necessary

and suf®cient. For example, we consider the characteristic equation of a

third-order system [8, 9, 18]

s3 � �l� 1�s2 � �l� mÿ 1�s � �mÿ 1� � 0: �9:4�

The coef®cient array is

s3 1 l� mÿ 1

s2 l� 1 mÿ 1

s
l�l� m�
l� 1

0

s0 mÿ 1 0

2666664

3777775:

The necessary and suf®cient conditions will be

C1: l > ÿ1

C2: l�l� m� > 0 �9:5�
C3: m > 1:

These conditions are presented in Fig. 9.1. The ®nal domain for the

condition C � C1 \ C2 \ C3 is shown in Fig. 9.1b.
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9.2 The Nyquist Criterion

We consider the closed-loop control system transfer function

Y �s� � Y1�s�
1� Y1�s�

: �9:6�

The characteristic equation of this system is

D�s� � 1� Y1�s�: �9:7�
For a system to be stable, all the zeros of D�s� must be lie in the left-hand

s-plane. In order to investigate the positions of equation characteristic roots, a

Figure 9.1 (a) Partial conditions. (b) Condition C � C1 \ C2 \ C3. (c) Nyquist contour.
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special contour C in the s-plane, which encloses the entire right-hand s-

plane, is chosen. This contour is called the Nyquist contour (Fig. 9.1). The

contour passes along the jo-axis from ÿj1 to �j1 and is completed by a

semicircular path of radius r , where r approaches in®nity. For this contour C ,

the corresponding contour D in the D�s�-plane will encircle the origin in a

clockwise direction N times (see Appendix C),

N � Z ÿ P ; �9:8�
where Z , P represent the number of zeros and poles, respectively, of the

characteristic equation D�s�. Of course, the number of poles P of D�s� is

equal to the number of poles of the open-loop transfer function Y1�s�.
The Nyquist criterion prefers to operate by the complex function

Y1�s� � D�s� ÿ 1; �9:9�
instead of D�s�, which also represents the transfer function of the open-loop

control system. In this case the number of clockwise encirclements of the

origin (Appendix C) becomes the number of clockwise encirclements of the

ÿ1 point in the plane Y1�s�. We know that the stability of the closed-loop

system requires that the number of zeros Z in the right-hand plane (equal to

the number of poles of the closed-loop system) should be zero:

N � ÿP : �9:10�
Now, we can formulate the Nyquist criterion as follows [6, 9]:

A necessary and suf®cient condition for the stability of the closed-

loop control system is that, for the contour D in the Y1�s�-plane, the

number of counterclockwise encirclements of the (ÿ1; 0) point be

equal to the number of poles of Y1�s� from the right-hand s-plane.

In the particular case when the open-loop system Y1�s� is stable, the

number of poles of Y1�s� in the right-hand s-plane is zero (P � 0); the

Nyquist criterion requires that the contour D in the Y1�s�-plane not encircle

the (ÿ1; 0) point.

We will illustrate the Nyquist criterion by several examples. First, let us

consider the thermal heating system presented in Fig. 9.2.

The model of a tank system containing a heated liquid is de®ned by the

transfer function [9, 16]

YH �s� �
1

ct s � Qcs �
1

Rt

� � � y�s�
I �s� ; �9:11�

where y � yo ÿ ye de®nes the system output and represents the temperature

difference between the temperature of the ¯uid out and the environmental

temperature, I is the electrical current that ensures heating of the system, and

ct , Q, cs , Rt represent the thermal capacitance, the ¯uid ¯ow rate (constant),
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the speci®c heat of the ¯uid, and the thermal resistance of insulation,

respectively. The direct control path contains a DC ampli®er with k-gain.

The transfer function of the open-loop system is

Y1�s� � k
1

ct s � Qcs �
1

Rt

� � ; �9:12�

which can be rewritten as

Y1�s� �
k1

t1s � 1
; �9:13�

where

k1 �
k

Qcs �
1

Rt

t1 �
ct

Qcs �
1

Rt

:
�9:14�

The transfer function of Y1�s� has a pole p1 � ÿ1=t1 so that the open-

loop system is stable. The mapping contour of Y1�s� is a circle (Fig. 9.3) that

does not encircle the point (ÿ1; 0) (see Appendix A.3). Of course, the closed-

loop system is stable.

Figure 9.2
Closed-loop

control for a
thermal heating

system.

Figure 9.3
Mapping contour

for thermal
heating system.
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A second example is offered by the closed-loop control of a translational

mechanism (Sections, Fig 5.4). The transfer function of the open-loop system

is

Y1�s� �
k

s�ms � kf �
; �9:15�

or

Y1�s� �
k1

s�ts � 1� ; �9:16�

where

k1 �
k

kf

t � m

kf

:

�9:17�

We can remark the presence of two poles,

p1 � ÿ
1

t
p2 � 0:

�9:18�

In this case, the Nyquist contour C contains an in®nitesimal semicircle

contour of radius r1! 0 in order to satisfy the condition that the contour

cannot pass through the pole of origin. The mapping contour by Y1�s� is

obtained from the rules discussed in Appendix A.3. This is presented in Fig

9.4b.

Figure 9.4
(a) Nyquist

contour. (b)
Mapping contour
for translational

mechanism.
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When s traverses the large semicircle of the Nyquist contour, o varies

from �1 to ÿ1, and we have

Y1�s�js�r2ejf � k1

tr 2
2

eÿ2jf; �9:19�

lim
r2!1

Y1�s� � lim
r2!1

k1

tr 2
2

���� ���� � eÿ2jf: �9:20�

It is clear that f changes from f � p=2 at o � �1 to f � ÿp=2 at

o � ÿ1 so that the angle change of Y1�s� is from ÿ2p=2 � ÿp at o � �1
to 2p=2 � p at o � ÿ1. The magnitude of the contour is de®ned by an

in®nitesimal circle of radius k1=tr
2
2 , where r2 is in®nite.

For the small semicircular detour around the pole p2 � 0, the mapping

can be approximated by

Y1�s�js�r1ejf � k1

r1ejf �9:21�

lim
r1!0

Y1�s�js�r1ejj � lim
r1!0

k1

r1

eÿjf: �9:22�

The angle of Y1�s� has a value from p=2 at o � 0ÿ to ÿp=2 at o � 0�.

The magnitude will be in®nite.

If we now consider the portion of the contour C from o � 0� to

o � �1, we will have

Y1�s� � ÿk1

ot� j

o��ot�2 � 1� � Yr �s� � jYi�s�: �9:23�

For o! 0 we obtain

lim Yr �o� � ÿk1t

lim Yi�o� � ÿ1:
�9:24�

The same procedure can be used for the portion o � ÿ1 to o � 0ÿ,

and we obtain a symmetrical polar plot.

If we analyze the stability of the closed-loop system, we see that the

open- loop system is at the limit of stability (Z � 0 and a pole at the origin),

but the closed-loop system has a mapping contour that does not encircle the

ÿ1 point, so that the system is always stable.

Let us consider the same system, the translational mechanism, for which

the driving system is represented by a solenoid (Fig. 9.5). A solenoid is an

electrical system that converts direct current (DC) electrical energy into

translational mechanism energy. The transfer function is

Ys �
F �s�
V �s� �

ks

Rs � sLs

; �9:25�
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where Rs and Ls are electrical system parameters, and ks represents a

coef®cient of the mechanical system. A feedback path is obtained by a

potentiometer,

Yf �s� �
V �s�
Z �s� � k1

f : �9:26�

The open-loop transfer function is

Y1�s� �
ks

s�ms � kf ��Rs � sLs �
; �9:27�

and the closed-loop transfer function will be

Y �s� � Y1�s�
1� Y1�s�Yf �s�

: �9:28�

We write

Y 01�s� � Y1�s�Yf �s� �
k 0

s�t1s � 1��t2s � 1� ; �9:29�

where

t1 �
m

kf

t2 �
Ls

Rs

�9:30�

k 0 � ks

k1
f Rs

:

If we use the same procedure as that discussed in the previous example,

we can use the Nyquist contour from Fig. 9.4a.

We see that

lim
r1!0

Y 01�s�js�r1ejj � lim
r1!0

k 0

r1

eÿjf: �9:31�

The magnitude approaches in®nity and the angle of the Y 01�s�-plane

contour changes from ÿp=2 at o � 0� to p=2 at o � 0ÿ.

Also, for ÿ1 < o < �1, we have

lim
r2!1

Y 01�s�js�r2ejj � k 0

r 3
2

eÿ3jf; �9:32�

Figure 9.5
A translational

mechanism with
electrical drive.
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so that the Y 01�s� angle varies from ÿ3p=2 at o � �1 to 3p=2 at o � ÿ1.

The magnitude of Y 01�s� approaches zero. The mapping in the Y 01�s�-plane

contour is shown in Fig. 9.6.

We see that it is possible that the contour may encircle the ÿ1 point. In

this case the number of encirclements is equal to two and the system

becomes unstable. In order to improve the quality of the motion, we will

compute the point where Y 01�s� intersects the real axis. First, we calculate the

frequency oc of the intersection point from the condition

Y 01i �o� � 0; �9:33�
where we considered

Y 01�jo� � Y 01r �o� � jY 01i �o�: �9:34�
From Eqs. (9.33) and (9.29) we get [4, 9] the critical frequency

oc �
1���������
t1t2
p : �9:35�

The intersection point coordinate is obtained as

Y 01r �oc� �
ÿk 0t1t2

t1 � t2

: �9:36�

The stability condition requires

ÿk 0t1t2

t1 � t2

> ÿ1: �9:37�

The relation (9.37) enables us to impose certain constraints on the gain

factor k 0,

k 0 <
t1 � t2

t1t2

: �9:38�

Figure 9.6
Mapping contour

for the
translational

mechanism with
electrical drive.
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If the gain factor k 0 has the limit value

k 0c �
t1 � t2

t1t2

; �9:39�

the closed-loop system will have a pole on the jo-axis, and the system is at

the limit of stability. As k 0 decreases below this limit value, stability increases

and the margin between the new gain k 0 and k 0c is a measure of the relative

stability.

This measure of relative stability is called the gain margin and is de®ned

as the reciprocal of the gain jY 01�jo�j at the frequency at which the phase

angle is p:

1

d
� 1

jY 01�oc�j
: �9:40�

It can also be de®ned in decibels:

20 log
1

d

� �
� ÿ20 log jY 01�oc�j: �9:41�

Another measure of the relative stability can be de®ned [6, 9, 20] by the

phase margin (w) as the phase angle through which the Y 01�jo� plot must be

rotated in order that the unity magnitude jY 01�jo�j � 1 point should pass

through the (ÿ1; 0) point in the Y 01�s�-plane. This index is called the phase

margin and is equal to the additional phase log required before the system

becomes unstable.

9.3 Stability by Bode Diagrams

In the previous section we established that the gain and phase margins are a

measure of relative stability. But the gain and phase margins are easily

evaluated from the Bode diagram.

The critical point for stability is de®ned for

jY1�joc�j � 1; �9:42�
which corresponds to [see Eq. (8.4)]

jM �oc�jdB � 0 �9:43�
C�oc� � kp �9:44�

where k is an odd number.

From the Bode diagram, the gain margin will be

d � M �ot �; �9:45�
where ot is the frequency for which

C�ot � � ÿp; �9:46�
and the phase margin w is

w � jC�oc�j ÿ p: �9:47�
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If the polar plot for Y1�jo� approaches the critical point (ÿ1; 0), the

system is at the limit of stability, the logarithmic magnitude is 0 dB, and the

phase angle is p on the Bode diagram. Let us now consider the translational

mechanism with electrical drive discussed in the preceding section. From Eq.

(9.29) we have

Y1�jo� �
k 0

jo�jot1 � 1��jot2 � 1� : �9:48�

We assume k 0 � 1, t1 � 0:2, t2 � 0:1. The Bode characteristics are

presented in Fig 9.7.

The critical frequency is oc � 1. The gain margin is estimated by the

segment AB, d � 20 dB, and the phase margin is evaluated by the segment

CD, w � ÿ80�.

