


14.I THE PARABOLA

1,4.1.1 Definition

14.1 THE PARABOLA

A conic section is a curve of intersection of a plane with a right cirorlar
cone of two nappes. There are three types of curr/es that occur in this way:
the parabola, the ellipse (including the circle as a special case), and the
h;rperbola. The resulting cuwe depends on the inclination of the axis of
the cone to the cutting plane. In this section we study the parabola.

Following is the analytic definition of a parabola.

A parabola is the set of all points in a plane equidistant from a fixed point
and a fixed line. The fixed point is called the focus, and the fixed line is
called the directrix.

We now derive an equation of a parabola from the definition. In
order for this equation to be as simple as possible, we choose the r axis
as perpendicular to the directrix and containing the focus. The origin is
taken as the point on the r axis midway between the focus and the direc-

trix. It should be stressed that we are choosing the axes (nof the parabola)

in a special way. See Fig.1'4.1"1"

x :  - l

a(- p, v)

Figure 14.1 .1

then P is on the parabola if and only if

lFTl: lOPl
Because

and

lilPl: t/(.T\YTTW
P is on the parabola if and onlY if

\/G=pYTT: {GTff
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Fig u re 1 4.1 .2

14.1.2 Theorem

14.1,.3 Theorem

By squaring on both sides of the equation, we obtain

xz - 2px * p' * y' : )c2 * 2px * p'

Y' : 4Px

This result is stated as a theorem.

An equation of the panbola having its focus at (p,0) and as its directrix
the l ine y:-p is

In Fig. '!.4.'1..'!,, p is positive; p may be negative, however, because it is
the directed distance Of. Figure 14.1.2 shows a parabola for p < 0.

From Figs. 14.1.1 and 1,4.'1,.2, we see that for the equation yz :4px the
parabola opens to the right if p > 0 and to the leftif p < 0. The point mid-
way between the focus and the directrix on the parabola is called the
ztertex. The vertex of the parabolas in Figs. 14.1.1 and 14.1.2 is the origin.
The line through the vertex and the focus is called the axisof the parabola.
The axis of the parabolas in Figs. 14.1.1 and 1.4.1.2is the r axis.

In the above derivation, if the r axis and the y axis are interchanged,
then the focus is at the point F(0, p), and the directrix is the line having
the equation y:-p. An equation of this parabola is *:4py, and, thi
result is stated as a theorem.

An equation of the parabola having its focus at (0, p) and as its directrix
the line y : -p is

( 1 )

If p ; 0, the parabola opens upward
i f p
each case the vertex is at the origin, and
parabola.

(2 )

as shown in Fig. 74.1.2; and
as shown in Fig. 14."1,.4. In
the y axis is the axis of the

F(p, o)

F(0, p)

F igure  14 .1  .3 Fig u re 1 4.1 .4
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When we draw a sketch of the graph of a parabola, it is helpful to
draw the chord through the focus, perpendicular to the axis of the pa-
rabola. This chord is called the latus rectum of the parabola. The length
of the latus rectum is lapl. (See Exercise 1.7.)

sor,urroN: Since the focus is on the y axis and is also below the directrix,
the parabola opens downward, and p: -3. Hence, an equation of the
parabola is

* : - 1 2 y

The length of the latus rectum is

l4(-3) |  :  12

EXAMPLE 1: Find an equation of

the parabola having its focus at

(0, -3) and as its directrix the

line y - 3. Draw a sketch of the

graPh.

- c

F igu re  14 .1 .5

EXAMP LE 2. Given the Parabola
having the equation

u '  :7x

find the coordinates of the focus,

an equation of the directrix, and

the length of the latus rectum.

Draw a sketch of the graPh.

of the graph is shown in Fig. 1'4.1.5.

point on the parabola is equidistant from the focus and the

In Fig. 74.L5, three such points (Pr, Pr, an'd Pg) are shown, and

: lPre-,| tFP,l-lk-a,l lFtr,l - lre-,|

A sketch
Ary

directrix.
we have

IFP-, I

solurroN: The given equation is of the form of Eq. (1); so

4 p  - 7

Because p
F(+, 0). An equation of the
rectum rs 7. A sketch of the

opens to the right. The focus is at the point
directrix is x - -2. The length of the latus

graph is shown in Fig. 1'4.1.6.

Directrix

Q t Q , Q t
u

o

F igu re  14 .1 ,6
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Exercises L4.1

For each of the parabolas in Exercises I thnrugh 8, find the coordinates of the focus, an equation of the directrix, and the
length of the latus rectum. Draw a sketch of the curve.

1 .  x 2 : 4 A

4. xz - -I5y

7 . 2 y ' - 9 x : 0

2 '  a 2 : 6 x
5 .  f  + A : 0

8 . 3 x 2 * 4 y - 0

3. y' : -8x

6 .  y 2 -  5 r : 0

In Exercises 9 through 16, find an equation of the parabola having the given properties.
9. Focus, (5, 0); directrix, y: -5.

10. Focus, (0, 4); directrix, A: -4.

11. Focus, (0, -2); directrix, y - 2:0.

12. Focus, (-8, O); directrix, 5 - 3r: 0.

13. Focus, (*, 0); directrrx,2xl l:0.

14. Focus, (0, i); directrix,Sy t2:0.

15. Vertex, (0, 0); opens to the leff length of latus rectum: 6.
15. Vertex, (0, 0); opens upward; length of latus rectum: 3.
17. Prove that the length of the latus rectum of a parabola is l4pl.
18' Find an equation of the parabola having its vertex at the origin, the r axis as its axis, and passing through the point(2, -4\.

19' Find an equation of the parabola having its vertex at the origin , the y axis as its axis, and passing through the point(-2, -4).

20' A parabolic arch has a height of 20 ft and a width of 36 ft at the base. If the vertex of the parabola is at the top of thearch, at what height above the base is it 1g ft wide?
21' The cable of a suspension bridge hangs in th9 form of a parabola when the load is uniformly distributed horizontally.The distance between two towers is rsoo ft, the points ;i;;;6; of the cable on the to*"r, arc 220fr above the road-

il1til*:T#ffiit:HfiJ?ff31""T"70rt alove th" ,oa'd*"v. Find the vertical distance to the cabre rrom a point
22' Assume that water issuing from the end of a horizontal pipe,25 

t lb9",u the ground, describes a parabolic curve, thevertex of the parabola being at the end of the pip-e. r, ui u'poit t 8 ft below trr"e tine of the pipe, the flow of water hascurved outward 10 ft beyond a vertical line throuih th; ;"e iiir" pip", how far beyond this vertical line will the waterstrike the ground?

23' A reflecting telescope has a parabolic mirror for which the distance from the vertex to the focus is 30 ft. If the distanceacross the top of the mirror is il in , how deep is the mirroiai ttre centerz
24' Using Definition 14'1.1, find an equation of the parabola having as its directrix the line a :4 and.as its focus the point(-3, 8).

25' using Definition t4'l'1, hnd' an equation of the parabola having as its directrix the line r:-3 and as its focus thepoint (2,5).

26' Find all points on the parabola y2: 8r such that the foot of the perpendicular drawn from the point to the directrix,the focus, and the point itself are verrices of an equirateiJil;gil,'
27 ' Find' an equation of the circle passing through the vertex and the endpoints of the latus rectum of the parabola ,, - -gy.
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2g. prove analytically that the circle having as its diameter the latus rectum of a parabola is tangent to the directrix of

the parabola.

29. A focal chord of a parabola is a line segment through the focus and with its endpoints on the parabola. If A and B are

the endpoints of ifocal chord of a parabola, and ii C is the point of intersection of the directrix with a line thrcugh

the vertex and point A, prove that the line through C and B ii parallel to the axis of the parabola.

fl). prove that the distance from the midpoint of a focal chord (see Exercise 29\ of. a parabola to the directrix is half the

length of the focal chord.

14.2 TRANSLATION OF AXES The shape of a curve is not affected by the position of the coordinate

axes; however, an equation of the curve is affected'

. rllusrRArrorv 1: If a circle with a radius of 3 has its center at the point

(4, -1), then an equation of this circle is

( x -4 ) '+@+1) ' :e

* *Y ' -8 r *2Y*8 :0

Howevef, if the origin is at the center, the same circle has a simpler

equation, namelY,

f + Y z : g  
'

I fwemaytakethecoordinateaxesasweplease,theyaregeneral ly
chosen in such a $/ay that the equations will be as simple as possible.

I f theaxesaregiven,however,weoftenwishtof indasimplerequat ion
of a given curve referred to another set of axes'

Ingeneral , i f intheplanewithgivenrandyaxes,I tewcoordinate

"""s "re" 
chosen parallel to the given ones, we say that there has been a

ttanslation of axes in the Plane'
In particular' let the gi*tett x and' y axes be translated to the x' and y'

axes, hiving origin (h, k)-withrespect to the givgn axes. Also, assume that

the positive no*b"rs are on the iame side of the origin on the x' and y'

axes as they are on the x and' y axes (see Fig' 1'a'2'1)'

N,
(h, k) A, l

I
I
I
I

Figure 14.2.1

A point P in
given coordinate

the plane, having coordinate s (x, y) wilh resPect to the

axes; wiil have coordinates (x' , y') with resPect to the
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ExAMPLE 1: Given the equation
x2 + Llx * 6y + 19: 0, find an
equation of the graph with
respect to the x' and y' axes after
a translation of axes to the new
origin (-5, 1).

With respect to the x and
the coordinates of B' are (h, y).

new axes. To obtain relationships between these two sets of coordinates,

we draw a line through P parallel to the y axis and the y' axis, and also

a line through P parallel to the r axis and the I' axis. Let the first line in-

tersect the r axis at the point A and the r' axis at the point A', and the
second line intersect the y axis at the point B and the y' axis at the point B'.

