
16 MULTIPLE INTEGRALS

To perform a double or triple integral, follow these steps:
1. Note that you may reverse the order of the differential elements.
Don’t worry about whether you see dxdy or dydx. The order of the
differential elements doesn’t tell you which integral to do first.
2. Look at the limits of integration: If you see an integration variable
(like x, y, or z) in the limits of integration, you must perform the integral
with the variable limit first. You will see variable limits in three of the
examples that follow.
3. When you integrate over one variable, treat the other independent
variables as if they are constants. For example, when performing an
integral over the variable x, treat y as a constant. Similarly, when
performing an integral over the variable y, treat x as a constant. We will
see this in the examples.
4. After you finish one integral, evaluate its antiderivative over the limits
before you begin the next integral.



Example: Perform the following integral.







Example: Perform the following integral.







Example: Perform the following integral.







Example: Perform the following integral.













Chapter 16 Exercises

Directions: Perform the following integrals.

Write your solutions down on a piece of paper. You can find the full solution
to each problem at the end of this chapter.

Part A



Part B



Part C





Chapter 16 Solutions
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WAS THIS BOOK HELPFUL?

A great deal of effort and thought was put into this book, such as:
• Breaking down the solutions to help make the math easier to
understand.
• Careful selection of examples and problems for their instructional
value.
• Full solutions to every problem in the answer key, including helpful
notes.
• Every answer was independently checked by an international math
guru.
• Multiple stages of proofreading, editing, and formatting.
• Beta testers provided valuable feedback.
• Elaborate conversion to Kindle format.

If you appreciate the effort that went into making this book possible, there is
a simple way that you could show it:

Please take a moment to post an honest review.

For example, you can review this book at Amazon.com or Barnes & Noble’s
website at BN.com.

Even a short review can be helpful and will be much appreciated. If
you’re not sure what to write, following are a few ideas, though it’s best to
describe what’s important to you.

• How much did you learn from reading and using this workbook?
• Were the solutions at the back of the book helpful?
• Were you able to understand the solutions?
• Was it helpful to follow the examples while solving the problems?
• Would you recommend this book to others? If so, why?

Do you believe that you found a mistake? Please email the author, Chris



McMullen, at mailto:greekphysics@yahoo.com to ask about it. One of two
things will happen:

• You might discover that it wasn’t a mistake after all and learn why.
• You might be right, in which case the author will be grateful and future
readers will benefit from the correction. Everyone is human.

mailto:greekphysics@yahoo.com


ABOUT THE AUTHOR

Dr. Chris McMullen has over 20 years of experience teaching university
physics in California, Oklahoma, Pennsylvania, and Louisiana. Dr.
McMullen is also an author of math and science books. Whether in the
classroom or as a writer, Dr. McMullen loves sharing knowledge and the art
of motivating and engaging students.

Chris McMullen earned his Ph.D. in phenomenological high-energy
physics (particle physics) from Oklahoma State University in 2002.
Originally from California, Dr. McMullen earned his Master's degree from
California State University, Northridge, where his thesis was in the field of
electron spin resonance.

As a physics teacher, Dr. McMullen observed that many students lack
fluency in fundamental math skills. In an effort to help students of all ages
and levels master basic math skills, he published a series of math workbooks
on arithmetic, fractions, long division, algebra, trigonometry, and calculus
entitled Improve Your Math Fluency. Dr. McMullen has also published a
variety of science books, including introductions to basic astronomy and
chemistry concepts in addition to physics workbooks.

www.amazon.com/author/chrismcmullen

http://www.amazon.com/author/chrismcmullen










SCIENCE

Dr. McMullen has published a variety of science books, including:
• Basic astronomy concepts
• Basic chemistry concepts
• Balancing chemical reactions
• Calculus-based physics textbook
• Calculus-based physics workbooks
• Calculus-based physics examples
• Trig-based physics workbooks
• Trig-based physics examples
• Creative physics problems

www.monkeyphysicsblog.wordpress.com

http://www.monkeyphysicsblog.wordpress.com


ALGEBRA

For students who need to improve their algebra skills:
• Isolating the unknown
• Quadratic equations
• Factoring
• Cross multiplying
• Systems of equations
• Straight line graphs

www.improveyourmathfluency.com

http://www.improveyourmathfluency.com


MATH

This series of math workbooks is geared toward practicing essential math
skills:

• Algebra and trigonometry
• Calculus
• Fractions, decimals, and percentages
• Long division
• Multiplication and division
• Addition and subtraction

www.improveyourmathfluency.com

http://www.improveyourmathfluency.com


PUZZLES

The author of this book, Chris McMullen, enjoys solving puzzles. His
favorite puzzle is Kakuro (kind of like a cross between crossword puzzles
and Sudoku). He once taught a three-week summer course on puzzles. If you
enjoy mathematical pattern puzzles, you might appreciate:

Number Pattern Recognition & Reasoning:
• Pattern recognition
• Visual discrimination
• Analytical skills
• Logic and reasoning
• Analogies
• Mathematics

300 + Mathematical Pattern Puzzles

https://www.amazon.com/dp/1512044288




THE FOURTH DIMENSION

Are you curious about a possible fourth dimension of space?
• Explore the world of hypercubes and hyperspheres.
• Imagine living in a two-dimensional world.
• Try to understand the fourth dimension by analogy.
• Several illustrations help to try to visualize a fourth dimension of
space.
• Investigate hypercube patterns.
• What would it be like to be a four-dimensional being living in a four-
dimensional world?
• Learn about the physics of a possible four-dimensional universe.