10. Design of Closed-Loop Control Systems by
Pole-Zero Methods

In the preceding sections we analyzed the design and adjustment of the

system parameters in order to provide a desirable quality of the control

Figure 9.7
Bode

characteristics
for the

translational
mechanism with
electrical drive.
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system. But often it is not simple to adjust a parameter of a technological

process that has a complex con®guration. It is preferable to reconsider the

structure of the control system and to introduce new structure components

that allow a better selection and adjustment of the parameters for the overall

system.

These new structure components are called controllers.

10.1 Standard Controllers

In Fig. 10.1 we present a feedback control system in which a controller

ensures the quality of the control system. The adjustment of the controller

parameters in order to provide suitable performance is called compensation.

The transfer function of the controller is designated as

Yc�s� �
Xc�s�
E �s� ; �10:1�

where E �s� is the system error and Xc�s� de®nes the output of the controller.

This variable acts as the input for the second component, the driving system,

which represents an interface between the controller and the mechanical

process:

YD �s� �
Xp�s�
Xc�s�

: �10:2�

If we suppose that the transfer function of the mechanical system

(process) is Yp�s�, the open-loop system has the transfer function

Y1�s� � Yc�s� � YD �s� � Yp�s� and the closed-loop control system

Y �s� � Yc�s� � YD �s� � Yp�s�
1� Yc�s� � YD �s� � Yp�s� � YT �s�

; �10:3�

where YT �s� represents the transfer function of the transducer on the feed-

back path.

In order to facilitate the selection of the best control structure, several

types of standard controllers are used.

(a) The P controller (proportional controller) is de®ned by the equation

xc�t � � Kp � e�t �: �10:4�

Figure 10.1 A feedback control system with controller.
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This controller provides a proportional output as a function of

the error

Yc�s� � Kp : �10:5�
(b) I controller (integration controller):

xc�t � �
1

Ti

�
e�t �dt �10:6�

Yc�s� �
1

Tis
: �10:7�

(c) PI controller (proportional-integration controller):

xc�t � � Kp e�t � � 1

Ti

�
e�t �dt

� �
�10:8�

Yc�s� � Kp 1� 1

Tis

� �
: �10:9�

(d) PD controller (proportional-derivative controller):

xc�t � � Kp e�t � � Td

de�t �
dt

� �
�10:10�

Yc�s� � Kp�1� Td s�: �10:11�
(e) PDD2 controller (proportional-derivative-derivative controller):

xc�t � � Kp Td1
Td2

d2e�t �
dt 2

� �Td1
� Td2

�de�t �
dt
� e�t �

� �
�10:12�

Yc�s� � Kp�1� Td1
s��1� Td2

s�: �10:13�
(f) PID controller (proportional-integration-derivative controller):

xc�t � � Kp e�t � � 1

Ti

�
�t �dt � Td

de�t �
dt

� �
�10:14�

Yc�s� � Kp 1� 1

Tis
� Td s

� �
: �10:15�

The design of a control system requires the selection of a type of

controller, the arrangement of the system structure, and then the selection

and adjustment of the controller parameters in order to obtain a set of desired

performances.

If the theoretical design of the controller requires a transfer function

more complex than those of PID or PDD2 controllers, it is preferable to

connect several types of standard controllers that can achieve the desired

performance.

10.2 P-Controller Performance

We consider the transfer function of an open-loop system (5.8) rewritten in

the form

Y1�s� �
K

sl
� Q�s�

R�s� ; �10:16�
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where l � 0; 1; 2 (l > 2 determines the instability of the system) and Q�s�,
R�s� are polynomials with coef®cients of s0 equal to 1:

Q�0�
R�0� � 1:

From Eq. (10.16) we obtain

K � lim
s!0
�sl � Y1�s��: �10:17�

If we consider the transfer function for l � 0 (a type- zero system) in Eq.

(5.8),

Y1�s� �
A � Qm

i�1
�s � zi�Qn

j�1
�s � pj �

; �10:18�

where ÿzi , ÿpj represent the zeros and poles of the open-loop system,

respectively, we obtain

K �
A � Qm

i�1
ziQn

j�1
pj

: �10:19�

For a unit step input, from Eq. (6.6) we get the steady error

E �s� � 1

1�
A � Qm

i�1
ziQn

j�1
pj

: �10:20�

We will now analyze closed-loop systems. First, we consider the transfer

function of a thermal heating system (9.12)±(9.14),

Y1�s� �
k1

t1s � 1
;

with the closed-loop transfer function

Y �s� � X0�s�
Xi �s�

� Y1�s�
1� Y1�s�

� k1*

s � p1

; �10:21�

where

p1 � ÿ
1� k1

t1

;

k1* �
k1

t1

;

8>><>>: �10:22�

and k1, t1 are de®ned in Eq. (9.14).
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The transient response for a unit step input xi�t � will be

X0�s� � Y �s� � Xi �s�
X0�s� �

k1*

s � p1

� 1
s
:

�10:23�

Expanding Eq. (10.23) in a partial fraction expansion, we obtain

X0�s� �
c0

s
� c1

s � p1

; �10:24�

where

c0 � �s � X0�s��js�0 �
k1*

p1

�10:25�

c1 � ��s � p1� � X0�s��js�ÿp1
� ÿk1*

p1

: �10:26�

Then, the relation (10.24) becomes

x0�t � �
k1*

p1

ÿ k1*

p1

eÿp1�t : �10:27�

The transient response is presented in Fig. 10.2. It is composed of the

steady-state output k1*=p1 and an exponential term �k1*=p1�eÿp1t . The steady-

state error will be

Es � 1ÿ x0�1� � 1ÿ k1*

p1

: �10:28�

We remark that when p1 approaches the origin (jp1j decreases), the time

constant 1=p1 and also the duration of the transient response increase. It is

clear that a fast transient response requires a large p1 that will determine the

increase of the steady-state error. As a second case, we consider the closed-

loop transfer function for a translational mechanism (Fig. 5.4). The open-loop

transfer function is given by Eq. (9.16). The closed-loop transfer function will

be

Y �s� � o2
n

s2 � 2zons � o2
n

; �10:29�

Figure 10.2
Transient

response for
closed-loop
control of a

thermal system.
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where the natural frequency on and damping ratio z are

o2
n �

k1

t1

z � 1

t1on

;

8>><>>: �10:30�

and k1, t1 are given in Eq. (9.17). The system poles are (Fig. 10.3)

p1;2 � ÿzon �
�������������
1ÿ z2

q
: �10:31�

In Section 6, we obtained that the steady-state error is

Es � 0 �10:32�

for a unit step input (6.8), and

Es �
2z
on

; �10:33�

for a ramp input (6.12). The overshoot of the transient response can be

obtained by using the identity

s2 � 2zons � o2
n � �s � zon�2 � �on

�������������
1ÿ z2

q
�2: �10:34�

From Eq. (10.29),

X0�s� � Y �s� � Xi�s� �
1

s
ÿ s � 2zon

s2 � 2zons � o2
n

; �10:35�

or

X0�s� �
1

s
ÿ s � zon

�s � zon�2 � �on

�������������
1ÿ z2

p
�2

 !

� z�������������
1ÿ z2

p � on

�������������
1ÿ z2

p
�s � zon�2 � �on

�������������
1ÿ z2

p
�2

 !
: �10:36�

Figure 10.3
Poles of a

closed-loop for a
translational
mechanism.
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The inverse Laplace transform of Eq. (10.36) will give

x0�t � � 1ÿ eÿzont�������������
1ÿ z2

p � sin on

�������������
1ÿ z2

q
t � tanÿ1

�������������
1ÿ z2

p
z

 ! !
: �10:37�

The transient response is shown in Fig. 10.4. The maximum value of the

time response is obtained for

dxo�t �
dt
� 0: �10:38�

We obtain the values of time for which x0�t � achieves the extremes [4]

tex �
kp

on

�������������
1ÿ z2

p ; k � 0; 1; 2; . . . : �10:39�

For k � 0 we obtain the absolute minimum value at k � 0; for k � 1 we

obtain the peak value time

Tp �
p

on

�������������
1ÿ z2

p : �10:40�

If we substitute Tp in Eq. (10.37) we obtain the overshoot

s � eÿpz=
��������
1ÿz2
p

: �10:41�
We see that for z � 0, the overshoot is 100 (the system is at the limit of

stability) and for z > 0:85 the overshoot approaches zero.

The settling time (Ts) is de®ned as the time required for the system to

settle within a certain percentage d of the input amplitude. From Eq. (10.36)

we obtain the condition [4]

eÿzonTs�������������
1ÿ z2

p � d; �10:42�

Figure 10.4
Transient

response of a
closed-loop

control for a
translational
mechanism.

10. Design of Closed-Loop Control Systems by Pole-Zero Methods 655

Co
n
tr

o
l



and

Ts �
ln�d

�������������
1ÿ z2

p
�

ÿzon

: �10:43�

The bandwidth (oB) was discussed in Section 8.

From Eqs. (8.35), (8.40), and (8.29) we obtain

o2
n���������������������������������������������������

�o2
n ÿ o2

B �2 � �2zonoB �2
q �

���
2
p

2
: �10:44�

The bandwidth oB will be

oB � on

����������������������������������������������������
1ÿ 2z2 �

���������������������������
2ÿ 4z2 � 4z4

qr
: �10:45�

For example, for z � 0:5,

oB � 1:27on; �10:46�
and for z � 0:7,

oB � on : �10:47�

10.3 Effects of the Supplementary Zero

We consider a closed-loop control system as in Fig. 10.1 where the controller

is de®ned by a PD transfer function (10.11). We assumed that the controlled

process is represented by the translational mechanism (9.16). The closed-

loop transfer function will be

YPD �s� �
on

z
� �s � z �

s2 � 2zons � o2
n

; �10:48�

where z is the zero introduced by the PD controller,

z � ÿ 1

TD

; �10:49�

and

o2
n �

kp

t

z � 1� kpTD

2ton

: �10:50�

The transfer function of the open-loop control system from Fig. 10.5

represents a type-one system, so that the steady-state error will be

Es � 0; �10:51�
for a unit step input. For a ramp input signal, we obtain from Eq. (6.10)

Es � lim
s!0

1

s � Y1PD
�s�

" #
; �10:52�
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where

Y1PD
�s� � YPD �s�

1ÿ YPD�s�
;

Y1PD
�s� �

o2
n

z
� �s � z �

s s � 2zon ÿ
o2

n

z

� �� � : �10:53�

Substituting Y1PD
�s� in Eq. (10.52), we obtain

EsPD
�

2zÿ on

z
on

: �10:54�

It is clear that the steady-state error decreases by the value l � on=z . If

we cancel the effect of the zero, z !1, the PD steady-state error

approaches the P steady-state error,

EsPD
! EsP

� 2z
on

:

From Eq. (10.54) we also have the condition

2z >
on

z
: �10:55�

In order to analyze the transient response, we will rewrite (10.48) as

YPD �s� � 1� s

z

� �
YP �s�; �10:56�

where YP �s� represents the closed-loop transfer function with a P controller

discussed in the preceding section,

YP �s� �
o2

n

s2 � 2zons � o2
n

: �10:57�

For a unit step input, the output x0�t � will be

X0�s� � YP �s� � Xi �s� �
1

z
sYP �s�Xi �s�: �10:58�

The inverse Laplace transformation of (10.58) will give

x0PD
�t � � x0P

�t � � 1

z

dx0P
�t �

dt
; �10:59�

where x0PD
, x0P

denote the output signal for a PD controller or a P controller

in the control system, respectively. It is clear that the overshoot of this system

will be increased by the term �1=z � � �dx0P
�t �=dt (Fig. 10.6).

Figure 10.5
A closed-loop

control system
with PD

controller.
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From Eqs. (10.37) and (10.59) we obtain

x0PD
�t � � 1ÿ eÿzont

��������������������������
l2 ÿ 2zl� 1

p �������������
1ÿ z2

p sin�on

�������������
1ÿ z2

q
t � g�; �10:60�

where

g � tanÿ1

�������������
1ÿ z2

p
zÿ l

�10:61�

l � on

z
: �10:62�

The maximum value is obtained by

dx0PD
�t �

dt
� 0; �10:63�

which enables us to calculate the time [4]:

TPPD
� pÿ �gÿ j�

on

�������������
1ÿ z2

p : �10:64�

We remark that if z !1, l! 0, g � j and the value of (10.64) is the

same as that determined for the P-controller (10.40).