With respect to the r and y axes, the coordinates of P ate (x, y)' the
coordinates of A are (r, 0), and the coordinates of A' are (r, k). Because
A , p : n - M , w e h a v e

y ' : Y - k

or, equivalently,

y : y ' * k

y axes, the coordinates of B are (0, y), and
we haveBecause B'P : BP - BB' ,

X , : X - h

or, equivalently,

x : x ' * h

These results are stated as a theorem.

14.2.1 Theorem lf (x, y) represents a point P with respect to a given set of axes, and (x' ,y')
is a representation of P after the axes are translated to a new origin having
coordinates (ft, k) with respect to the given axes, then

ot,

+k

- k

y-v '

y ' - y

( 1 )

(2 )

Equations (1) or (2) are called the equations of translating the axes.
If an equation of a curve is given in x andy, then an equation in r'

and y' is obtained by replacing x by (x' -t h) and y by (y' -f k).The graph
of the equation in r and y, with respect to the x and y axes, is exactly the
same set of points as the graph of the corresponding equation in r' and
y' with respect to the x' and y' axes.

soLUrIoN: A point P, represented by (x, y) with respect to the old axes,
has the representation (r', y') with respect to the new axes. Then by Eqs.
(1), with h: -5 and k : 1, we have

x ' - 5  a n d  y - y '  + 1

Substituting these values of r and y into the given equation, we obtain

( x '  -  5 ) ,  +  10 ( r ' , -  5 )  +  6 ( y ' , +  1 )  +  1g :0



v--+
x'

Figu re 14.2.2

EXAMPLE 2: Given the equation
9xz * 4y' - "1,8x * 32y + 37: 0,

translate the axes so the equation
of the graph with respect to the

)c' and y' axes contains no
first-degree terms.

Figure 14.2.3

:#
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x'2 - "1.0x' + 25 * l}x'- 50 * 6y' + 6 + 19 - 0

)c'2 : -6Y'

The graph of this equation with respect to the r' and y' axes is a pa-
rabola with its vertex at the origin, opening downward, andwith 4p :-6.
The graph with respect to the x and y axes is, then, a parabola having its
vertex at (-5, 1), its focus at (-5, -*), and as its directrix the line y : $
(see Fig. 1,4.2.2).

The above example illustrates how an equation can be reduced to a
simpler form by a suitable translation of axes. In general, equations of
the second degree which contain no term involving xy can be simpli-
fied by a translation of axes. This is illustrated in the following exam-

Ple.

solurroN: We rewrite the given equation:

9(* - 2x) + 4(yz * 8y) :-37

Completing the squares of the terms in parentheses by adding 9 ' I' and

4 ' 16 on both sides of the equation, we have

9(* - 2x * 1) + +(y' * 8y -r 1'6) :-37 + 9 + 64

9 ( x  -  L ) '  +  4 ( y  +  4 ) 2  : 3 6

Then, if we let r' 1 and y' : y + 4, we obtain

9x'2 * 4y'' :35

From Eq. (2), wesee that the substitutions of r' : x - L andy' : y I 4
result in a translation of axes to a new origin of. (1, -4). In Fig. 'l'4.2.3' we
have a sketch of the graph of the equation in r' and y' with resPect to
the r' and v' axes.

We shall now apply the translation of axes to finding the general
equation of a parabola having its directrix parallel to a coordinate axis

and its vertex at the point (h, k). In particular, let the directrix be par-
allel to the y axis. If the vertex is at point V(h, k), then the directrix

x, has the equation x:h-p, and the focus is at the point F(h *p, k).
Let the .r' and y' axes be such that the origin O' is at V(h, k) (see
Fig.1,4.2.4).

- An equation of the parabola in Fig. 1'4.2.4with respect to the r' and
* 

u' axes is

y' ' :  4px'

v y '

Figu re 14.2.4
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EXAMPLE 3: Find an equation of
the parcbola having as its
directrix the line U : 1, and as its
focus the point F(- 3, 7),

Figure 14.2.5

ExAMPrn 4: Given the parabola
having the equation

y '+6x *8y *1 :0

1.4.2.2 Theorem If p is the directed distance from the
the parabola with its vertex at (h, k)
axis is

'i{.p'.H. ..ru}*. ; Aik- fr)

vertex to the focus, an equation of
and with its axis parallel to the x

To obtain an equation of this parabola with respect to the x and y
axes, we replace x' by (x - h) andy' by (y - k) from Eq,.(2),which gives us

( Y - k ) ' : 4 P ( x - h )

The axis of this parabola is parallel to the I axis.
Similarly, if the directrix of a parabola is parallel to the r axis and

the vertex is at V(h, k), then its focus is at F(h, k + p) and the directrix
has the equation A : k - p, and an equation of the parabola with respect
to the x and y axes is

(x -  712:4P(Y -  k )

The axis of this parabola is parallel to the y axis. We have proved, then,
the following theorem.

A parabola with the same vertex and with its
has for an equation

(r  -  h) '  :  4P{V -  k)

(3)

axis parallel to the y axis

soLUrIoN: Since the directrix is parallel to the x axis, the axis will be
parallel to the y axis, and the equation will have the form (4).

since the vertex v is halfway between the directrix and the focus,
v has coordinates (-3, 4).The directed distance from the vertex to the
focus is p, and so

P : 7 - 4 : 3

Therefore, an equation is

(r  *  3) 'z :12(y -  4)

Squaring and simplifying, we have

*  *  6 x - ' l - 2 y  * 5 7 : 0

A sketch of the graph of this parabola is shown in Fig. 1.4.2.5.

sol.urroN: Rewrite the given equation as

y '+  8y  - -6x  -  1

Completing the square of the terms involving

(4)

F( -  3 ,7 )

v(- t, +)l

y on the left side of this
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equation by adding L5 on both sides/ we obtain

y '+8y * ' 1 .6 : - 6x+L5

(y + 4) '  6(x -  B)

Comparing this equation with (3), we let

k - -4  h :E
and

4 P - - 6  o r  P : - g

Therefore, the vertex is at ($, -4); an equation of the axis is y:-4;the
focus is at (7,-4); an equation of the directrix is x:4; and the length of
the latus rectum is 6. A sketch of the graph is shown in Fig. 14'2.6.

Figu re 14.2.6

Exercises 1-4.2
In Exercises 1 through 8, find a new equation of the graph of the given equation after a translation of axes to the new origin

as indicated. Draw the original and the new axes and a sketch of the graph.

find the vertex, the focus, an
equation of the directrix, an
equation of the axis, and the
length of the latus rectum, and
draw a sketch of the graph.

Directrix

L .  x2  +  y '+  6x *  4Y :0 ;  ( -3 , -2 )

3 .  y 2 - 6 x * 9 : 0 ;  ( 8 , 0 1

5. xz + 4y' * 4x * 8y + 4 : 0; (-2, -l)

7 .  y  -  4 -  2 (x  -  1 ) t ;  ( 1 ,  4 )

9. x2 + 4y' - l5x * 24y + 84- 0

L1.. 3x2 - 2y' * 6x- 8Y - LL : 0

L 3 .  x 2 * 5 x * 4 y * 8 : 0

1 6 . 3 y ' - 8 x - l 2 Y - 4 - 0

2. x2 + y2 - L}x * 4y + 13 - 0; (5,-2)

4. y' + 3x - 2y * 7 - 0; (-2, t)

6.  25xz *  y '  -  50r  *20y -  500:0;  (1,  -10)

8.  (Y + l ) '  :  4(x -  2) ' ;  (2 '  - I )

10. l5x2 * 25y2 - 32x - l00y - 284 - 0

L2. x:2 - y' + L4x - 8y- 35 - 0

In Exercises 9 through 12, translate the axes so that an equation of the graph with respect to the new axes will contain no

first-degree terms. Draw the original and the new axes and a sketch of the graph.

In Exercises 13 through 18, find the vertex, the focus, an equation of the axis, and an equation of the directrix of the given

parabola. Draw a sketch of the graph.

1,4.  Axz -  8r  *  3Y -  2:0

17. 2y' - 4y - 3x

1 5 .  y ' + 6 x * 1 0 y + 1 9 - 0

1 8 .  Y : 3 x 2 - 3 x * 3

In Exercises 19 through 28, find, an equation of the parabola having the given properties. Draw a sketch of the graph.

19. Vertex at (2,4); focus at (-3,4).

20. Vertex at (1, -3); directrix, Y: 1.

21. Focus at (-7,7); directtu, Y:3.

22. Focus at (-*,4); directrix, x:-*.

v
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23. Vertex at (3 , -2); axis, r : 3; length of the latus rectum is 5.

24. Axis parallel to the r axis; through the points (I,Z), (S,Z), and (11,4).

25. Vertex at (-4,2); acis, y :2; through the point (0, 6).

25. Directrix, x: -2; a<is, y: 4; length of the latus rectum is 8.

27. Directrix , x : 4) aocis, .y : 4; through the point (9, Z) .

28. Endpoints of the latus rectum are (1, 3) and (7,3).

29. Given the parabola having the equation V : af I bx -f c, with a * 0, frnd. the coordinates of the vertex.
30. Find the coordinates of the focus of the parabola in Exercise 29.

31. Find an equation of every parabola containing the points A(-9, -4) and B (5, -4), such that points A and, B are each
5 units from the focus.

32. Given the equation 4xs - l2xz * l2x - 3y - l0: 0, translate the axes so that the equation of the graph with respect
to the new axes will confail no second-degree term and no constant term. Draw a sketch of ttre grap-h and the two sets
of axes. (rrrNr: Let 2e :x'Ih andy:y,+ k in the given equation.)