The overshoot will be

sPD �
��������������������������
l2 ÿ 2zl� 1

q
� eÿz�pÿ�gÿj�=

��������
1ÿz2
p

: �10:65�
The settling time TsPD

can be determined by using the condition

eÿzonTsPD �
��������������������������
l2 ÿ 2zl� 1

p �������������
1ÿ z2

p � 0:05: �10:66�

If we develop Eq. (10.66) and consider the settling time TsP
de®ned by

(10.42), (10.43), we obtain

TsPD
� 1

zon

� ln
��������������������������
l2 ÿ 2zl� 1

q
� TsP

: �10:67�

Figure 10.6
Transient

response with PD
controller.
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In general, the values of z and l verify the conditions (10.55)

0 < z < 1

0 < l < 2z:
�10:68�

In these cases

ln

��������������������������
l2 ÿ 2zl� 1

q
< 0; �10:69�

so that

TsPD
< TsP

: �10:70�
We can conclude that a PD controller does not increase the duration of

the transient response. Let us now analyze the bandwidth oB . From Eq.

(10.48) we obtain

20 log M �o� � 20 log

o2
n

z

�����������������
o2 � z 2

p
����������������������������������������������
�o2

n ÿ o2� � �2zono�2
q : �10:71�

The Bode diagram of magnitude M �o� is presented in Fig. 10.7. The zero

z introduces a new break frequency

oz � z ; �10:72�
and a straight line with slope �20 dB=decade. The last line, determined by

the denominator expression, will have a slope ÿ20 dB=decade. We can

compare the M �o� Bode diagram de®ned by Eq. (10.71) with a typical M �o�
Bode diagram described by the relation (8.40).

Examining both diagrams, we see that

oz
B > oB : �10:73�

In ref. 8, is proven that the increasing of the bandwidth is limited at

oB < oz
B < 2oB : �10:74�

Figure 10.7
Bode diagram of

M�o�: (a) for
Y� jo� de®ned
by (8.40); (b)

for Y� jo�
de®ned by

(10.71).
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10.4 Effects of the Supplementary Pole

In the preceding section we discussed the effects of the zeros introduced by

the PD controller on the performance of closed-loop control systems.

We will analyze the effects of the poles that are added to the transfer

function of the direct path by integrating controllers. We assume that the new

closed-loop transfer function has the form

YI �s� �
kI

�s2 � 2zons � o2
n��s � p*� ; �10:75�

where p* is the new pole and kI is chosen as

kI � o2
np; �10:76�

in order to obtain the condition

jYI �0�j � M �0� � 1: �10:77�
The open-loop transfer function (10.53) is

Y1I
�s� � o2

np*

s�s2 � �2zon � p*�s � �2zonp*� o2
n��
: �10:78�

The steady-state error EsI
will be, for a unit step input,

EsI
� 0; �10:79�

and for a ramp input (2.10),

EsI
�

2z� on

p*

on

; �10:80�

which determines an increase of the steady-state error by the value on=p*. If

we cancel the pole effect, p !1, the steady-state error achieves the value

of the P-controller steady-state error, 2z=on . The effects of the pole p* are

insigni®cant if the pole approaches the origin.

The transient response for a unit step input will be

X0I
�s� � YI �s� �

1

s
� o2

np*

s�s � p*��s2 � 2zons � o2
n�
: �10:81�

The partial fraction expansion of (10.81) is

X0I
�s� � 1

s
� C1

s � p1

� C2

s � p2

� C3

s � p*
; �10:82�

where p1, p2 are the conjugate complex poles of s2 � 2zons � o2
n . The

inverse Laplace transform of (10.82) has the form

x0�t � � 1� C1eÿp1�t � C2eÿp2�t � C3eÿp��t ; �10:83�
where the last two terms represent the damped oscillation (for 0 < z < 1) of

the system determined by the two conjugate complex poles. The second

term C3eÿp��t represents a new exponential oscillation. The amplitude of this
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oscillation can be calculated by multiplying by the denominator factor of

(10.82) corresponding to C3 and setting s equal to the root

C3 � ��s � p*�X0I
�s��s�ÿp� : �10:84�

Alternatively, the equation may be written as

C3 � ÿ
o2

n

p�2 ÿ 2zonp*� o2
n

: �10:85�

For C1, C2 we can use the same procedure

C � ��s � p1�X0I
�s��s�ÿp1

� ÿ p2

p2 ÿ p1

�10:86�

C2 � ��s � p2�X0I
�s��s�ÿp2

� p1

p2 ÿ p1

: �10:87�

If we evaluate the relation (10.85) we see that p�
2 ÿ 2zonp*� o2

n is

always negative for 0 < z < 1 so that

C3 < 0: �10:88�
This inequality indicates that the pole p* has a favorable in¯uence on the

transient response because it contributes to the diminution of the oscillation

component.

In order to analyze the bandwidth oP
B , we will represent the M �o� Bode

diagram (Fig. 10.8). It is clear that the bandwidth oP
B is decreased by

introducing the pole ÿp*:

oP
B < oB : �10:89�

10.5 Effects of Supplementary Poles and Zeros

In order to illustrate the characteristics and advantages of introducing poles

and zeros, we will consider the closed-loop transfer function

YPZ �s� �
p*

z *
o2

n�s � z *�
�s2 � 2zons � o2

n��s � p*� ; �10:90�

Figure 10.8
Bode diagram of

M�o�: (a) for
Y� jo� de®ned
by (8.40); (b)

for Y� jo�
de®ned by

(10.75).
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where ÿp*, ÿz * represent the new pole and zero and the p*=z * coef®cient

ensures the condition

jYPZ �0�j � 1: �10:91�
The steady-state error will be

EsPZ
� 0 �10:92�

for a unit step input, and for a ramp input,

EsPZ
� 2z

on

� 1

p*
ÿ 1

z *

� �
: �10:93�

In this case, it is possible to improve the steady-state error if

1

p*
<

1

z *
�10:94�

or

p* > z * �10:95�
and p*, z * approaches the origin (Fig. 10.9). The transient response for a unit

step input is obtained as in Eq. (10.81),

X0PZ
�s� �

p*

z *
o2

n�s � z *�
s�s2 � 2zons � o2

n��s � p*� ; �10:96�

which can be rewritten as

X0PZ
�s� � 1

s
� C1*

s � p1

� C2*

s � p2

� C3*

s � p*
; �10:97�

where ÿp1, ÿp2 are conjugate complex poles. The inverse Laplace transform

of Eq. (10.97) will be

xoPZ
�t � � 1� C1*e

ÿp1�t � C2*e
ÿp2�t � C3*e

ÿp��t ; �10:98�

Figure 10.9
An s-plane plot

of the poles and
zeros.
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where

C1* � ��s � p1�X0PZ
�s��s�ÿp1

; �10:99�
C2* � ��s � p2�X0PZ

�s��s�ÿp2
�10:100�

C3* � ��s � p*�X0PZ
�s��s�ÿp� ; �10:101�

or

C1* � ÿ
p2

p2 ÿ p1

� p*

z *
� z *ÿ p1

p*ÿ p1

�10:102�

C2* �
p1

p2 ÿ p1

� p*

z *
� z *ÿ p2

p*ÿ p2

�10:103�

C3* �
p*

z *
o2

n�z *ÿ p*�
ÿ p*� p�2 ÿ 2zon p*� o2

n�: �10:104�

If we compare C1*, C2* with C1, C2 from Eqs. (10.86) and (10.87),

respectively, we obtain

C1* � C1

p*

z *
� z *ÿ p1

p*ÿ p1

�10:105�

C2* � C2

p*

z *
� z *ÿ p2

p*ÿ p2

: �10:106�

If the new zero ÿz * and pole ÿp* verify the condition (see Fig. 10.9)

p* � z * �10:107�
or

p*

z *
� 1; �10:108�

and

p* � z *� j ÿ p1j � j ÿ p2j � on; �10:109�
then

z *ÿ p1

p*ÿ p1

���� ���� � z *ÿ p2

p*ÿ p2

���� ���� � 1: �10:110�

From Eqs. (10.105), (10.106), and (10.110), we obtain

C1* � C1 �10:111�
C2* � C2: �10:112�

We conclude that the introduction of the new pole and zero ÿp*, ÿz *

does not in¯uence the ®rst two transient components of x0PZ
�t �. The last

component C3*e
ÿp��t can be analyzed from the relation (10.104) and the

condition (10.108). Therefore C3* can be rewritten as

C3* �
p*

z *
o2

n�z *ÿ p*�
ÿp*o2

n

;
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or

C3* � ÿ1� p*

z *
: �10:113�

Because the pole ÿp* and the zero ÿz * verify the condition (10.95), from

(10.113) an alteration of the transient response results, which determines the

increase of the overshoot. In order to improve the transient response, we can

introduce the constraint

C3* � Ds; �10:114�
where, for a typical application, Ds is chosen as

Ds � 0:01� 0:05; �10:115�
which determines an overshoot variation between 1% and 5%. The band-

width oPZ
B is not modi®ed because the effects of the pole ÿp* that determines

the break frequency

oP
B � p* �10:116�

are compensated by the effects of the zero ÿz * with a break frequency

oZ
B � z *; �10:117�

in the conditions for which the relation (10.107) is veri®ed.

10.6 Design Example: Closed-Loop Control of a Robotic Arm

Consider the control system for a rotational robotic arm (Fig. 10.10), where

YC �s� represents the controller transfer function and the robotic arm is

described by the transfer function

YARM �s� �
kA

s�s � tA�
: �10:118�

Equation (10.118) is easily obtained from the dynamic model described

in Appendix A.1 (A.1.4) in which the gravitational term is neglected. We

assume that the parameters identify the following values for kA, tA [1, 4]:

kA � 15

tA � 95:

Figure 10.10 Rotational robotic arm control system.
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First, let us try a P-controller with the transfer function

YC �s� � kP : �10:119�
In this case, the open-loop transfer function will be

Y1�s� �
15kP

s�s � 95� : �10:120�

The control system requires the following performance:

Overshoot:

s�%� � 7:5%: �10:121�
Steady-state error:

Es � 0; ��10:122�
for unit step input, and

Es �%� � 2% ��10:123�
for ramp input.

Bandwidth:

oB � 100: �10:124�
The last condition of the bandwidth allows the estimation of the damping

ratio. From Eq. (10.41) we obtain

z � 0:636: �10:125�
If we use the pole representation from Fig. 10.3, we obtain the pole

phase angle

j � cosÿ1 z � 50�300: �10:126�
The condition (10.123) of the ramp steady-state error determines the

natural frequency from Eq. (10.33),

2z
on

� 0:02:

Therefore, we obtain

on � 63:5; �10:127�
but the relation (10.45) requires

oB � 1:1oN ; �10:128�
and from the condition (10.124),

oN � 91: �10:129�
The inequalities (10.127) and (10.129) de®ne the natural frequency

domain on ,

6:5 � oN � 91: �10:130�

10. Design of Closed-Loop Control Systems by Pole-Zero Methods 665

Co
n
tr

o
l



For a closed-loop transfer function of type (10.29), the open-loop

transfer function Y1�s� has the form (10.53)

Y1�s� �
o2

n

s�s � 2zon�
: �10:131�

From the denominator expressions of relations (10.130) and (10.131), we

obtain

2zon � 95;

or

on � 75: �10:132�
This value of on veri®es the condition (10.130) and can be adopted as

the optimum value of the natural frequency (Fig. 10.11).

The numerator expressions of the same relations enable us to obtain

15kP � o2
n : �10:133�

Then, the gain coef®cient of the P controller will be

kP � 375: �10:134�
The pole distribution of the closed-loop system is (Fig. 10.11)

p1 � ÿzon � jon

�������������
1ÿ z2

q
� ÿ47:7� j57:87

p2 � ÿ47:7ÿ j57:87:
�10:135�

We can conclude that a closed-loop control system for a robotic arm with

P controller satis®es all the conditions (10.120)±(10.123), and the system

parameters are

on � 75

z � 0:636

j � 50�360:

Figure 10.11
Optimal pole

distribution for a
closed control

system of a
robotic arm with

P controller.
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Let us consider that the mechanical parameters of the arm de®ne a

transfer function by the form

YARM �s� �
10

s�s � 0:1� ; �10:136�

and the closed-loop control performances are as follows:

Overshoot:

s�%� � 7:5%: �10:137�
Steady-state error:

Es � 0 for unit step input �10:138�
Es �%� � 2% for ramp input: �10:139�

Bandwidth:

oB � 50: �10:140�
In this case, the conditions (10.127), (10.129) require

z � 0:636

on � 63:5;
�10:141�

but, from Eq. (10.45),

oB � 1:1on: �10:142�
It is clear that the condition (10.140) can not be veri®ed. In this case we

propose introducing an additional pole and zero p*, z *, in the transfer

function of the system. First, we divide the overshoot in two parts,

s � s*� sPZ ; �10:143�
where sPZ is the overshoot determined by the additional pole and zero. We

estimate sPZ as

sPZ � 0:03: �10:144�
Then s* determined by the main poles will be

s* � 0:45: �10:145�
From Eq. (10.41) we obtain

z � 0:7: �10:146�
and

j � cosÿ1 z � 45�: �10:147�
In the preceding section we established that the in¯uence of an addi-

tional pole and zero on the bandwidth is negligible, and for z � 0:07 we have

oB � on:

From the condition (10.140), we impose

oB � on � 50: �10:148�
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It follows that the main pole positions will be de®ned by (Fig. 10.12)

p1 � ÿ35� j35

p2 � ÿ35ÿ j35:
�10:149�

We can remark that these pole positions do not verify the ramp steady-

state error (10.139). Indeed, we have

Es �
2z
on

� 0:028

Es �%� � 2:8%: �10:150�

From Eqs. (10.93) and (10.139), the effects of the new pole and zero on

the ramp steady-state error determine the condition

1

z *
ÿ 1

p*
� 0:4

50
; �10:151�

and the overshoot sPZ from Eq. (10.144) determines a new equation

[(10.113)±(10.115)],

p*

z *
� 1:03: �10:152�

Solving p*, z * from Eqs. (10.151) and (10.152), we have

p* � 3:75

z * � 3:64:
�10:153�

From Eq. (10.90), the closed-loop transfer function will be

YPZ �s� �
2523�s � 3:64�

�s2 � 70s � 2450��s � 3:75� : �10:154�

The open-loop transfer function of (10.154) is obtained by the form

Y1PZ
�s� � 2523�s � 3:64�

s�s � 71:07��s � 2:67� ; �10:155�

Figure 10.12
Pole-zero

distribution for a
closed control

system of a
robotic arm with

complex
structure

controller.
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but

Y1PZ
�s� � YC �s�YARM �s� � YC �s�

10

s�s � 0:1� : �10:156�

From the relations (10.155) and (10.156) we obtain the transfer function

of the controller,

YC �s� �
253:3�s � 3:64��s � 0:1�
�s � 71:07��s � 2:67� : �10:157�

This transfer function de®nes a complex structure controller that can be

obtained by a cascade connection of standard controllers (PD) and compen-

sator networks.

11. Design of Closed-Loop Control Systems by
Frequential Methods

In Section 8, frequency-domain performance was discussed and the main

advantages for designing in this ®eld were speci®ed. These results will be

used to deduce the transfer function of the controller in a closed-loop control

system and to adjust its parameters in order to satisfy the system perfor-

mance. We will discuss this procedure by examining a typical model, a

second-order system, described by a transfer function

Y1�s� �
k1

s�t1s � 1� ; �11:1�

which de®nes the dynamic behavior of the translational mechanism. We

assume that the following performances are imposed:

Settling time:

Ts � Tsimp; �11:2�
Overshoot:

s � simp; �11:3�
Steady-state error:

Es � 0 for a unit step input �11:4�
Es � Esimp for a ramp input: �11:5�

The ®rst step is the same as the one we discussed in the previous section.

We will try to identify the position of the main poles. The condition (11.3)

and the relation (10.41) enable us to calculate the damping ratio x, and the

condition (11.2) introduced in the relation (10.43) determines the natural

frequency on .
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Then, we can estimate the transfer function of the closed-loop system

that satis®es the ®rst two conditions (11.2) and (11.3),

Y �s� � o2
n

s2 � 2xons � o2
n

; �11:6�

or, in the frequency domain,

Y �jo� � o2
n

�o2
n ÿ o2� � j2xono

: �11:7�

The magnitude plot 20 log jY �jo�j is presented in Fig. 11.1 (curve a). This

plot has a break point at frequency on , and high frequency is represented by

a straight line with a slope of ÿ40 dB=decade.

From the transfer function (11.7) we obtain the open-loop transfer

function

Y1�jo� �
o2

n

jo�jo� 2xon�
; �11:8�

which has the same representation at high frequency as the closed-loop

transfer function (11.7) (a straight line with slope ÿ40 dB=decade), but the

break frequency is (curve b, Fig. 11.1)

oa � 2xon: �11:9�
The transfer function (11.8) de®nes a type-one system, which determines

a steady-state error Es � 0 for a unit step input so that the condition (11.4) is

veri®ed.

Figure 11.1
Bode plots for
the design by

frequency
methods.
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In order to solve the condition of steady-state error for a ramp input

(11.5), we rewrite the relation (11.8) as

Y1�jo� �
on=2x

jo
jo

2xon

� 1

� � : �11:10�

The numerator expression de®nes a gain factor k,

k � on

2x
� 1

Es

: �11:11�

If condition (11.5) is not satis®ed, we can increase the gain kp of the

controller, so that the overall gain of the open loop system is

k 0kc �
1

Esimp

; �11:12�

where kc de®nes the critical value of the gain that satis®es the condition

(11.5). Of course, this new gain modi®es the damping ratio x0 and the natural

frequency o0n ;

k 0 � o0n
2x0

; �11:13�

but

2xon � 2x0o0n � oa: �11:14�
The new transfer function is represented by curve c in Fig. 11.1:

Y 01� jo� �
k 0

jo
jo

2xon

� 1

� � : �11:15�

The new natural frequency o0n can be evaluated by the intersection of

the jY 01� jo�j high-frequency plot (the slope ÿ40 dB=decade) and the o-axis.

We can remark that

o0n > on; �11:16�
which determines the damping ratio

x0 < x; �11:17�
which can increase the prescribed value of the overshoot. In order to

eliminate these dif®culties, we introduce a cascade network that must have

a frequency response of the same magnitude as the type Y 01� jo� (curve c) for

small frequencies while, for medium frequencies, having a frequency

response of the magnitude of the type Y1� jo� (curve b). In this case, we

ensure the steady-state performance (t !1 or o! 0) and transient

performance for the frequencies o � on . This network will introduce a

zero z * and a pole p*. The magnitude plot is presented in Fig. 11.2.
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The transfer function is de®ned by

Y1*�jo� �
1

z *
jo� 1

1

p*
jo� 1

� p*

z *

jo� z *

jo� p*
; �11:18�

where

p* < z *: �11:19�
The overall open-loop transfer function will be

Y1*� jo� �
k 0

1

z *
jo� 1

� �
jo

jo
2xon

� 1

� �
1

p*
jo� 1

� � : �11:20�

The magnitude plot of Y1*� jo� is presented in Fig. 11.1 curve d. We see

that if we make a good selection of the coef®cients p* and z *, we can satisfy

all the performances for steady and transient states.

12. State Variable Models

The state variable method represents an attractive method for the analysis

and design of control systems based on reconsidering the dynamic models of

the systems described by differential equations. Thus, these methods repre-

sent time-domain techniques, in which the response and description of a

system are given in terms of time t . The time-domain methods can be readily

used for nonlinear systems, for time-varying control systems for which one or

more of the parameters of the system may vary as a function of time, for

multivariable systems (the systems with several inputs and outputs) etc. In

this sense, these methods represent stronger techniques than the classical

methods of the Laplace transform or frequency response.

State variables are those variables that determine the future behavior of a

system when the present state and the input signals are known.

The state variables are represented by a state vector

x � �x1; x2; . . . ; xn�T ; �12:1�

Figure 11.2
jY*� jo�j plot for
a compensation

network.
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where the components x1; x2; . . . ; xn de®ne the system state variables. The

state of the system is described by a set of ®rst-order differential equations

[5, 6, 8, 9, 18] written in terms of the state variables

_x1 � a11x1 � a12x2 � � � � � a1nxn � b11u1 � � � � � b1mum

_x2 � a21x1 � a22x2 � � � � � a2nxn � b21u1 � � � � � b2mum

..

.

_xn � an1x1 � an2x2 � � � � � annxn � bn1u1 � � � � � bnmum;

�12:2�

where the new variables u1;u2; . . . ;um represent the input signals.

Equation (12.2) can be rewritten in matrix form,

_x � Ax � Bu; �12:3�
where

A �

a11 a12 � � � a1n

a21 a22 � � � a2n

..

.

an1 an2 � � � ann

266664
377775

B �
b11 � � � b1m

..

.

bn1 � � � bnn

2664
3775;

�12:4�

and

u � �u1;u2; . . . ;um�T �12:5�
de®nes the input vector of the system.

The initial state of the system is de®ned by the vector

x0 � �x1�t0�; x2�t0�; . . . ; xn�t0��T : �12:6�
The state variables are not all readily measurable or observable. The

variables that can be measured represent the output variables. They are

de®ned by the matrix equation

y � Cx � Du; �12:7�
where C and D are �p � n�; �p �m� constant matrices and y is the output

vector

y � �y1; y2; . . . ; yp �T : �12:8�
In order to illustrate the concept of the state variables, we can use several

examples.

The ®rst example is represented by the linear spring±mass±damper

mechanical system (Fig. 12.1). From Appendix A we obtain the differential

equation that describes the behavior of this system,

M �z � kf _z � kz � AP : �12:9�
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The state variables that can de®ne this system rigorously are the position

and the velocity. We can write

x1 � z

x2 � _z ;
�12:10�

the system state variables. The input is pressure p � u. Equation (12.10) can

be rewritten as

_x1 � x2

_x2 � ÿ
kf

M
x2 ÿ

k

M
x1 �

A

M
u:

�12:11�

In the matrix form (12.3), we will have

A �
0 1

ÿ k

M
ÿ kf

M

24 35
B � A

M
:

�12:12�

We assume that only the position is measurable, so that we have for the

output

y � Cx ; �12:13�
where

y � x1;

C � �1 0�: �12:14�

The second example is represented by a coupled spring±mass system

shown in Fig. 12.2.

The dynamic model is described by the differential equations

m1 �z1 � k1�z1 ÿ z2� � F

m2 �z2 � kf _z2 � k2z2 ÿ k1�z1 ÿ z2� � 0:

(
�12:15�

Figure 12.1
The linear

spring±mass±
damper

mechanical
system.

Figure 12.2
The coupled
spring±mass

system.
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We de®ne the state vector as

x � �x1; x2; x3; x4�T ;
where

x1 � z1

x2 � _z1

x3 � z2

x4 � _z2;

the input is

u � F ;

and the output variables are represented by positions z1, z2

y � �y1; y2�T :
Equations (12.3) and (12.7) will have the

A �

0 1 0 0

ÿ k1

m1

0
k1

m1

0

0 0 0 1
k1

m1

0 ÿ kf

m2

� k1

m1

� �
ÿ kf

m2

26666664

37777775 �12:16�

B �

0
1

m1

0

0

266664
377775

C � 1 0 0 0

0 0 1 0

� �
: �12:17�

The mathematical model offered by the matrix equations (12.3) and

(12.7) is called in the literature [9, 18] ``the input±state±output'' model.

In matrix form, the solution of Eq. (12.3) can be written as an exponential

function [8, 9, 18]:

x �t � � exp�At �x �0� �
�t

0

exp�A�t ÿ t��Bu�t�dt: �12:18�

The Laplace transform of this relation has the form

X �s� � �sI ÿ A�ÿ1x �0� � �sI ÿ A�ÿ1BU �s�; �12:19�
where X �s�, U �s� are the Laplace transforms of the state and input vectors,

and

�sI ÿ A�ÿ1 � f�s� �12:20�
is the Laplace transform of

f�t � � exp A�t �: �12:21�
f�t � is called the transition matrix.
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The solution of the state equation can be rewritten as

x �t � � f�t �x �0� �
�t

0

f�t ÿ t�Bu�t�dt: �12:22�

If the initial conditions x �0�, the input u�t �, and the transition matrix f�t �
are known, we can calculate the time response x �t �. Thus, ®nding the

transition matrix is a very important issue.