33' Given the equation. xs + 3* - y'-+ 3x * 4y - 3 : 0, translate the axes so that the equation of the graph with respect
to the new axes will contain_no first-degree term and no constant term. Draw a sketch of the graph irrd tfru two sets ofaxes (see hint for Exercise 32).

34' lf a parabola has its focus at the origin and the x axis is its axis, prove that it must have an equation of the form
! 2 : 4 k x + 4 P , k + 0 .

1.4.3 SOME PROPERTIES
OF CONICS

generator

upPer naPPe

lower nappe

In Sec' 14'1 we stated that a conic section (or conic) is a curve of intersection
of a plane with a right-circular cone of two nappes, and three types of
curves of intersection that occur are the paraboli, the ellipse, and,Tie hy-
perbola. The Greek mathematician Apollonius studied conic sectiohs, in
terms of geometry, by using this concept. we studied the parabola in
sec. 14.1, where an analytic definition (ri.l.r) of a parabola was given. In
this section, an analytic definition of a conic r""iior, is given and the
three types of curves are obtained as special cases of this d-efinition.

In a consideration of the geometry of conic sections, a cone is regarded
as having two nappes, extending indefinitery far in both directions. A
portion of a right-circular cone of two nappes is shown in Fig. r4.g.r.
A generator (or element) of the cone is a line lying in the cone, and all
the generators of a cone contain the point v, calied 

-the 
aertexof the cone.

In Fig. 1'4.3.2 we have a cone and a cutting plane which is parallel to
one-and only one generator of the cone. Thii conic is a parabola. rf the
cutting plane is parallel to two generators, it intersects both nappes of
the cone and we have a hyperbola (Fig. 1a.3.3). An ellipse is obtained if
the cutting plane is parallel to no generator, in which case the cutting
plane intersects each generator, as in Fig. 1,4.g.4.

, A special case of the ellipse is a cirire, which is formed if the cutting
plane, which intersects each generator, is also perpendicular to the axis
of the cone. Degenerate cases of the conic seitions include a point, a

Figu re 1 4.3.1

generator
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Figu re 14.3.2 Figu re 1 4.3.3 F igure  14 .3 .4

straight line, and two intersecting straight lines. A point is obtained if

Ure cutting plane contains the vertex of the cone but does not contain a

generator. This is a degenerate ellipse. If the cutting plane contains the

vertex of the cone and ot ly orr" generator, then a straight line is obtained,

and this is a degenerate parabola. A degenerate hlryerbola is formed when

the cutting plane contains the vertex of the cone and two generators,

thereby giving two intersecting straight lines'

There are many applications of conic sections to both pure and ap-

plied mathematics. We shall mention a few of them. The orbits of planets

and satellites are ellipses. Ellipses are used in making machine gears'

Arches of bridges areiometimes ellipticat or parabolic in shape' The path

of a projectite Is a parabola if motion is considered to be in a plane and

air resisiance is ne-glected. Parabolas are used in the design of parabolic

mirrors, searchlighis, and automobile headlights. Hyperbolas are used

in combat in "sound tanging" to locate the position of enemy guns by

the sound of the firing of ihoi" g,trrr. If a quantity varies inversely as an-

other quantity, such 
"s 

pt"ssote and volume in Boyle's law for a perfect

gas at a constant temperature, the graph is a hyperbola'

To discuss conics analytically as plane curves, we first state a defini-
' 

tion which gives a property common to all conics'

L4.3.1 Definition A conic is the set of all points P in a plane such that the undirected dis-

tance of P from a fixed point is in a corrstant ratio to the undirected dis-

tance of P from a fixed line which does not contain the fixed point.

The constant ratio in the above definition is called t}re eccentricity of

the conic and is denoted by e. The eccentricity e is a nonnegative number

because it is the ratio of two undirected distances. Actually for nondegen-

erate conics, e ) 0. (Later we see that when e:0, we have a point') If

e:L,we See by comparing Definitions'1,4.3.1' and 14.1.1 that the conic is
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14.3.2 Theorem

a parabola. If e < 1, the conic is an ellipse, and if e t L, the conic is a
hyperbola.

Tlre fixed point, referred to in Definition 14.3.1, is called a focus of
the conic, and the fixed line is called the corresponding directrix. We
leamed in sec. 14.1 that a parabola has one focus and one directrix. Later
we see that an ellipse and a hyperbola each have two foci and two direc-
frices, with each focus corresponding to a particular directrix.

The line through a focus of a conic perpendicular to its directrix is
called the principal axis of. the conic. The points of intersection of the
conic and its principal axis are called the oertices of the conic. From our
study of the parabola, we know that a parabola has one vertex. However,
both the ellipse and the hyperbola have two vertices. This is proved in
the following theorem.

If e is the eccentricity of a nondegenerate conic, then if e # 'J., the conic
has two vertices; 7f e: 1, the conic has only one vertex.

PRooF: Let F denote the focus of the conic and D denote the point of
intersection of the directrix and the principal axis. Let d denote the un-
directed distance between the focus and iti directrix. In Fig. 14.3.5, F is
to the right of the directrix, and in Fig.1.4.3.6, F is to the left of-the directrix.
Let v denote a vertex of the conic. we wish to show that if e # L, there are
two possible vertices V, and if e: L, there is only one vertex V.

From Definition 14.3.1, we have

l-wl:elfil
Removing the absolute-value bars, we obtain

Fn:*e(N)
Because D, F, and v are all on the principal axis,

If F is to the right of D, DF : d. Thus, we have from the above

Tv-  d+N

Substituting from (1) into (2) gives

frl- d+ s(fr/)
from which we get

,lDv:fta (3)
rf e:1, the minus sign in the above equations must be rejected because
we would be dividing by zero. so rf e * !, friro points v are obtained; if
e : L, we obtain only one point V.

Figure 14.3.5

Figure 14.3.6

( 1 )

(2)
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If F is to the left of D, DF: -d. Instead of (3), we get
_ Aov:1fi

from which the same conclusion follows. So the theorem is proved. I

The point on the principal axis of an ellipse or a hyperbola that lies
halfway between the two vertices is called the center of the conic. Hence,
the ellipse and the hyperbola are called central conics in contrast to the
parabola that has no center because it has only one vertex.

14.3.3 Theorem A conic is symmehic with respect to its principal axis.

The proof of this theorem is left as an exercise (see Exercise 7).

EXAMPLE 1: Use Definition
"1.4.3.1 to find an equation of the
conic whose eccentricity is # and
havin g a focus at the point
F(1 , -2) with the line 4y * 17 :0

as the corresponding directrix.

Figure 14.3.7

soLUTroN: Figure 14.3.7
P (x, y) representing any
foot of the pe{pendicular
tion '1,4.3.'1,

lgt:4
lPDl 5

and so

lPTl :+l Tol
Using the distance formula to find
the above equatiolt, we get

_+l  y++l

and lfrl and substituting into

Squaring on both sides of this equation and simplifying, we get

x2-2x*  1 .+  y '+4y*4- i#0 '++y  + i# )

25x2 - 50x * 25yz * I00y + L25 - L6yz a B6y + 289

25x2 t 9y'- 50r - 35y :164

Because e - + < L, the equation is that of an ellipse.

shows the focus, the directrix, and the point
point on the conic. Letting the point D be the
from P to the directrix, we have from Defini-

Exercises 1,4.3

In Exercises 1 through 5, use Definition 14.3.1 and the formula of Exercise 24 of Exercises 5.3 to find an equation of the

conic having the given properties.

I .  Focus at  (2,0) ; e :  i .

P(*,y)

2. Focus at (0, e : t .
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3. Focus at (-3, 2); directrix: x: l i  e:3.

4. Focus at (1, 3); directrix: !:8i e: *.

5. Focus aI (4, -3); directrix: 2x - y - 2:0; e : i.

6. Focus at (-1, 4); directrix: 2x - y i 3:0; e:2.

7. Prove Theorem 14.3.3.

8. Find an equation whose graph consists of all points P in a plane such that the undirected distance of P from the point
(ae ' 0) is in a constant ratio e to the undirected distance of P from the line x : al e. Let a2 (l - er) :.r b2 and .orr-ridu.
the three cases: e : l, e < 7, and, e > 7.

9. Solve Exercise 8 if the point is (-ae , 0\ and the line is r : -ale.

14.4 POLAR EQUATIONS
OF THE CONICS

Figure 14.4.1

lTPl: ' lRPl
Because P is to the right of the directrix,

lOFl 
- r because r > 0. So from (1) we have

r - e(RP)

( 1 )

RP > 0; thus, lRPl : RF.

(2)

this ex-

(3)

derive an equation of a conic if the direc-
at the pole is to the right of the focus,

However, RP - m: DO + OQ - d * r cos 0. Substituting
pression for RT in e), we get

r - e ( d * r c o s g )

trix
and

In a similar manner, we can
coffesponding to the focus

The derivation of ( ) is left as an
If a focus of a conic is at the pole

(4)

exercise (see Exercise L).
and the polar axis is parallel to the

D
x
F{

u
o
I-r

'o



P(r ,0)

Figu re 14.4.2

EXAMPLE L: A parabola has its

focus at the pole and its vertex at

(4,n). Find an equation of the

parabola and an equation of the

directrix. Draw a sketch of the

parabola and the directrix.

corresponding directrix, then
principal axis. We obtain the

r - 1 - * , 0

An equation of the directrix is

14.4 POLAR EQUATIONS OF THE CONICS

the tn axis and its extension are along the
following equation:

given by r cos 0 - -d, and because d: 8,

(5)

to axis

where e and d are, respectively, the eccentricity and the undirected dis-
tance between the focus and the coresponding directrix. The plus sign
is taken when the directrix corresponding to the focus at the pole is above

the focus, and the minus sign is taken when it is below the focus. The

derivations of Eqs. (5) are left as exercises (see Exercises 2 and 3).