If we consider the input u � 0, we obtain

x �t � � f�t �x �0�; �12:23�
or

X �s� � f�s�x �0�: �12:24�
We can rewrite Eq. (12.23) by components:

x1�t �
x2�t �

..

.

xn�t �

26664
37775 �

f11�t � f12�t � � � � f1n�t �
f21�t � � � � f2n�t �

..

.

fn1�t � fn2�t � � � � fnn�t �

26664
37775

x1�0�
x2�0�

..

.

xn�0�

26664
37775 �12:25�

From this equation we see that the matrix coef®cient fij �t � is the

response of the ith state variable due to an initial condition on the j th

state variable when there are zero initial conditions for all the other states,

fij �t � � xi�t �
xj �0� � 1

xk �0� � 0; 8k 6� j

u�t � � 0

�12:26�

or by the Laplace transform

Fij �s� � Xi �s�
xj �0� � 1

xk �0� � 0; 8k 6� j

U �s� � 0

�12:27�

There are several techniques that allow the evaluation of the matrix

coef®cients fij �t � or fij �s� [18]. In order to illustrate these methods, we will

use the signal ¯ow diagram of the system presented in Appendix A.4. We will

develop this procedure for the linear spring±mass±damper mechanical

system (Fig. 12.1) described by Eq. (12.11). The signal diagram ¯ow in

Laplace variable is shown in Fig. 12.3.

We note, therefore, that in order to determine the matrix coef®cients, it is

necessary to evaluate the Xi�s�, changing the initial conditions xi �0�. Thus,

the coef®cient f11�s� is obtained from the initial conditions x1�0� � 1;

x2�0� � 0.
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From Fig. 12.3 we can easily obtain

X1 �
1

s
�1� X2�

X2 �
1

s
ÿ k

M
X1 ÿ

kf

M
X2

� �
;

then

f11�s� � X1�s� �
s � kf

M

s2 � kf

M
s � k

M

: �12:28�

If we repeat this procedure for all matrix coef®cients, we obtain

f12�s� �
1

s2 � kf

M
s � k

M

f21�s� �
s � kf

M

s2 � kf

M
s � k

M

�12:29�

f22�s� �
s

s2 � kf

M
s � k

M

:

The transition matrix f�t � is obtained by the inverse Laplace transforms

of fij �s�. The stability of the state variable models can be easily studied by

analyzing matrix A. Indeed, the unforced system has the form

_x � Ax ; �12:30�
which gives an exponential solution of x �t � (12.18). It has been proven [8, 9,

17, 18] that the stability of the system (12.30) is obtained by solving the

characteristic equation

det�lI ÿ A� � 0: �12:31�
The placement of the characteristic equation roots, the A eigenvalues in

the left-hand part, will determine the system stability. For example, if we

Figure 12.3
The signal-¯ow
diagram for the

linear spring±
mass±damper

mechanical
system.
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consider the linear spring±mass±damper system from Fig. 12.1 with

k=M � 2, kf =M � 3, from Eq. (12.12) we obtain

A � 0 1
ÿ2 ÿ3

� �
:

The characteristic equation will be

det
l ÿ1
2 l� 3

� �
� 0;

which has the roots l1 � ÿ2, l2 � ÿ1. The system is stable.

13. Nonlinear Systems

In the preceding sections we have discussed the analysis methods and design

techniques of systems for which linear models are valid. However, in the

control system there are many nonlinearities whose discontinuous nature

does not allow linear approximation. These nonlinearities include Coulomb

friction, saturation, dead zones, and hysteresis and are found in a great

number of models in control engineering. Their effects cannot be derived by

linear methods, and nonlinear analysis techniques must be developed to

predict a system's performance in the presence of these inherent nonlinea-

rities.

13.1 Nonlinear Models: Examples

Nonlinearities in the mechanical systems can be classi®ed as inherent

(natural) and intentional (arti®cial).

Inherent nonlinearities are those that are produced in natural ways.

Examples of inherent nonlinearities include centripetal forces in rotational

motion, and Coulomb friction between contacting surfaces. Arti®cial non-

linearities are introduced by the designer in order to improve system

performance. We offer, as typical examples, the nonlinear control laws, the

adaptive control law, and the sliding control.

Nonlinearities can also be classi®ed [2, 3, 12] in terms of their mathe-

matical properties as continuous and discontinuous. The discontinuous

nonlinearities cannot be locally approximated by linear functions, for exam-

ple, hysteresis or saturation.

In this section we will present several typical nonlinearities and

nonlinear models.
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1. The gravitational pendulum with rotational spring±mass±damper

mechanical system is presented in Fig. 13.1. The dynamic model is

described by the differential equation

J �y� kf
_y� ky�Mg

l

2
sin y � T ; �13:1�

where the nonlinearity is de®ned by the gravitational component

Mg sin y.

2. The nonlinear mass±damper±spring system is presented in Fig. 13.2.

The dynamic equation of the free system is [12]

M �x � b _x j _x j � kx � k1x 3 � 0; �13:2�

where b__xj_xj represents the nonlinear damping and (kx� k1x3) repre-

sents the nonlinear spring.

3. The hydraulic actuator used for the linear positioning of a mass is

shown in Fig. 13.3 [8]. An input displacement x moves the control

value, and thus ¯uid passes into the upper part of the cylinder and the

piston is moved. When the input is small, its increase leads to a

corresponding (often proportional) increase of the output, the piston

displacement. But when the input reaches a certain level, its further

increase produces little or no increase of the output. The output

simply stays around its maximum value. The device is said to be in

saturation (Fig. 13.4).

4. Transmission systems frequently offer a nonlinearity termed backlash

[12]. It is caused by the small gaps that exist in transmission mechan-

Figure 13.1
Gravitational

pendulum with
rotational

spring±mass±
damper system.

Figure 13.2
Nonlinear mass±

damper±spring
system.
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isms. These gaps are determined by the unavoidable errors in

manufacturing and assembly. As a result of the gaps, when the driving

gear (Fig. 13.5) rotates a smaller angle than the gap, the driven gear

does not move at all, which corresponds to the dead-zero (OA

segment in Fig. 13.5); after contact has been established between

the two gears, the driver gear follows the rotation of the driving gear

in a linear fashion (AB segment). When the driving gear rotates in the

reverse direction by a distance of two gaps, the driven gear does not

move (BC segment). After the contact between the two gears is

established, the driven gear follows the rotation of the driving gear

(CD segment). The overall nonlinearity is presented in Fig. 13.5 [12].

5. The two-axis planar articulated robot is an example of the complexity

of the dynamic model of this class of mechanical structures. Let us

consider the planar robotic structure in Fig. 13.5b. Applying the

Denavit±Hartenberg algorithm, we obtain the differential equations

that describe the system [1, 13],

t1 � a1 �q1 � a2 �q2 � b1 _q1 _q2 � b1 _q2
2 � c1

t2 � a3 �q1 � a4 �q2 � b3 _q2
1 � c2;

�13:3�

Figure 13.3
Hydraulic
actuator.

Figure 13.4
Saturation

nonlinearity of
the hydraulic

actuator.
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where q1, q2 represent the generalized coordinates of the motions; t1,

t2, de®ne the input torques; a1, a2, a3, a4, b1, b2, b3, c1, c2 are

nonlinear coef®cients of the motion parameters [1],

a1 � m1l2
1 � J1 �m2�l2

1 � l2
c2
� 2l1lc2

cos q2� � J2

a2 � a3 � m2l1lc2
cos q2 �m2l2

c2
� J2

a4 � m2l2
c2
� J2

b2 � b3 �
b1

2
� m2l1lc2

sin q2

c1 � m1lc1
g cos q1 �m2g�lc2

cos�q1 � q2� � l1 cos q1�
c2 � m2glc2

cos�q1 � q2�;

and m1, m2, l1, l2, J1, J2, lc1
, lc2

represent the parameters of the

mechanical structure.

13.2 Phase Plane Analysis

The phase plane method is concerned with the graphical study of second-

order autonomous systems described by [2, 3, 12]

_x1 � f1�x1; x2�
_x2 � f2�x1; x2�;

�13:4�

where x1, x2 represent the system state variables and f1, f2, are nonlinear

functions of the states.

Figure 13.5
(a) A backlash

nonlinearity in a
transmission

mechanism. (b)
A two-axis

planar
articulated

robot.
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The state space of the x1, x2 de®nes a plane called the phase plane. A

solution x �t � of Eq. (12.1) de®nes a phase plane trajectory, and a family of

these trajectories represents a phase portrait of the system [2].

An important concept in phase plane analysis is that of a singular point.

A singular point is an equilibrium point in the phase plane, which implies the

conditions

_x1 � 0

_x2 � 0:
�13:5�

From conditions (13.5) and Eqs. (13.4) we obtain the equilibrium

relations

f1�x1; x2� � 0

f2�x1; x2� � 0:
�13:6�

From Eq. (13.6) we obtain the values x1, x2 that de®ne the equilibrium

point.

There are several techniques for generating phase plane portraits, by

using analytical graphical [2] and numerical methods [3] based on computers.

The analytical methods are based on the behavior of nonlinear systems

similar to a linear system around each equilibrium point. Consider x 0 the

equilibrium point and we can de®ne a vicinity around x 0,

x � x 0 � my : �13:7�
In this vicinity, Eqs. (13.4) can be rewritten as

y � Ay � _g�m; x0
1 ; x

0
2 �; �13:8�

where

lim
m!0

g�m; x 0
1 ; x

0
2 � � 0: �13:9�

The matrix A is the Jacobian of f1, f2, and it has the form [3]

A �
@f1
@x1

@f1
@x2

@f2
@x1

@f2
@x2

2664
3775m � 0 � a11 a12

a21 a22

� �

x1 � x 0
1 �13:10�

x2 � x 0
2 :

The characteristic equation of the matrix A has the form

D: l2 � a1l� a0 � 0; �13:11�
where

a1 � ÿ�a11 � a12� � ÿtrA

a0 � det A:
�13:12�
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The trajectories in the vicinity of this singularity point can display

different characteristics, depending on the values of the characteristic

equation roots, l1, l2. We have the following cases [12]:

j A stable node is obtained when both eigenvalues are negative. In this

case x1�t� � x�t� and x2�t� � _x�t� converge to zero exponentially (Fig.

13.6a).

j An unstable node is obtained when both eigenvalues are positive,

l1 > 0, l2 > 0, and x�t�, _x�t� diverge from zero exponentially (Fig.

13.6b).

Figure 13.6
Phase portraits

of nonlinear
systems in the

vicinity of
singular points.
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j A saddle point corresponds to the case when l1 < 0, l2 < 0. Now, the

system trajectory determined by l2 will diverge to in®nity (Fig. 13.6c).

j A stable focus is obtained when both eigenvalues are conjugate

complex and the real parts are negative. The trajectories converge

to the origin but encircle the origin one or more times (Fig. 13.6d).

j An unstable focus is determined by the case when both eigenvalues

have positive real parts. The trajectories encircle the origin and

diverge to in®nity (Fig. 13.6e).

j A center point is produced when both eigenvalues have real parts

equal to zero (Fig. 13.6f). The trajectories are ellipses.

We consider as an example the mechanical system presented in Fig. 13.7.

This system consists of a rigid beam with a rotational spring around a center

pivot and a solid ball rolling along a groove in the top of the beam. The

control problem is to position the ball in the desired position yd � 0, by using

a torque applied to the beam as a control input at the pivot.

The dynamic model of the mechanical system can be approximated by

J �y� ksy � T ; �13:13�

where ks is the spring constant. We neglect the mass of the ball.

The nonlinearity of the control system is determined by the controller,

which is a bang-bang controller:

T � ÿk sgn�e�: �13:14�

The unforced system is described by

�y� ks

J
y � 0; �13:15�

but

�y � d _y
dt
� d _y

dy
dy
dt
� _y

d _y
dy
; �13:16�

Figure 13.7
Control system

for the
mechanical

system of ball
and beam.
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so that Eq. (13.15) can be rewritten as

_yd _y� ks

J
ydy � 0: �13:17�

Integrating this equation yields

_y2 � ks

J
y2 � c: �13:18�

The characteristic equation eigenvalues are

l1;2 � �j

�����
ks

J

s
: �13:19�

Therefore, the phase trajectories are a family of ellipses and the singular point

is a center point (Fig. 13.8). These cases represent the behavior of nonlinear

systems in the vicinity of singular points similarly to approximated linear

systems, but nonlinear systems can have more complicated behavior in terms

of limit cycles.