We now discuss the graph of Eq. (3) for each of the three cases: e: 1,

e ( 1, and e > 1. Similar discussions apply to the graphs of Eqs. (a) and (5)'

Case 1: e: 1. The conic is a parabola.
Equation (3) becomes

1, -  cos  0

r is not defined when 0: 0; however, r is defined for all other values of

0 for which 0 < 0 < 2zr. Differentiating in (6), we obtain

. . - _  
- d s i n 0

"e, 
_ 

(l _ cos 0)2

polaraxis Setting Der:0, for values of 0 in the interval (0,2n) we obtain 0-n'

BecauJe when 0 < 0 < r,Det < 0, and when zr < e <2n'Dsr ) 0' r has

an absolute minimum value at 0: n. when 0: n, r: Ld, and the point

1td, rr) is the vertex. Therefore, the undirected distance from the focus

io a point on the parabola is shortest when the point on the parabola is

the vertex.
By Theorem 14.3.9, the parabola is symmetric with respect to its

principal axis; by Theorem 14.3.2 there is one vertex. Note that the curve

does not contain the pole because there is no value of d which will give

a value of 0 for r. A sketch of the parabola is shown in Fig. 1.4.4.2.

soLUrIoN: Because the focus is at the pole and the vertex is at (4, t),

the polar axis and its extension are along the principal axis of the parabola.

Furfhermore, the vertex is to the left of the focus, and so the directrix is

also to the left of the focus. Hence, an equation of the parabola is of the

form of Eq. (3). Because the vertex is at (4, n), Ld:4; thus, d:8' The

eccentricity e:1, anrd therefore we obtain the equation

(6)
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we have r cos 0- -8.

the directrix.
Figure 14.4.3 shows a sketch of the parabola and

|n axis

a,tr)

EXAMPLE 2: Follow the instruc-
tions of Example 1 if the parabola
has its focus at the pole and its
vertex at (3, *o).

polar axis

Figu re 14.4.4

fl_ polar axis
rocus

Figure 14.4.3

solurroN: The vertex of the parabola is below the focus, and the lrr axis
and its extension are along the principal axis. Therefore, the directrix is
also below the focus, and an equation of the parabola is of the form of
Eq. (5) with the minus sign. The undirected distance from the focus to
the vertex is id:3; thus d:6. Therefore, from Eqs. (5) an equation of
the parabola is

r -  6'  
L - s i n d

An equation of the directrix is given by r sin 0:-d. Because d:6,we
have r sin d: -6. sketches of the parabola and the directrix are shown
in Fig. 1,4.4.4.

Case 2: e
When e < L, the denominator of the

and so r exists for all values of 0. To find
interval [0,2n), w€ find Der and obtain

fractiom in Eq. (3) is never zero,
the absolute extrema of r on the

D 6 r :

For 0 in
0 < 0 , D s r )
an absolute
and when n

-ezd sin 0
(1  -  ecos0 )2

the interval [0, 2n), D er - 0 when 0 - 0 and zr. When -+ 7r <
0; and when 0
maximum value of edl (1,- q. When trr < 0 < n, D6r <--0;

(7)
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of. edl(l* e) when 0: r. The points (edl(l- e), 0) and (edl(1' + e), n) ate
the vertices of the ellipse. We denote them by % and V2, respectively. It
follows, then, that the undirected distance from the focus (0,0) to a point
on the ellipse is greatest when the point on the ellipse is V1 and smallest
when it is Vz.

By Theorem L4.3.3, the ellipse is symmetric with respect to its prin-
cipal axis. There is no value of 0 that will give a value of 0 for r, and so
the curve does not contain the pole. A sketch of the ellipse is shown in
Fi9.1,4.4.5.

solurroN: Because the vertices are at (5, 0) and Q,tr), the polar axis and

its extension are along the principal axis of the ellipse. The directrix cor-

responding to the focus at the pole is to the left of the focus because the

,r"ti"* closest to this focus is at (2, rr). The required equation is therefore

of the form of Eq. (3). The vertex vr is at (5,0) and v2is at Q, n).Tt follows

from the discussion of Case 2 that

and

Solving these two equations simultaneously, we obtain s: $ and d: #'

Hence, from Eq. (3) an equation of the ellipse is

n . 2 9
- - --J-----9.-' - 1 - * c o s O

or, equivalently,
. 2 0

f : -'  7 - 3 c o s 0

P(r, o

7\ v1

\

Figu re 14.4.5

EXAMPLE 3: Find an equation of
the ellipse having a focus at the
pole and vertices at (5, 0) and
(2, n). Write an equation of the
directrix corresPonding to the
focus at the pole. Draw a sketch
of the ellipse.

I zr axis2

v1

An equation of a

5, 0)

Because d: T, an equation of the directrix
at the pole is r cos 0 - -+ or, equivalently,
the ellipse is shown in Fig. L4.4-6.

corresponding to the focus

3r cos 0 - -20. A sketch of

Figure 14.4.6

EXAMPLE

conic is

r-#
Find the eccentricity, identify the

conic, write an equation of the

directrix corresPonding to the

focus at the pole, find the vertices/

and draw a sketch of the culve.

sor,urroN: Dividing the numerator and denominator of the fraction in

the given equation by 3, we obtain

' - L+?s in0

X f  t z o  1 \
\ 7 ,  ;

t tVz

l.{

U
o
l'{

2 0
7 , I r

(
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are therefore at (1, in) and
Fig. 14.4.7.

I o axis

(5, *o). A sketch of the ellipse is shown in

directrix

t

3

polar axis

(r, i ")l v2
Figu re 14.4.7

Case 3' e > '1,. The conic is a hyperbola.
In the derivation of Eq. (3) we assumed that the point p on the conic

is to the right of the given directrix and that p is on the terminal side of
the angle of 0 radians, thus making r positive. In the previous two cases,
when the conic is an ellipse or a parabora, we obtain tlie entire curve with
these assumptions. However, whene ) 1, we shall see that we obtain only
one of two branches of the hyperbola when r ) 0, and this branch is to
the right of the directrix. There is also a branch to the left of the given
directrix; this is obtained by letting / assume negative as well as positive
values as d takes on values in the interval l0,2rrl,

- lf e> 1 in Eq. (3), r is undefined when cos 0:1.1e. There are two
values of 0 in [0, 2r) that satisfy this equation. These varues are

and 0z: 2n - cos-l  I
e

we investigate the values of r as d increases from 0 to 91. when 0:0,
r: edl(7 - e), and because e ) l, r < 0. So the point (edl(1. - e), 0) is the
feft vp{ex 9f the hyperbola. The cosine function is decreasing in the in-
terval (0,0r); therefore, when 0 < 0 < 0r, cos d ) cos 0r:Uior, equiv_
alently, 1 - e cos 0 < 0. Hence, for vJues ot 0 in the intervat (0', 0r),
r: edl(7 - e cos 0) < 0. When 0 : er, r is undefined; however,

l im r:  1i^ --3!  ^:-*
0 _ 0 r  0 _ 0 r l - e C O S 0

we conclude, then, that as 0 increases from 0 to 01, r < 0 and lrl increases

0r: cos-l -1
p

polar axis

\

P( r , 0 )

Figu re 14.4.8
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without bound. From these values of 0 we obtain the lower half of the
left branch of the curye. See Fig. 1,4.4.8. We show later that a hyperbola
has two asymptotes. For this hyperbola one of the asymptotes is parallel
to the line 0: 01.

Now we consider the points on the hyperbola as g increases through
values between 01 and 02. When 0, I 0 ( dr) cos g ( cos fi: lleor, equiv-
alently, L - e cos 0 > 0. Therefore, for values of g in the intenral (0r,0r),
r ) 0 .

l i m  r :  H m  3  ^ : - l *
o - o f  o - o i L - e c o s a

When 0: r, r: edl(L * e); so the point (edl(L+ e), r) is the right vertex
of the hyperbola. Finding Dsr from Eq. (3), we get

Der :  -
ezd srn 0

(1 - e cos 0)2

When 0, I 0 ( z, sin 0 > 0; hence, Der 10, from which we conclude that
r is decreasing when 0 is in the interval (0v r). Therefore, for values of
0 in the interval (0u rr) we obtain the top half of the right branch of the
hyperbola shown in Fig.1.4.4.8.

When n < 0 ( d2, sin 0 < 0; so from Eq. (8), D6r ) 0. Hence, r is in-
creasing when O'is in the interval (n, 0r).Furthermore,

l i m r :  l i m =  
e d  

; : * *
0-02- 0-02- L- e COS A

Consequently, for values of 0 in the interval (rr, 0r) we have the lower
half of the right branch of the hyperbola. The other asymptote of the
hyryerbola is parallel to the line 0: 02.

The cosine function is increasing in the interval (02, 2n\. So when
0, 1 0 I 2n, cos 0 ) cos 02: 7le or, equivalently, 1 - e cos 0 < 0. Thus,
we see from Eq. (3) that for values of 0 in the interval (0r, 2rr), r < 0. Also,

l im r:  l im = 
€d 

=:-*
;:;; ' ;:;;L - e cos 0

It follows from Eq. (8) that Dsr ) 0; hence, r is increasing when 0, < 0
< 2zr. When r < 0 and r is increasing, lrl is decreasing. Thus, for values
of 0 in the interval (02,2r) we obtain the upper half of the left branch of the
hyperbola, and so the curve of Fig.14.4.8 is complete.

solurroN: An equation of the hyperbola is of the form of Eq. (3) with
e:2.We have, then,

2d
t : -'  

L - 2  c o s  0

Because the point (1, &rr) lies on the hyperbola, its coordinates satisfy
the equation. Therefore,

(8 )

EXAMPLE 5: The polar axis and

its extension are along the
principal axis of a hyperbola
havin I a focus at the pole. The
corresponding directrix is to the
left of the focus. If the hyperbola
contains the point 1L, ?n) and
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e : 2, find (a) an equation of the
hlperbola; (b) the vertices; (c) the
center; and (d) an equation of the
directrix corresponding to the
focus at the pole. Draw a sketch
of the hyperbola.