In the phase plane, a limit cycle is de®ned as an isolated closed curve.

Depending on the trajectories in the vicinity of the limit cycle, there are the

following types of limits cycles [12]:

j Stable limit cycles at which all trajectories in the vicinity of the limit

cycle converge to it.

j Unstable limit cycles where all trajectories in the vicinity of the limit

cycle diverge from it.

j Semistable limit cycles where some of the trajectories in the vicinity of

the limit cycle converge to it and others diverge from it (Fig. 13.9).

13.3 Stability of Nonlinear Systems

We reconsider the nonlinear system described by Eq. (13.4) in the general

form

_x � f �x ;u; t �; �13:20�

Figure 13.8
Phase portrait

for the unforced
system of ball

and beam.

13. Nonlinear Systems 685

Co
n
tr

o
l



where u is the system input and x0 � x �0� is the initial condition. The

nonlinear system (13.20) is said to be autonomous if f does not depend

explicitly on time:

_x � f �x ;u�: �13:21�

Otherwise, the system is called nonautonomous [12]. We de®ne the

equilibrium points by relations (13.5) and (13.6). If we now consider a

constant input u�t � � u*, we can de®ne an equilibrium point x * of the system

(13.21) associated with the input u�t � � u*, a point in the state space that

veri®es the condition [3, 12]

f �x *;u*� � 0: �13:22�

It is evident that _x �t � � 0 at each equilibrium point. Thus, if x �0� � x 0 is

an equilibrium point, then x �t � � x0 for t � 0.

Figure 13.9
Limit cycles:
(a) stable,

(b) unstable,
(c) semistable.
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An autonomous nonlinear system can have no equilibrium points, one

equilibrium point, or multiple equilibrium points. We consider as an example

the dynamic model of the one-axis robot (Fig. 13.10) [13, 21],

m

3
�ml

� �
a2 �q � g

m

2
�ml

� �
a cos q � b� _q� � T ; �13:23�

where m, ml de®ne the arm and load mass, respectively, q is the generalized

coordinate of the system, and T is the input torque. Equation (13.23) can be

written in terms of state variables

x1 � q

x2 � _q;
�13:24�

as

_x1 � x2;

_x2 �
1

a2
m

3
�m2

� � ÿg
m

2
�ml

� �
a cos x1 ÿ b�x2� � T

� �
: �13:25�

If the input torque is T � u* � constant, the equilibrium point x1* � q* is

obtained from the condition

cos x1* �
u*

ag
m

2
�ml

� � ; �13:26�

because the term b�x2� satis®es the relation

b�0� � 0: �13:27�
If the system is unforced, u* � 0, we obtain (Fig. 13.10b)

x1* �
p
2
: �13:28�

De®nition and knowledge of the equilibrium points are the essential

elements in the interpretation of the asymptotic nonlinear system stability. An

equilibrium point x * of the system (13.21) is asymptotically stable [12] if and

only if for each e > 0 there is a d > 0 such that if

kx �0� ÿ x *k < d; �13:29�

Figure 13.10
(a) One-axis

robot.
(b) Equilibrium

point.
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then

kx �t � ÿ x *k < e; for t ! 0; �13:30�
and

x �t � ! x *; for t !1:
Thus, if an equilibrium point x * is asymptotically stable, then any

solution that starts out suf®ciently close to x * stays close in the sense that

kx �t � ÿ x *k remains small and the solution asymptotically approaches x * in

the limits as t !1.

13.4 Liapunov's First Method

Let x * be an equilibrium point of the system (13.21), for the input

u* � constant, and let J �x *� be the Jacobian matrix of f �x ;u*� evaluated at

x � x *. Let lk be the eigenvalue of J �x *�,
det�lI ÿ J �x *�� � 0: �13:31�

Then x * is asymptotically stable if the real part of each eigenvalue is negative:

Re lk < 0; 0 � k � n: �13:32�
Liapunov's ®rst method represents a suf®cient condition for asymptotic

stability, but it is not a necessary condition.

For example [13], we can reconsider the one-axis robot system from Fig.

13.10, where, for simplicity, we assume that the friction is purely viscous,

b�x2� � b1x2; �13:33�
and the input is constant,

T � u*: �13:34�
From Eqs. (13.24) and (13.25) we obtain the Jacobian

J �x � �
0 1

ga

c

m

2
�ml

� �
sin x1* ÿ

b1

c

24 35; �13:35�

where

c � a2 m

3
�ml

� �
:

The characteristic equation of J �x *� is obtained from (13.31),

l2 � b1

c
lÿ

g
m

2
�ml

� �
a sin x1*

c
� 0; �13:36�

and the eigenvalues will be

l1;2 � ÿ
b1

2c
� 1

2

b2
1

c2
�

4g
m

2
�ml

� �
a sin x1*

c

0@ 1A1=2

: �13:37�
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If we analyze the discriminant of Eq. (13.37), assigning typical values to

the arm parameters and noting that the coef®cient b1 has small values, it is

clear that we have the eigenvalues in the left half of the complex plane if

sin x1* � sin q* < 0; �13:38�
which represents the domain

ÿp < q < 0: �13:39�
We conclude that the asymptotic stability domain corresponds to the

positions under the horizontal axis.

13.5 Liapunov's Second Method

This method is based on a fundamental physical observation: If the total

energy of a mechanical system is continuously dissipated, then the system

must reach an equilibrium point. Thus, the stability of a system can be

studied by examining a scalar function, that is, an energy or Liapunov

function [2, 3, 12].

A Liapunov function is a function V �x � that satis®es the following

properties:

1: V �x � has a continuous derivative

2: V �0� � 0; �13:40�
3: V �x � > 0 for x 6� 0:

Properties 2 and 3 de®ne this function as a positive-de®nite function.

Liapunov's second method is a direct method based on the ®nding of a

Liapunov function.

Let V be a Liapunov function. Then x * (the equilibrium point of the

system) is asymptotically stable if the system has the following solutions:

_V �x �t �� � 0

_V �x �t �� � 0 if x �t � � 0:
�13:41�

Condition 1 indicates that the values of V �x �t �� do not increase along the

solutions of the system. Condition 2 indicates that there is a single solution for

which V �x �t �� remains constant, x �t � � 0.

Then, because V �x �t �� does not increase and does not stay constant, it

must decrease. Therefore, V �x �t �� ! 0 for t !1 and x �t � ! 0 for t !1.

In order to evaluate _V �x �, we calculate

_V �x � � @V
@x

_x ; �13:42�

and from Eq. (13.21) we obtain

_V �x � � @V
@x

f �x ;u*�: �13:43�
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In order to illustrate this method we will reconsider the control of the

mechanical system of ball and beam. We rewrite Eq. (13.13) in the form

�y� ay � cu; �13:44�
where

a � ks

J

c � 1

J
:

We de®ne the state variables x1, x2 as

x1 � y

x2 � _y:
�13:45�

We introduce a nonlinear complex controller that controls both variables

(Fig. 13.11), the position x1 � y and the velocity x2 � _y. The control law is

assumed to be

T � ÿk 0x2 ÿ b sgn�x1 � kx2�; �13:46�
where k 0, b, k are constants.

The state equations of this system are obtained from relations (13.44)±

(13.46):

_x1 � x2

_x2 � ÿax1 ÿ k 0cx2 ÿ bc sgn�x1 � kx2�:
�13:47�

We choose a Liapunov function as

V � 1

2
s2; �13:48�

where

s � x1 � kx2: �13:49�
From Eq. (13.42) we obtain

_V � s _s � s� _x1 � k _x2�: �13:50�

Figure 13.11
The control

system for the
mechanical

system of ball
and beam, with

nonlinear
complex

controller.
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Substituting _x1; _x2 from Eq. (13.47) in _V , we have

_V � s�x2 � k�ÿax1 ÿ k 0cx2 ÿ bc sgn�s���: �13:51�
If we choose the gain coef®cient k 0 as

k 0 � 1ÿ k2a

kc
; �13:52�

from (13.51) we obtain

_V � s�ÿka�x1 � kx2� ÿ bc sgn�s��; �13:53�
or

_V � ÿkas2 ÿ bcjsj: �13:54�
Condition 1 of Liapunov's second method is satis®ed. For the second

condition, we note that

_V �x1�t �; x2�t �� � 0 �13:55�
requires

s�t � � 0: �13:56�
Then

x1�t � � 0

x2�t � � 0:
�13:57�

We conclude that the equilibrium point x1* � 0, x2* � 0 is asymptotically

stable.

14. Nonlinear Controllers by Feedback
Linearization

As in the analysis of nonlinear control systems, there is no general method for

designing nonlinear controllers. Several methods and techniques applicable

to particular classes of nonlinear control problems are presented in the

literature [1±3, 12, 13].

One of the most attractive methods is feedback linearization. Feedback

linearization techniques determine a transformation of the original system

models into equivalent models of a simpler form.

Consider the system de®ned by the equation

_x � f �x ;u�: �14:1�
Feedback linearization is solved in two steps [2, 12].

First, one ®nds the input-state transformation

u � g�x ;w�; �14:2�
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so that the nonlinear system dynamics are transformed into equivalent linear

time-invariant dynamics

_x � Ax � bw : �14:3�
The second step is to determine a linear technique in order to obtain a

good placement of the poles

w � ÿkx : �14:4�
This method, also called input-state linearization, is simply applied for a

special class of nonlinear systems described by the so-called companion

form [12],

_x1 � x2

_x2 � x3

..

.

_xnÿ1 � xn

_xn � f �x � � b�x �u;

�14:5�

where u is a scalar control input and f and b are nonlinear functions of the

state. In order to cancel the nonlinearities and impose a desired linear

dynamics we can use particular transformations of (14.2) by the form

u � 1

b�x � �w ÿ f �x ��; �14:6�

where we assume that

b�x � 6� 0; �14:7�
for x 2 X -state space.

In this case, we obtain a linear model

_x1 � x2

_x2 � x3

..

.

_xnÿ1 � xn

_xn � w :

�14:8�

If we introduce a control law

w � ÿk0x ÿ k1 _x ÿ � � � ÿ knÿ1x �nÿ1�; �14:9�
the closed-loop control system (14.8), (14.9) will have the characteristic

equation

s2 � knÿ1snÿ1 � � � � � k0 � 0; �14:10�
and we can choose the coef®cients k0; k1; . . . ; knÿ1 such that all the roots of

Eq. (14.10) are strictly in the left half complex plane.

As a ®rst example, we reconsider the dynamic model of a nonlinear

mass±damper±spring system (13.1), which can be rewritten as

M �x � b _x j _x j � kx � k1x 3 � F : �14:11�
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By introducing the state variables x1; x2, and the control u (Fig. 14.1) we

will have the companion form

_x1 � x2

_x2 �
1

M
�ÿbx2jx2j ÿ kx1 ÿ k1x 3

1 � �
1

M
u:

�14:12�

A feedback linearization is obtained by

u � M �bx2jx2j � kx1 � k1x 3
1 � w�; �14:13�

and the linear control can be chosen as

w � ÿa1x1 ÿ a2x2:

In this case, we obtain the closed-loop system in the form (Fig. 14.2)

_x1 � x2

_x2 � ÿa1x1 ÿ a2x2;
�14:14�

and a good selection of coef®cients a1; a2 enables us to obtain the desired

performance.

For a desired behavior de®ned by x1d
; x2d

; _x2d
, we can choose the

control law as

w � _x2d
ÿ a1e1 ÿ a2e2; �14:15�

and the characteristic equation will have the form

�e � a2 _e � a1e � 0: �14:16�

Figure 14.1
Input-state

linearization.

Figure 14.2
Nonlinear

controller for the
control problem
of the nonlinear

mass±damper±
spring system.
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The second example is offered by the control problem of the two-axis

planar articulated robot (Fig. 14.3). The dynamic model of the robot was

presented by Eq. (13.3), and they can be rewritten as

A�q� �q � B�q� _q � c�q� � t; �14:17�

where

q � �q1; q2�T

A�q� � a1�q� a2�q�
a3�q� a4�q�

� �
B�q� � b1 _q2 b2 _q2

b3 _q1 0

� �
c�q� � c1�q�

c2�q�
� �

t � �t1 t2�T :
It is known that the inertial matrix A�q� is invertible [13, 21] so that we

can propose a nonlinear control

t � A�q�w � B�q� _q � c�q�; �14:18�
where w is the new input vector,

w � �w1w2�T : �14:19�
If we de®ne by

q* � �q; _q; q*�T �14:20�
and

qd* � �qd ; _qd ; �qd �T �14:21�
the desired values of the position, velocity, and acceleration for each arm,

then the error system will be

qd*ÿ q* � �qd ÿ q; _qd ÿ _q; �qd ÿ �q �T : �14:22�
The linear control is assigned the form

w � �qd ÿ a1� _qd ÿ _q� ÿ a0�qd ÿ q�: �14:23�

Figure 14.3
Nonlinear

controller for
a two-axis planar

articulated
robot.
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From Eqs. (14.17), (14.18), and (14.23) we obtain

� �qd ÿ �q� � a1� _qd ÿ _q� � a0�qd ÿ q� � 0; �14:24�
which de®nes the linear dynamics of the error (qd ÿ q). A good selection of

a1; a0 enables us to obtain the desired performance.

15. Sliding Control

15.1 Fundamentals of Sliding Control

The methods discussed in the preceding sections require a good knowledge

of system parameters and therefore suffer from sensitivity to errors in the

estimates of these parameters. Thus, modeling inaccuracies can have strong

adverse effects on nonlinear control. Therefore, any practical design must

ensure system robustness in conditions in which a model's imprecision is a

reality.

One of the simplest approaches to robust control is the so-called sliding

control. The basic idea is that the control signal changes abruptly on the basis

of the state of the system. A control system of this type is also referred to as a

variable-structure system [1, 12, 14].

Let us consider a dynamic system in a companion form,

_x1 � x2

_x2 � x3

..

.

_xn � f �x � � b�x �u:
�15:1�

In Eqs. (15.1), the functions f �x � and b�x � are not known exactly, but we

do know the sign and are bounded by known, continuous functions of x .

The control issue is to get the state x to track a speci®c time-varying state

xd � �xd ; _xd ; . . . ; x �nÿ1�
d �T ; �15:2�

where

xd �0� � x �0� � x0: �15:3�
Let e be the tracking error,

e* � �x ÿ xd ; _x ÿ _xd ; . . . ; x �nÿ1� ÿ x
�nÿ1�
d �T ; �15:4�

or

e* � �e; _e; . . . ; e�nÿ1��T : �15:5�
Let us de®ne a surface

s�x � � P � e*� _e*; �15:6�
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where P can be any positive-de®nite matrix. For example, P can be a

diagonal matrix with positive diagonal elements

P � diag� p1; p2; . . . ; pn�: �15:7�
The set of all x such that

s�x � � 0 �15:8�
is a (2n ÿ 1)-dimensional subspace or hyperplane that is called the switching

surface.

The switching surface divides the state space into two regions. If

s�x � > 0, then we are on one side of the switching surface and the control

law has one form; if s�x � < 0, then we are on the other side of the switching

surface and the control law will have a different form. Thus, the control

changes structure when the state of the system crosses the switching surface.

For the case of n � 1, the second system s�x � � 0 corresponds to a line

through the origin with a slope of ÿp1 (Fig. 15.1):

s�x � � p1e � _e � 0: �15:9�
Our objective is to develop a control law that will drive the system to the

switching surface in a ®nite time and then constrain the system to stay on the

switching surface.

When the system is operating on the switching surface, we say that it is in

the sliding mode (Fig. 15.2).

The closed-loop control system for sliding mode control is presented in

Fig. 15.3.

Figure 15.1
Switching line
for a second-
order system.

Figure 15.2
Trajectories for a

sliding control.
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The controller ensures the evolution to the switching line. When the

trajectory penetrates the switching line, the control law switches and directs

the solution back toward the switching line, then switches again and keeps

the motion on the switching line.

One of the simplest control laws can be

u � ÿk sgn�s�; �15:10�

but the control law can be more complex because of the complexity and

nonlinearity of the system.

On the switching line, in theory, the oscillations about the switching

surface have zero amplitude and in®nite frequency. However, in practice

they have a small amplitude and a high frequency depending on the

controller performance.

When the system is in the sliding mode, s�x � � 0. Then, from Eq. (15.9),

p1e � _e � 0: �15:11�

We can conclude that, in the sliding mode, the error is independent of

the system parameters. This property de®nes the robustness of sliding control

systems.

In order to illustrate the sliding control, we again consider the control

issue of the ``ball and beam.'' We cancel the rotational spring and assume

that the dynamic model of the system is determined by

J �Y � T ; �15:12�

or

_x1 � x2

_x2 � cu;
�15:13�

with

c � 1

J
:

We consider that the desired values of the state variables are x1d , x2d .

Then the errors will be de®ned by

e1 � x1d ÿ x1

e2 � x2d ÿ x2:
�15:14�

Figure 15.3
A sliding control

system.
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If we adopt, for simplicity, that x1d , x2d , are equal to zero, Eq. (15.3) can

be rewritten in terms of e1, e2 as

_e1 � e2

_e2 � ÿcu:
�15:15�

Let the switching line be de®ned by

s�e� � pe1 � e2 � 0: �15:16�
First, we propose a bang-bang controller of the form (Fig. 15.3)

u � U sgn�s�; �15:17�
or

u � �U ; if s > 0
ÿU ; if s < 0:

�
�15:18�

The phase trajectory can be obtained from Eq. (15.15) rewritten in the

form

�e � ÿcu: �15:19�
Integrating this equation we obtain (see Section 13)

_e2 � ÿ2cu � d ; �15:20�
where d is a constant. This relation de®nes a family of parabolas. The phase

portrait of this control is presented in Fig. 15.4.

The trajectory starts from the initial point for u � �U , and the evolution

is represented by the parabola arc that emerges from the initial point. When

the trajectory penetrates the switching line, the control u changes at u � ÿU

and the new trajectory is represented by another parabola arc. The motion

continues until the trajectory penetrates the switching line again and a new

change of the control is produced, etc.

Figure 15.4
Phase portrait of

the sliding
control for

u � sgn �s� for
the ball and

beam problem.
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We can note that when the trajectory reaches the origin, the motion is

stable, although the initial system (15.13) is at the limit of stability (an

oscillation) determined by the two poles s1 � s2 � 0.

We reconsider Eq. (15.15), but we suppose that the control law is

described by

u � ÿk 0e1 � k 00 sgn�s�jsj: �15:21�
The closed-loop system is (Fig. 15.5)

_e1 � e2

_e2 � ck 0e1 ÿ ck 00 sgn�s�jsj: �15:22�

In order to prove the system's stability, we consider the Liapunov

function

V � 1

2
s2; �15:23�

where

s � pe1 � e2: �15:24�
Now, we can evaluate

_V � s _s � s�p _e1 � _e2�: �15:25�
Substituting _e1, _e2 in the last relation, we obtain

_V � s�pe2 � ck 0e1 ÿ ck 00 sgn�s�jsj�: �15:26�
We choose k 0, so that

ck 0 � p2:

In this case, we have

_V � s�psÿ ck 00 � sgn sjsj�;
or

_V � ÿ�ÿp � ck 00�s2: �15:27�
If we choose

ck 00 > p; �15:28�

Figure 15.5
The closed-loop
control system
with a complex

control law:
u � k0e1�

k00 sgn�s�jsj for
the ball and

beam problem.
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we obtain the asymptotic stability of the system,

_V � 0: �15:29�
The solution _V � 0 is obtained only for s � 0 or e1�t � � 0, e2�t � � 0.

These examples de®ne the sliding control, a control method in which

several parameters of the controller are modi®ed abruptly. For this reason,

this method is also known in the literature as the variable structure control.

15.2 Variable Structure Systems

We wish to extend the previous results to another control problem class in

which several parameters of the process, of the plant, itself are modi®ed

abruptly in order to satisfy the control performances. We must make clear the

differences between the control system discussed in the previous section and

this method. In the conventional sliding control the controller parameters

were modi®ed; now we wish to change the components of the process of the

system.

In order to analyze this method, we will discuss a particular example. We

consider a nonforced second-order system de®ned by the differential

equation

�x � 2zon _x � o2
nx � 0; �15:30�

If the desired value is xd � 0, the dynamic of the error

e � xd ÿ x �15:31�
can be obtained as

�e � 2zon _e � o2
ne � 0: �15:32�

In this case, we consider that the variable parameter, which can offer a

control solution by the principle of variable structure, is the damping ratio z.
The solution of this differential equation is well-known [(7.17)]:

e�t � � eÿzont�������������
1ÿ z2

p sin on

�������������
1ÿ z2

q
t � tanÿ1

�������������
1ÿ z2

p
z

 ! !
: �15:33�

The phase portrait for z < 1 in the plane (_e; e) is presented in Fig. 15.6.

We can note the damped oscillation form of the trajectory.

In order to establish the system switching law, we introduce a switching

line

s�e� � pe1 � e2 � 0: �15:34�
We assume that the motion of the system is started at point A and the

evolution is determined by a damping ratio z < 1. When the trajectory

penetrates the switching line, we try to ®nd the control law of the damping

ratio z in order to obtain an evolution along the switching line, toward the

origin.
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From Eq. (15.32) we obtain

�e � ÿ2zon _e ÿ o2
ne; �15:35�

but

�e � d _e

dt
;

and dividing by _e gives

d _e=dt

de=dt
� ÿ2zon _e ÿ o2

ne

_e
; �15:36�

or

d _e

de
� ÿ2zon ÿ o2

n

e

_e
: �15:37�

However, from Eq. (15.34) we have

d _e

de
� e

_e
� ÿr: �15:38�

Substituting (15.38) in (15.37) we obtain

r � ÿ2zonrÿ o2
n

ÿr :

This relation enables us to determine the critical value of the damping

ratio for which the system evolution is on the switching line:

z* � r2 � o2
n

2onr
: �15:39�

In this case, the control system requires the following sequential

procedure:

Step 1: A conventional control is utilized and the system motion is

produced by the trajectory segment AB.

Figure 15.6
The phase

portrait of a
second-order

system with z
control.
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Step 2: When the trajectory penetrates the switching line, the damping

ratio is increased such that

z � z*: �15:40�

The motion occurs on the switching line, toward the origin (Fig. 15.6).

We will use this procedure. It is clear that changing the damping ratio

when the system is moving requires a special technology. The following

example will try to illustrate the problem of the variable structure systems.

The ER rotational damper system represents a rotational mechanism in

which the damping ratio is controlled by electrorheological ¯uids (ER ¯uids).

ER ¯uids are emulsions formed by mixing an electrically polarizable solid

material in powder form in a nonconducting liquid medium [15, 16]. When

the suspension is subjected to a DC electric ®eld, the ¯uid behaves as a solid

(Fig. 15.7), the viscosity increasing signi®cantly. The mechanism is presented

in Fig. 15.8.

The dynamic model can be approximated by

J �Y� kf
_Y � T ; �15:41�

where the ER ¯uid viscosity modi®es the parameter kf . If we assume a simple

ampli®er with k-gain in the open-loop system, we obtain

Y1�s� �
o2

n

s�s � 2zons� ; �15:42�

where z is the damping ratio,

z � k

2
���
J
p ; �15:43�

Figure 15.7
Viscosity control

of ER ¯uids by
an electric ®eld.

Figure 15.8
ER rotational

damper
mechanism.
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and the natural frequency is

on �
k

J
: �15:44�

The closed-loop control system will have the transfer function

Y �s� � o2
n

s2 � 2zons � o2
n

: �15:45�

The variable structure system is presented in Fig. 15.9. We note two

control loops. The ®rst is the conventional feedback control, and the second

is the variable structure control of the damping ratio.

A switching controller determines the intersection between the trajectory

and the switching line. A high-voltage system ensures the changing of the

damping ratio as in the relation (15.39).

The phase portrait is shown in Fig. 15.10.

A. Appendix

A.1 Differential Equations of Mechanical Systems

All the elements of the control system are single-way information transmis-

sion elements. For these elements we can establish an ``input'' and an

``output.''