(-  2, o) polar axis

Q,*4

Figu re 14.4.9

ExAMPLE 6: Find a polar equa-
tion of the hyperboli having tn"
line r cos e - 4 as the directrix
corresponding to a focus at the
pole, and e: 8.

1 -
2d

1 - 2(-+)
from which we obtain d:1.. Hence, arrr equation of the hyperbola is

2
r -

X
l.{

I
o
F.

'o

1 - 2 c o s 0

The vertices are the points on
Q'- z'. From Eq. (9) we see that when
Consequently, the left vertex Vr is
vertex V2 is at the point (?, n).

The center of the hyperbola is the point on the principal axis half-
way between the two vertices. This is thi point (t, zr).
. An equation of the directrix corresponding to the focus at the pole
is given by r cos 0: -d. Because d: l,ihis equation is r cos 0: _1.

As an aid in drawing a sketch of the hyperbola, we first draw the two
asymptotes. In our discussion of case 3 we stated that these are lines
through the center of the hyperbola that are parallel to the lines g: 0r
and d : 02, where g, and 02 arethe values of C in the interval [0, 2n) foi
which r is not defined. From Eq. (9), r is not defined when 1 - 2 cos 0: 0.
Therefore, 0r:$r and 02:$zr. Figure 14.4.9 shows a sketch of the hy-
perbola as well 

"r 
th_" two asymptotes, and the directrix corresponding

to the focus at the pole.

solurroN. The given
four units to the right
the hyperbola is of the

r :  e d'  
1 , *  e  cos  0

directrix is pe{pendicular to the polar
of the focus at the pole. Therefore, an

(e)

the hyperbola for which 0 :0 and
e - 0, r - -Z;and when 0 - 7r, r : 3.
at the point (-2, 0), and the right

axis and is
equation of

form of Eq. (A),which is

Becau se d - 4 and e - g, tne equation becomes

y :  E ' 4'  
1 . + 9 c o s 0

or/ equivalently,

t :  1 2' 
2 + 3 cos 0

Exercises 14.4
1' show that an equation oJ a conic having its principal axis along the polar axis and its extension, a focus at the pole,and the corresponding directrix to the right o? *r" fo*, is r: e1l o i e cos e).
2' show that an equation of.a conic having its principal.axis along the lr axis and its extension, a focus at the pole, andthe coresponding directrix above the fJcus ii ,:iAl(t+ e sin?).
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3. Show that an equation of a conic having its principal axis along the +zr axis and its extension, a focus at the pole, and
the corresponding directrix below the focus is r : edl (l - e sin d) .

4. Show that the equation r: k cs€ *0, where k is a constant, is a polar equation of'a parabola.

In Exercises 5 through 14, the equation is that of a conic having a focus at the pole. In each Exercise, (a) find the eccen-
tricity; (b) identify the conic; (c) write an equation of the directrix whidr corresponds to the focus at the pole; (d) draw a

sketch of the curve.

2- : -v "  
t - c o s 0

a  - -  4
v" "1, - 3 cos 0

1 1 .  , :  
L

5 - 5 s i n 0

L4.

In

L5.

15.

17.

18.

19.

20.

21.

7
f : -'  

3 + 4 c o s 0

Exercises 15 through 18, find an equation of the conic having a focus at the pole and satisfying the given conditions.

Parabola; vertex at (4,*zr).

Ellipse; e: * a vertex at (4' t).

Hyryerbola; vertices at (1, tn) and (3 ' trn) .

Hyperbola; e:*r cos 0:9 is the directrix corresponding to the focus at the pole.

Find the area of the region inside the ellipse r : 6l (2- sin g) and above the parabola r : 3l (7 * sin 0) '

For the ellipse and parabola of Exercise 19, find the area of the region inside the ellipse and below the parabola'

A comet is moving in a parabolic orbit around the sun at the focus of the parabola. Wh-en the comet is 80,000,000 miles

from the sun the line segrnent from the sun to the comet makes an angle oi *z radians with the axis of the orbit. (a) Find

an equation of the comit's orbit. (b) How close does the comet come to the sun?

22. T\e orbit of a planet is in the form of an ellipse having the equation r: pl(l t e cos- 0) where the pole is at the sun'

Find the a.rerage measune of the distance of the planet from the sun with respect to 0'

23. Using Definition 14.3.1 find a polar equation of a central conic for which the center is at the pole, the principal axis

is aloing the polar axis and its extension, and the distance from the pole to a directrix is a/e.

24. Show that the tangent lines at the points of intersection of the parabolas r: al(l * cos 0) and r: b/(1 - cos 0) are

perpendicular.

14.5 CARTESIAN EQUATIONS In Sec. 14.4
OF THE CONICS

we learned that a polar equation of a conic is

edr:7-ffi7

or, equivalently,

r :  e(r  cos 0 * d) (1)

A cartesian representation of Eq. (1) can be obtained by replacing r

by *{7TT and r cos 0 by x. Making these substitutions' we get

*t/NT: e(x * d)
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Squaring on both sides of the above equation gives

x2 + y' : e2x2 * 2e2dx * e2d2

or, equivalently,

y '+  x ' (L -  e2)  -  Zezdx*  ezdz

If e - L, Eg. (2) becomes

y'  :2d(x + +d)

If we translate the origin to the point
and y by y,Eq,. (3) becomes

Y' :2dr

Equation (4) resembles Eq. (1) of Sec. 1,4.1

Y' : 4Px

1,4.2.
If. e * '1., 

we divide on both sides of Eq. (2) by 1- ez and, obtain

^ . z z e d 1 " e d zr -R tx+7 ]y . :7_  
r ,

Compleling the square for the terms involving r by adding ead2l(l _ e),
on both sides of the above equation, we get

( , _  e d \ r -  1  " . " _  e z i l z
\r 

- 
t - e) 

-r 
1--@ Y- : O=W (s)

If the origin is translated to the point (ezdlG - er) ,0), Eq. (5) becomes

P 1]-, i ' :=4-. t _ e z r  
( l _ 4 y z

or/ equivalently,

x2-+-L - l
wTaf i t
T1?F:- -

Now let ezd'lG - e2)': a2, whete a > 0. Then

r
l f t  i ro< e

o - 1  
e d  ? r

tFI tre

(2)

(3)

Fta,O) by replacirg xby I - +d

(4)

(6 )

(7\
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Then Eq. (5) can be written as

* lt2
_ - - : l

o z ,  s z ( l _ d )

Replacing x arrd y by r and y, we get

f . v'- -r- --=--'----- - 1 (8)
oz  

,  sz ( l_  g )

Equation (8) is a standard form of a cartesian equation of a central
conic having its principal axis on the x axis. Because (5) is an equation
of a conic having a focus at the origin (pole), and (8) is obtained from (5)
by translating the origin to the point(*dl(l-ez),O), it follows that the
central conic having Eq. (8) has a focus at the point eezdl(l-e2),0).
However, from (7) it follows that

- e z d  [ - a e  i f O < e < 1
l - r z : l  o ,  i f  e > L

Therefore, we conclude that if (8) is an equation of an ellipse (0 < e < 1),
there is a focus at the point (-ae,O). If (8) is an equation of a hyperbola
(e > 7), there is a focus at (ae,O). In each case the coresponding direc-
trix is d units to the left of the focus. So if the graPh of (8) is an ellipse,
the directrix corresponding to the focus at (-ae,0) has as an equation

x : - a e -  d

Because when 0

x : - a e - a ( L -  
e 2 )

e

d - a.(I - ez) le, this equation becomes

a
Q r -

e

Similarly, if the graph of (8) is a hyperbola, the directrix corresponding
to the focus at (ae,0) has as an equation

x :  a e -  d

When e ) l, d: a(E - L) le; tttus, ttte above equation of the directrix can
be written as

Hence, we have shown that if (8) is an equation of an ellipse, a focus and
its corresponding directrix are (-ae,0) and x:-ale; and if (8) is an
equation of a hyperbola, a focus and its coresponding directrix ate (ae,O)
and x: a/e.

Because Eq. (8) contains only even Powers of r and y, its graph is
symmetric with respect to both the x and y axes. Therefore, if there is
a focus at (-ae,0) having a conesponding directrixof x:-ale,by sym-

a
e
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metry there is also a focus at (ae,0) having a conesponding directrix of
x: ale. Similarly, for a focus at (ae,0) and a coresponding directrix
of x : al e, thete is also a focus at (- ae, 0) and a coffesponding directrix
of x:-a/e.These results Ere summarized in the following theorem.

14.5.1 Theorem The central conic having as an equation

x2 1f
- I  J  - 4

a 2 '  a 2 ( I - e r )  
- r (e)

where a ) 0, has a focus at (-ae,0), whose coresponding directrix is
x:-a/e, and a focus at (ae,0), whose corresponding directrix is x: af e.

Figures 14.5.1 and 14.5.2 show sketches of the graph of Eq. (9) to-
gether with the foci and directrices in the respective cases of an ellipse
and a hyperbola.

* : , Qr r e

Figu re 14.5.1

Suppose that in Eq. (9) 0 <
cause in this case L - e2 ) 0, we
Therefore, we let

b - a \ R

Because a ; 0, it follows that
we obtain

Figure 14.5.2

e
conclude that \R is a real number.

( 10)

b > 0. Substituting from (10) into (9),

( 1 1 )

Equation (11) is an equation of an ellipse having its principal axis
on the r axis. Because the vertices are the points of interiection of the
ellipse with its principal axis, they are at (-a,0) and (a, 0). The center of
the ellipse is at the origin because it is the point midway between the
vertices. Figure 14.5.1 shows a sketch of this ellipse. Refer to this figure
as you read the next two paragraphs.

If we denote the vertic es (- a , 0) and (a , 0) by A' and A, respectively,

v
a

B

a
v : -* e

b

A
(

) A

Xr:
L{ii.|.4i:
(Jii
q.ti
t+'li

a e ,

/

a
x
E
(J
(U,r
tsr-(''ui

B, - b



EXAMPLE I: Given the ellipse
having the equation

x:2 1t2- -  r  L : 1
25 ' "1,6 *

find the vertices, foci, direc-
trices, eccentricity, and extremi-
ties of the minor axis. Draw a
sketch of the ellipse and show
the foci and directrices.

Figure  14 .5 .3

ExAMPLE 2: An arch is in the

form of a semiellipse. It is 48 ft
wide at the base and has a height
of 20 ft. How wide is the arch at
a height of L0 ft above the base?

v

14.5 CARTESIAN EQUATIONS OF THE CONICS

the segment A' A of the principal axis is called the maior axis of the ellipse,
and its length is 2a units. Then we state that a is the number of units in
the length of the semimajor axis of the ellipse.

The ellipse having Eq. (11) intersects the y axis at the points (-b,0)
and (b,0), which we denote by B' and B, respectively. The segment B'B
is called the minor axis of. the ellipse. Its length is 2b units. Hence, b is
the number of units in the length of the semiminor axis of the ellipse.
Because a and b are positive numbers and 0 < e 1L, it follows from Eq.
( 1 0 ) t h a t b < a .

SoLUTIoN: From the equation of the ellipse, we have az :25 andf :16i

thus, a : 5 and b : 4. Therefore, the vertices are at the points A'(-5, 0)
and A(5, 0), and the extremities of the minor axis are at the points B'(0,-4)
and B(0, 4). From (L0) we have 4 :S{T=V, from which it follows that
r: $. The foci and the directrices are obtained by applying Theorem
1.4.5.1. Because ae:3 and ale:ff, we conclude that one focus F is at
(3, 0) and its corresponding directrix has the equation x: T; the other
focus F' is at (-3, 0) and its corresponding directrix has the equation
x: -4. A sketch of the ellipse, the foci F and F' , and the directrices are
in Fig. 14.5.3. From the definition of a conic (1'4.3.1) it follows that if P
is any point on this ellipse, the ratio of the undirected distance of P from
a focus to the undirected distance of P from the corresponding directrix
is equal to the eccentricity 9.

soLUrIoN: Figure 14.5.4 shows a sketch of the arch and the coordinate
axes which are chosen so that the r axis is along the base and the origin
is at the midpoint of the base. Then the ellipse has its principal axis on
the r axis, its center at the origin, a: 24, and b :20. An equation of the
ellipse is of the form of Eq. (11):

*  *  a '  -1
s76'  400

Let 27 be the number of feet in the width of the arch at a height of 10 ft
above the base. Therefore, the point (t, 10) lies on the ellipse. Thus,

* , 1 0 0- +

576 '  400

(t, L0)i

-24|+-Zxft+24

*asf t#

Figure 14.5.4
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and so

#:432

i : 7 2 1 6

Hence, at a height of L0 ft above the base the width of the arch is 24\/j tt.

Consider now the central conic of Theorem 14.s.1.
is, when the conic is a hyperbola. Because e
e - L > 0. Therefore, for a hyperbola we let

fo -a \F

when e
_ e 2

(r2)

is a positive number. Also, from (I2), if
b :  a;  and r f  e

_Equation (13) is an equation of a hyperbola having its principal axis
on the x axis, its vertices at the points (-a,0) and(a,0;, ind iti center at the
origin. A sketch of this hyperbola is in Fig. r4.s.2.If we denote the ver-
tices (-4, 0) and (a, 0) by A' and A, the segment A'A is called the trans-
aerse axis of the hyperbola. The length of the transverse axis is 2a units,
and so a is the number of units in the length of the semitransverse axis.

Substituting 0 for r in Eq. (13), we obtain y, : -b", which has no real
roots. consequenfly, the hyperbola does not intersect the y axis. How-
ever, the line segment having extremities at the points (0,-b) and (0, b)
is called the conjugnte axis of the hyperbola, and its length is 2b units.
Hence, b is the number of units in the length of the semiconjugate axis.

Solving Eq. (13) fot y in terms of r, we obtain

v:4\m
we conclude from (14) that if lxl < a, there is no real value of y. There-
fore, there are no points (x, y) on the hyperbola for which -a < x < a.
We-also see from (14) that if lxl = a, then y has two real values. As previ-
ously learned, the hyperbola has two branches. one branch contains the
vertex A(a, 0) and extends indefinitely far to the right of A. The other
branch contains the vertex A'(-o,0) and extends indefinitelv far to the
left of A'.

(  13)

(r4)

EXAMPLE Given the hyperbola

1

SOLUTION:

b:  4.  The
number of
number of

The given equation is of the form of Eq. (I3); thus, a - 3 and
vertices are therefore at the points A' ?9, 0) and A(3, 0). The
units in the length of the transverse axis is 2a : 6, and the
units in the length of the conjugate axis is 2b : 8. Because

x 2  _ y '  -
g 1,6



find the vertices, foci, directrices,
eccentricity, and lengths of the
transverse and conjugate axes.
Draw a sketch of the hyperbola
and show the foci and the
directrices.

EXAMPLE 4: Find an equation of
the hyperbola having the ends of
its conjugate axis at (0,-2) and
(0, 2) and an eccentricity equal
to *\6.

14.5 CARTESIAN EQUATIONS OF THE CONICS

from (12), b: a171, we have !': l{/i, and so e: t. Therefore,
Ae:S and ale:$. Hence, the foci are at F'(-5,0) and F(5,0). The cor-
responding directrices have, respectively, the equations r: -9 and 1: g.
A sketch of the hyperbola and the foci and directrices are in Fig. 14.5.5.
From Definition 14.3.1 it follows that if P is any point on this hyperbola,
the ratio of the undirected distance of P from a focus to the undirected
distance of P from the corresponding directrix is equal to the eccentricity*.

Figure 14.5.5

solurroN: Because the ends of the conjugate axis are at (0, -2) and (0,2),
it follows that b : 2, the transverse axis is along the r axis, and the center
is at the origin. Hence, an equation is of the form

a2

To find a we use the equation b - a\FT.
thereby yielding 2 - a\F. Therefore, a -

hyperbola is

x 2  _ a '  - , ,
5  4 - r

and le tb -2  and e-g \8 ,
\8, and an equation of the

- 1v'
b2

x2

Exercises L4.5

In Exercises 1 through 4, hnd the vertices, foci, directrices, eccentricif, and. ends of the minor axis of the given ellipse.
Draw a sketch of the curve and show the foci and the directnces.

L. 4xz * 9y' - 36 2 . 4 x 2 * 9 y ' - 4 3. 2x2 * 3y' - Lg

In Eiercises 5 through 9, find the vertices, foci, directrices, eccentricity, and lengths of the
of the given hlryerbola. Draw a sketch of the curve and show the foci and the directrices.

4. 3x2 * 4y'  :9

transverse and conjugate axes

8. 25x2 - 25yz - 15. 9x2 - 4y' - 36 6. x2 - 9y'  :9 7. 9x2 - L6y'-  1
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In Exercises 9 through 14, find an equation of the given conic satisfying the given conditions and draw a sketch of the graph.

9. Hyperbola having vertices at (-2,0) and (2,0) and a conjugate axis of length 5.

10. Ellipse having foci at (-5,0) and (5,0) and one directrix the line x:-20.

11. Ellipse having vertices at (-9,0) and (*,0) and one focus (8,0).

12. Hyperbola having the ends of its conjulate axis at (0, -3) and (0, 3) and e:2.

13. Hyperbola having its center at the origin, its foci on the x axis, and passing through the points (4, -2) and (7, -6).

14. Ellipse having its center at the origin, its foci on the r axis, the length of the major axis equal to three times the length
of the minor axis, and passing through the point (3,3).

15. Find an equation of the tangent line to the ellipse 4f -f 9y2 :72 at the point (3, 2).

16. Find an equation of the normal line to the hyperbol a 4x2 - 3y2 : 24 at the point (3, 2).

17. Find an equation of the hyperbolawhose foci are thevertices of the ellipse 7f *17y2:77 and whose vertices are
the foci of this ellipse.

18. Find an equation of the ellipse whose foci are the vertices of the hyperbola l'l,f - 7y, : 77 and whose vertices are.
the foci of this hyperbola.

19. The ceiling in a hallway 20 ft wide is in the shape of a semiellipse and is 18 ft high in
side walls. Find the height of the ceiling 4 ft from either wall.

20. A football is 12 in. long, and a plane section containing a seam is an ellipse, of which
7 in. Find the volume of the football if the leather is so stiff that every cross section is

the center and 12 fthigh at the

the length of the minor axis is
a square.

21. Solve Exercise 20 if every cross section is a circle.

22. The orbit of the earth around the sun is elliptical in shape with the sun at one focus, a semimajor axis of length 92.9
million miles, and an eccentricity of 0.017. Find (a) how close the earth gets to the sun and @f the greatest p'ossible
distance between the earth and the sun.

23. The cost of production.of a commodity is $12 less per unit at a point A than it is at a point B and the distance between
A and B is 100 miles. Assuming that the route of delivery of the commodity is alonf a straight line, and that the de-
Iivery cost is 20 cents per unit per mile, find the curve at any point of which the commodity can be supplied from either
A or B at the same total cost. (nrur: Take points A and B at (-50, 0) and (50, 0), respeciively.)