Figure 15.9
Variable

structure system
for the ER
rotational

damper
mechanism.

Figure 15.10
Phase portrait
for a variable

structure system.
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In order to describe the behavior of an element in the control system, it is

necessary to de®ne an equation that expresses the output as a function of the

input. Because the systems under consideration are dynamic, the descriptive

equations are usually differential equations.

The differential equations describing the dynamic performance of a

physical system are obtained by utilizing the physical laws of the process.

The general form of a linear differential equation is

� � � � a3x���0�t � � a2 �x0�t � � a1 _x0�t � � a0x0�t � � b1xi�t � � b1 _xi �t � � � � � ;
�A:1:1�

where xi�t �, x0�t � denote the input and output variables, respectively, as

functions of time. In this equation, xi ; x0 can be physical variables, such as

translational velocity, angular velocity, pressure, or temperature, but they do

not represent the same physical dimension. For example, if xi is a force, x0

can be the translational velocity.

Equation (A.1.1) represents a simpli®ed form of the mathematical model

of a physical system. Practically, the complexity of the system requires a

complex mathematical model de®ned by nonlinear differential equations.

The analysis of these systems is very complicated. But, a great majority of

physical systems are linear within some range of the variables, so we can

accept the model (A.1.1) as a linear, lumped approximation for the majority

of elements that we will analyze.

For a complex mechanical structure, the dynamic equations can be

obtained by using Newton's second law of motion.

A summary of differential equation for lumped, linear elements is given

in Table A.1.1 [8, 9, 16]. The symbols used are de®ned in Table A.1.2.

If we consider the mechanical system shown in Fig. A.1.1, we obtain

AP �t � ÿ kf _z �t � ÿ kz �t � � M �z �t �;

where the active force is composed from

j AP�t�, the pressure force

j kf _z�t�, the translational damper force,

j ÿkz�t�, the translational spring force,

j M �z�t�, the inertial force

or

M �z �t � � kf _z �t � � kz �t � � AP �t �; �A:1:2�

where A is the piston area, kf is the friction constant, and k is the spring

constant (we neglect the gravitational term Mg).

If we use conventional notation for the input, xi � P , and for the output,

x0 � z , we obtain

M �x0�t � � kf _x0�t � � kx0�t � � Axi�t �; �A:1:3�
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Table A.1.1 Differential Equations for Ideal Elements

Physical element Describing equation Symbol

Translational spring
v � 1

K

dF

dt

Rotational spring o � 1

K

dT

dt

Fluid inertia
P � I

dQ

dt

Translational mass
F � M

dv

dt

Rotational mass
T � J

do
dt

Fluid capacitance
Q � Cf

dP

dt

Translational damper F � f v

Rotational damper T � f o

Table A.1.2 Symbols for Physical Quantities

F , force

T , torque

Q, ¯uid volumetric ¯ow rate

v, translational velocity

o, angular velocity

P , pressure

M , mass

J , moment of inertia

Cf , ¯uid capacitance

f , viscous friction
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which represents a second-order linear constant-coef®cient differential equa-

tion.

For the rotational spring±mass±damper mechanical system from Fig.

A.1.2, we obtain a similar equation, but if we do not neglect the gravitational

component, we will have

J �y�t � � kf
_y�t � � ky�t � �Mg

l

2
sin y�t � � T �t �: �A:1:4�

This equation de®nes a second-order nonlinear differential equation. A

linear approximation of the nonlinear term can be obtained if we use the

Taylor series expansion about the operating point x * [8, 9, 17],

h�x � � h�x *� � dh

dx

����
x�x�

�x ÿ x0*�
1!

� d2h

dx 2

����
x�x�

�x ÿ x0*�2
2!

� � � � ; �A:1:5�

and we use only the ®rst two terms (neglecting the higher-order terms),

h�x � � h�x *� � dh

dx

����
x�x�

�x ÿ x0*�
1!

: �A:1:6�

We consider the operating point, the equilibrium point y* � 0,

Mg
l

2
sin y � Mg

l

2
sin 0�Mg

l

2
cos�yÿ 0�;

Mg
l

2
sin y � Mg

l

2
y:

�A:1:7�

Figure A.1.1
Linear spring±
mass±damper

mechanical
system.

Figure A.1.2
The rotational
spring±mass±

dampler
mechanical

system.
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The linear approximation of (A.1.3) will be

J �y�t � � kf
_y�t � � k �Mg

l

2

� �
y�t � � T �t �: �A:1:8�

Of course, this approximation is reasonably accurate if the variations Dy
are suf®ciently small about the operating point y* � 0.

A.2 The Laplace Transform

The Laplace transform for a function f �t � is de®ned by [6, 8, 9, 17]

F �s� �
�1

0

f �t �eÿst dt : �A:2:1�

Normally, we write

F �s� � Lf f �t �g: �A:2:2�
The Laplace transform (A.2.1) for a function f �t � exists if the transforma-

tion integral converges. Therefore,�1
0

j f �t �jeÿs1t dt <1; �A:2:3�

for some real, positive s1. If the magnitude of f �t � is j f �t �j < Meat for all

positive t , the integral will converge for s1 > a. s1 is de®ned as the abscissa

of absolute convergence.

The inverse Laplace transform is

f �t � � 1

2pj

�s�j1

sÿj1
F �s�est ds: �A:2:4�

The Laplace variable s can be considered to be the differential operator

s � d

dt
; �A:2:5�

and

1

s
�
�t

0�
dt : �A:2:6�

The Laplace transform has the advantage of substituting the differential

equations by the algebraic equations. A list of some important Laplace

transforms is given in Table A.2.1.

A.3 Mapping Contours in the s-Plane

A transfer function is a function of complex variable s � s� jo. The function

Y �s� is itself complex and can be de®ned as

Y �s� � Yr � jYi : �A:3:1�
It can be represented on a complex Y �s�-plane with coordinates Yr , Yi .
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If the s variable varies in the s-plane on a contour C , Y �s� will de®ne

another contour D in the Y �s�-plane. Thus, the contour C has been mapped

by Y �s� onto a contour D. On this contour, for each value of the Y �s� function

will correspond a value of the complex variable s .

The direction of traversal of the s-plane contour is shown by arrows on

the contour (Fig. A.3.1). Then, a similar traversal occurs on the Y �s�-plane

contour D, as we pass beyond C in order, as shown by the arrows. By

convention [8, 9, 18, 19] the area within a contour to the right of the

transverse of the contour is considered to be the area enclosed by the

Table A.2.1 Laplace Transforms

f �t� F�s�
Impulse function d�t � 1

1 1

s

tn n!=sn�1

eÿat 1

s � a

eÿat f �t � F �s � a�
sinot o

s2 � o2

cosot s

s2 � o2

1ÿ eÿat a

s�s � a�

1

�b ÿ a� �e
ÿat ÿ eÿbt � o

�s � a��s � b�

eÿat sinot 1

�s � a�2 � o2

eÿat cosot s � a

�s � a�2 � o2

on�������������
1ÿ x2

p eÿxon t sinon

�������������
1ÿ x2

q
t ; x < 1

o2
n

s2 � 2xons � o2
n

dk f �t �
dtk

skF �s� ÿ skÿ1 _f �0�� ÿ � � � ÿ f �kÿ1��0��

�t

ÿ1
f �t �dt F �s�

s
�
� 0

ÿ1 f �t �dt

s
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contour. Therefore, we will assume the clockwise traversal of a contour to be

positive and the area enclosed within the contour to be on the right.

We consider the transfer function

Y �s� � A�s ÿ z1�; �A:3:2�
where A is a constant and z1 de®nes a zero of Y �s�,

s � z1 � Rejj;

where R , j are variables,

s ÿ z1 � Rejj:

If the contour C in the s-plane encircles the zero z1, this is equivalent to a

rotation of the (s±z1) vector by 2p in the case when the corresponding

contour D in the Y �s�-plane encircles the origin in a clockwise direction. If

the contour C does not encircle the zero z1, the angle of s±z1 is zero when

the traversal is in a clockwise direction along the contour and the contour D

does not encircle the origin (Fig. A.3.2).

Now, we consider the transfer function

Y �s� � A

s ÿ p1

; �A:3:3�

Figure A.3.1
Contour C in

s-plane.

Figure A.3.2
Contour D in

Y�s�-plane.
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where p1 de®nes a pole of Y �s�
s � p1 � Rejj;

Then

Y �s� � A

R
eÿjj: �A:3:4�

We assume that the contour C encircles the pole p1. Considering the

vectors s as shown for a speci®c contour C (Fig. A.3.3) we can determine the

angles as s traverses the contour. Clearly, as the traversal is in a clockwise

direction along the contour, the traversal of D in the Y �s�-plane is in the

opposite direction. When s traverses along C a full rotation of 2p rad, for the

Y �s�-plane we will have an angle ÿ2p rad (Fig. A.3.4).

We can generalize these results. If a contour C in the s-plane encircles Z

zeros and P poles of Y �s� as the traversal is in a clockwise direction along the

contour, the corresponding contour D in the Y �s�-plane encircles the origin

of the Y �s�-plane

N � Z ÿ P

times in a clockwise direction. The resultant angle of Y �s� will be

Df � 2pZ ÿ 2pP : �A:3:5�

The case in which the contour C encircles Z � 3 zeros and P � 1 pole in

the s-plane is presented in Figs. A.3.5 and A.3.6. The corresponding contour

D in the Y �s�-plane encircles the origin two times in a clockwise direction.

Figure A.3.3
Contour C in
s-plane with

a pole p1.

Figure A.3.4
Contour D in

Y�s�-plane.
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One of the most interesting mapping contours in the s-plane is from the

Nyquist contour. The contour passes along the jo-axis from ÿj1 to �j1
and is completed by a semicircular path of radius r (Fig. A.3.7). We choose

the transfer function Y1�s� as

Y1�s� �
k

ts � 1
; �A:3:6�

which has the pole p1 � ÿ1=t real and negative. In this case, the Nyquist

contour does not encircle a pole.

Figure A.3.5
Contour C for

Z � 3 and
P � 1.

Figure A.3.6
Contour D for

N � Z and
P � 2.

Figure A.3.7
(a) Nyquist

contour and a
pole p1 � ÿ1=t.

(b) Mapping
contour for

Y1�s� �
k=�ts� 1�.
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From (A3.4) we have

Y1�s� �
k

tR
eÿjy: �A:3:7�

When s traverses the semicircle C with r !1 from o � �1 to

o � ÿ1, the vector Y1�s� with the magnitude k=tR has an angle change

from ÿp=2 to �p=2.

When s traverses the positive imaginary axis, s � jo �0 < o <1�, the

mapping is represented by

Y �s� � k

1� jot
� k

1ÿ jot
1� o2t2

; �A:3:8�

which represents a semicircle with diameter k (Fig. A.3.7b, the solid line).

The portion from o � ÿ1 to o � 0ÿ is mapped by the function

Y1�s�js�ÿjo � Y1�ÿjo� � k
1� jot
1� o2t2

: �A:3:9�

Thus, we obtain the complex conjugate of Y1�jo�, and the plot for the

portion of the polar plot from o � ÿ1 to o � 0ÿ is symmetrical to the polar

plot from o � �1 to o � 0� (Fig. A.3.7b).

A.4 The Signal Flow Diagram

A signal ¯ow diagram is a representation of the relationship between the

system variables. The signal ¯ow diagram consists of unidirectional opera-

tional elements that are connected by the unidirectional path segments. The

operational elements are integration, multiplication by a constant, multi-

plication of two variables, summation of several variables, etc. (Fig. A.4.1).

Figure A.4.1 Signal ¯ow diagram elements.
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These functions are often suf®cient to develop a simulation model of a

system.

For example, we consider a dynamic model described by the differential

equation

�x � a1 _x � a2x � u: �A:4:1�

Using the notations

x � x1

_x � x2;

Eq. (A.4.1) can be rewritten as

_x1 � x2

_x2 � ÿa1x2 ÿ a2x1 � u:
�A:4:2�

The signal ¯ow diagram of (A.4.1) is presented in Fig. A.4.2. The diagram

has two representations, one for time-domain variables and one for the

Laplace transform representation.

Figure A.4.2
Signal ¯ow

diagrams (a) in
the time

domain, (b) in
the Lap1ace

variable domain.
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