24. Prove that there is no tangent line to the hyperbol a * - yr: 1 that passes through the origin.
25. Find the volume of the- solidof revolution generated by revolving the region bounded by the hyperbola xzlaz - yzlbz :

1. and the line r: 2a abott the r axis.

25. Find the centroid of the solid of revolution of Exercise 25.
27 ' A rar& has a horizontal axis of length 20 ft and its ends are semiellipses. The width across the top of the tank is 10 ft

and the depth is 5 ft. If the tank is full of water, how much work is necessary to pump all the water to th" top of the tank?

14.6 THE ELLIPSE In Sec. 14.3 we considered ellipses for which the center is at the origin
and the principal axis is on the x axis. Now more general equationJ of
ellipses will be discussed.

If an ellipse has its center at the origin and its principal axis on the
y ucis, then an equation of the ellipse is of the form
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which is obtained from Eq. (11) of Sec. 14.5 by interchanging x and y.

. rLLUsrRArroN L: Because for an ellipse a ) b, it follows that the ellipse
having the equation

*  * t - : t
1,6 25

has its foci on the y axis. This ellipse has the same shape as the ellipse of
Example f. in Sec. 14.5. The vertices are at (0, -5) and (0, 5), and the foci
are at (0, -3) and (0, 3), and their corresponding directrices have the
equations y : -+ and y :4f, respectively. .

If the center of an ellipse is at the point (h, k) rather than at the origin,
and if the principal axis is parallel to one of the coordinate axes, then by
a translation of axes so that the point (h, k) is the new origin, an equation
of the ellipse is 

-*la2 
* y'lb': 1 if the principal axis is horizontal, and

y'la"+-*1bz:1 if the principal axis is vertical. Because i:x-h and
y: y - k, these equations become the following in x and y:

if the

if the principal axis is vertical.
In Sec. 1.6 we discussed the general equation of the second degree in

two variables:

Axz * Bxy * Cy' * Dx * Ey + F- 0

where B:0 and A: C. In such a case, the graph of (4) is either a circle

or a degenerate case of a circle, which is either a point-circle or no real

locus. If we eliminate the fractions and combine terms in Eqs. (2) and (3),

we obtain an equation of the form

A x z * C y ' * D x * E y + F - 0

where A+ C 1f.  a*b and AC>0.I t  can be shown bycomplet ing the
squares in r and y that an equation of the form (5) can be put in the form

( 1 )

(2)

(3)

(4)

(5 )

(x  -  h) '  (v  -  k) '
11 (6)

CA
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If. AC > 0, then A and C have the same sign. If G has the same sign
as A and C, then Eq. (5) can be written in the form of (2) or (3). Thus, the
graph of (5) is an ellipse.

o ILLUSTRATToT.T 2: Suppose we have the equation

6 * * 9 y 2 - 2 4 x - 5 4 y * 5 1 : 0

which can be written as

6 ( f - 4 x ) + 9 ( y 2 - 6 y ) : - 5 L

Completing the squares in r and y, we get

6 ( f  - 4 x *  4 )  + 9 ( y ' - 6 y  t  9 ) : - 5 1  + 2 4 + 8 1

or, equivalently,

6 ( x - 2 ) 2 + 9 ( V - 3 ) 2 : 5 4

which can be put in the form

(x-2) '  ,  (y  -3 \ '
--_-r --]-: J?

This is lr, un,r",roi of the form of Eq. (6). By dividing on both sides by
54 we have

(x -2 ) ' _ ( y -3 ) ' _ . ,
9 - ---z-: '

which has the form of Eq. (2). o

If in Eq. (5) G has a sign opposite to that of A and C, then (5) is not
satisfied by any real values of r and y. Hence, the graph of (5) is the
empty set.

. rLLUsrRArroN 3: Suppose that Eq. (5) is

6 * * 9 y 2 - 2 4 x - 5 4 y * 1 L 5 : 0

Then, upon completing the squares in r and y, we get

6 ( x - 2 ) z  a 9 ( !  - 3 ) ' : - 1 1 5  +  2 4 + 8 L

which can be written as

(x -2 \ '  ,  (y  -3 ) '
------i- T -=___i_: _10 (7)

Th is  i s  l r ,n "  fo r -  t  Eq , . (6 ) ,where  G: -10 ,  A :6 ,and C:9 .  Fora l l
values of r and y the left side of Eq. (7) is nonnegative; hence, the graph
of (7) is the empty set. .

If G:0 in (6), then the equation is satisfied by only the point (h, k).



EXAMPLE 1: Determine the
graph of the equati on 25x2 * I6Y2
* 150r - L28y - LIL9: Q.
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Therefore, the graph of (5) is a single point, which we call a point-ellipse.

o rLLUsrRATroN 4: Because the equation

6 f * 9 y 2 - 2 4 x - 5 4 Y * 1 0 5 : 0

can be written as

( *  
,2 ) '  * (y  _ .9 ) '  _  o*+

its graph is the point (2, 3). '

If the graph of Eq. (5) is a point-ellipse or the emPty set, the graph is
said to be degenerate.

lf. A: C in (5), we have either a circle or a degenerate circle, as men-
tioned above. A circle is a limiting form of an ellipse. This can be shown
by considering the formula relating a, b, and. e fot an ellipse:

bz: az( ' [ ,_ d)

From this formula, it is seent$at as e approacheszero, b2 approaches 42.
lf b2: az,Eqs. (2) and (3) become

( x -  h ) ' +  ( y  -  k ) ' :  a z

which is an equation of a circle having its center at (h, k) and radius a.

We see that the results of Sec. 1.6 for a circle are the same as those obtained
for Eq. (5) applied to an elliPse.

The results of the above discussion are summarized in the following
theorem.

14.5.1 Theorem If in the general second-degree Eq. (4) n:0 and AC > 0, then the graph
is either an ellipse, a point-ellipse, or the empty set. In addition, if A: C,
then the graph is either a circle, a point-circle, or the empty set'

soLUrIoN: From Theorem'1,4.5.7, because B:0 and ng:(25)(t0):
4O0 > 0, the graph is either an ellipse or is degenerate. Completing the
squares in r and y, we have

25 (x2 * 6x + 9) + l6(y', - 8y * 16) - 1119 + 225 + 256

25(x + 3) '  +  l6(y  -  4) ' :  L500

( x * 3 ) 2  - ( y - + ) ' : 1
54 100 

* (8)

Equation (8) is of the form of Eq. (3), and so the graPh is an ellipse having
its principal axis parallel to the y axis and its center at (-3' 4).
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ExAMPLE 2: For the ellipse of
Example 1., find the vertices, foci,
directrices, eccentricity, and ex-
tremities of the minor axis. Draw
a sketch of the ellipse and show
the foci and the directrices.

EXAMPLE 3: Find an equation of
the ellipse for which the foci are
at (- 8, 2) and (4,2) and the eccen-
tricity is 3. Draw a sketch of the
ellipse.

v
V : 3

(- z, t+) v

directrix

4) B', ?3,4)

( -3 ,  L0)

\

F

B (s,

\ t  |  |  r  I  I  r t l
r ,  r ,J

F,

.J

-/

directrix

(-3, -6) V',

38y :  - T

solurroN: From Eq. (8) it follows that a:'1.0 and b : 8. Because the
center of the ellipse is at (-3, 4) and the principal axis is vertical, the
vertices are at the points V'(-3, -5) and V(-3,l4). The extremities of the
minor axis are at the points B'(_1t'1.,4) and B(5, 4). Because b: a{1V,
we have

8:101T=7

and, solving for e,weget e: $. Consequently, ae:6 and ale:ry. There-
fore, the foci are at the points F'(-3, -2) and F(-3, L0). The correspond-
ing directrices have, respectively, the equations y : -+ and y: 92. A
sketch of the ellipse, the foci, and the directrices are in Fig. 14.6.1.

( - 11 , 4)

Figure  14 .6 .1

soLUrIoN: The center of the ellipse which is halfway between the foci
is the point (-2, 2). The distance between the foci of any ellipse is 2ae,
and the distance between (-8,2) and (4, 2) is L2. Therefore, we have the
equation Zae: 12. Replacing e by *, we get 2a(|) : 12, and so a:9. Be-
cause b : a{177, we have

b:9 lT=@:9 lT=4:3rE

The principal axis is parallel to the x axis; hence, an equation of the ellipse
is of the form of Eq. (2). Because (h, k): (-2,2), a:9, and b : 3V5, the

L.
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required equation is

(x  !  2 ) '  *  
(y  _z) '_  1

8L 45

A sketch of this ellipse is shown in Fig. "1.4.6.2.

(- 2,2 + 3\/s)

2)
, 2 )

\- ___L!.?)____7,

l r r r r l t l l t t l l l /

\

o

./
(-2,2 - 3\/-s)

( - 1 1 , 2)

F igu  re  14

d'

We conclude this section with a theorem that gives an altemative
definition of an ellipse. The theorem is based on a characteristic property
of the ellipse.

14.6.2 Theorem An ellipse can be defined as the set of points such that the sum of the
distances from any point of the set to two given points (the foci) is a
constant.

pRooF: The proof consists of two parts. In the first part we show that
the set of points defined in the theorem is an ellipse. In the second part
we prove that any ellipse is such a set of points. Refer to Fig 14.6.3 in
both parts of the proof.

Let the point Pt(rt, Ar) be any point in the given set. Let the foci be
the points F'(-ae,0) and F(ae,0), and let the constant sum of the dis-
tances be 24. Then

lrEl + 1fi1:2o
Using the distance formula, we get

{G=7*Tt7 * {Q,*i{tT y}:26
\/@=1d"TT : 2a - \/Cn ad"W

Squaring on both sides of the above equation, we obtain

x( - 2Ae4 * azE * yl : 4a2 - Aa\/(it + aAY + y7

Y - - A
' L e

Figure 14.6.3

/(-+,vpr -/h
o .,,/,p,

* xr' * 2aex1 + a2e2 * yr'
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or, equivalently,

\/GfidrTt!: a+ exl
Squaring on both sides again, we get

xr2 + 2aeh I azez * yr' : a2 + 2nex, * dxr2

('l ' - E)x12 * Yt': a2(1' - e2)

x,2 71,2
-: -J- ---------!-:-:1

a2 a2(l - 8)

Because b2 : az(l - e), and replacing 11 and yrby x and y, respectively,
we obtain

f 1t2

7+ fr :1
which is the required form of an equation of an ellipse.

Now consider the ellipse in Fig. 1.4.6.3; Pr(xr, yr) is any point on the
ellipse. Through P, draw a line that is parallel to the r axis and that inter-
sects the directrices d and d' at the points Q and R, respectively. From
Definition 14.3.1 it follows that

lF-ql : elR4l and lFEl: 'ltr'al
Therefore,

lrEl + lFEl: '( lR4l + lFrel)
RPt and PrQ are both positive because an ellipse lies between
trices. Hence,

Ro :2- (- 3):'+

(e)

its direc-

(10)

Substituting from (10) into (9),we get

lFE l  +  lE l :2a
which proves that an ellipse is a set
theorem.

of points as described in the
I

o rLLUsrRArrow 5: The ellipse of Example L has foci at (-3, -2) and
(-3, 10), and 2a: 20. Therefore, by Theorem '1.4.6.2 this ellipse can be de-
fined as the set of points such that the sum of the distances from any point
of the set to the points (-3, -2) and (-3, 10) is equal to 20. Similarly, the
ellipse of Example 3 can be defined as the set of points such that the sum
of the distances from any point of the set to the points (-8,2) and (4,2)
is equal to 18.
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Exercises L4.6

In Exercises 1 through 5, find the eccentricity, center, foci, and directrices of each of the given ellipses and draw a sketch
of the graph.

In Exercises 7 through 12, find. an equation of the ellipse satisfying the given conditions and draw a sketch of the graph.

7.  Foci  at  (5,0)  and (-5,0) ;  one di rectr ix  is  the l ine x: -20.

8. Vertices at (0, 5) and (0, -5) and passing through the point (2,-tr6l .

9. Center at (4, -2) , a vertex at (9 , -2), and one focus at (0 , -2).

10. Foci at (2,3) and (2,-7) and eccentr ici ty of &.

LL. Foci at (-L,-l) and (-1 ,7) and the semimajor axis of length 8 units.

L2. Directrices the lin es y - 3 + +&s and a focus at (0 , -2) .

13. The following graphical method for sketching the graph of an ellipse is based on Theorem 14.6.2.To draw a sketch of
the graph of the ellipse 4* * y2: 15, first locate the points of intersection with the axes and then locate the foci on
the y axis by use of compasses set with center at one point of intersection with the r axis and with radius of 4. Then
fasten thumbtacks at each focus and tie one end of a string at one thumbtack and the other end of the string at the
second thumbtack in such a way that the length of the string between the tacks is2a:8. Place a pencil against the
string, drawing it taut, and describe a curve with the point of the pencil by moving it against the taut string. When
the curve is completed, it will necessarily be an ellipse, because the pencil point describes a locus of points whose sum
of distances from. the two tacks is a constant.

14. Use Theorem 14.6.2 to find an equation of the ellipse for which the sum of the distances from any point on the ellipse
to (4, -1) and (4, 7) is equal to 12.

15. Solve Exercise 14 if the sum of the distances from (-4, -5) and (5, -5) is equal to 16.

15. A plate is in the shape of the region bounded by the ellipse having a semimajor axis of length 3 ft and a semiminor
axis of length 2 ft. If the plate is lowered vertically in a tank of water until the minor axis lies in the surface of the water,
find the force due to liquid pressure on one side of the submerged portion of the plate.

77. lI fhe plate of Exercise 15 is lowered until the center is 3 ft below the surface of the water, find the force due to liquid
pressure on one side of the plate. The minor axis is still horizontal.

74.7 TII'E HYPERBOLA In Sec. 14.5 we leamed that an equation of a hyperbola having its center
at the origin and its principal axis on the r axis is of the fotm *laz
- y'lb': 1.. Interchanging x and y in this equation, we obtain

1. 5x2 + 9y'- 24x - 54y + 51 - 0

4. Zxz * 2y' - 2x * L8y + 33 - 0

2. 9x2 * 4y' - l8x * l6y - 1L : 0

5. 4x2 * 4y' * 20x - 32y + 89 - 0

which is an equation of a
its principal axis on the y

3 . 5 x 2 *  3 y ' - 3 y - L 2 : 0

6. 3x2 * 4y'- 30r * L6y + 100 - 0

(1 )

hyperbola having its center at the origin and
axis.
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o ILLUsrnnrroN L: The hyperbola with an equation

x2 - 1

1,6 
4

foci on the y axis because the equation is of the form (1). o

Note that there is no general inequality involving a andb correspond-
ing to the inequality a > b f.or art ellipse. That is, for a hyperbola, it is
possible to have a 1b, as in Illustration 1., where a:3 and b:4; or
it is possible to have a ) b, as for the hyperbola having the equation
y'125-* l t6:1, where a:5 and b:4. I f . ,  for a hyperbola, a:b, then
the hyperbola is said to be equilateral

We stated in Sec. 1.4.4 that a hyperbola has asymptotes, and we now
show how to obtain equations of these asymptotes. In Sec. A.2hofizontal
and vertical asymptotes of the graph of a function were defined. What
follows is a more general definition, of which the definitions in Sec. 4.2
are special cases.

14.7.1 Def ini t ion Thegraphof theequat ion y: f(x) hasthel iney:mx*basan asymp_
tote if either of the following statements is true:

l f ( x ) - (mx+b ) l : 0

l f ( x )  (mx+b ) l : 0

Statement (i) indicates that for any € > 0 there exists a number N > 0
such that

l f  (x)  (mx + b) l  <  e whenever r > N

that is, we can make the function value /(r) as close to the value of mx * b
as we please by taking r large enough. This is consistent with our intui-
tive notion of an asymptote of a graph. A similar statement may be made
for part (ii) of Definitron 1,4.7.1..

For the hyperbola f la' - y'lV : 1., upon solving for y, we get

\m

v'

has

9

its

(i)

(ii)

lim
t - * @

lim
t - - @

So if

f(x)
we have

lim
f f - * @

\tr4b
a

r im P\ f f i - l r l
r -*6 LA A J

_b, :_  Of f i - i ( f f i * r ): -  l r m  -
6r  r -+a \m* x
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b , .  -oP

;"11ff i+x
: Q

Therefore, by Definition'1.4.7.1, we conclude that the line A: bxla is an
asymptote of the graph of. y:bt@:Fla. Similarly, it can U:_glovvn
that the line y:bxla is an asymptote of the graph of y:-bV*- azla.
Consequently, the line y:bx/a is an asymptote of the hyperbola f laz
-y'lV:1.. [n an analogous manner, we can demonstrate that the line
y:-bxla is an asymptote of this same hyperbola. We have, then, the
following theorem.

14.7.2 Theorem The lines

and

are asymptotes of the hyperbola

f  _u ' - t
a 2 W

Figure 14.7.1 shows a sketch of the hyperbola of Theorem'1.4.7.2 to-
gether with its asymptotes. In the figure note that the diagonals of the
rectangle having vertices at (a, b) , (a, -b) , (- a, b) , and (- a , -b) are on the
asymptotes of the hyperbola. This rectangle is called the auxiliary rec-
tangle of the hyperbola. The vertices of the hyperbola are the points of
intersection of the principal axis and the auxiliary rectangle. A fairly good
sketch of a hyperbola can be made by first drawing the auxiliary rectangle
and then drawing the branch of the hyperbola through each vertex tan-
gent to the side of the auxiliary rectangle there and approaching asymp-
totically the lines on which the diagonals of the rectangle lie.

There is a mnemonic device for obtaining equations of the asymp-
totes of a hyperbola. For example, for the hyperbola having the equation
*la'-y'lbz- 1, if the right side is replaced by zeto, we obtain flaz
- y2lb':0. Upon factoring, this equationbecomes (xla - Vlb) (xla * ylb) :

0, which is equivalent to the two equations x/a - ylb:0 and xla * ylb:0,
which, by Theorem 74.7.2, are equations of the asymptotes of the given
hyperbola. Using this device for the hyperbola having Eq. (1), we see
that the asymptotes are the lines having equations yla- xlb:0 and
yla* xlb:0, which are the same lines as the asymptotes of the hyper-
bola with the equation *lbz - f lo': 1. These fwo hyperbolas are called
conjugate hyperbolas.

The asymptotes of an equilateral hyperbola (a: b) are perpendicular
to each other. The auxiliary rectangle for such a hyperbola is a square,
and the transverse and conjugate axes have equal lengths.

by : - - x ,b
Y :  o *
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EXAMPLE 1: The vertices of a
hyperbola are at (-5 , -3) and
(-5 , -I), and the eccentricity is
\8. Find an equation of the
hyperbola and equations of the
asymptotes. Draw a sketch of the
hyperbola and the asymptotes.

If the center of a hyperbola is at (h, k) and its principal axis is parallel
to the x axis, then if the axes are translated so that the point (h, k) is the
new origin, an equation of the hyperbola relative to this new coordinate
system is

* u 2
7-F:  t

If we replace 7 by x - h and ! by V - k, this equation becomes

Similarly, an
its principal axis

equation of a
parallel to the

(2)

hyperbola having its center at (h, k) and
y axis is

(3)

solurroN: The distance between the vertices is 2a, and so ,, : L. For a
hyperbola, b: alV - 7, and therefore b: t{5 - 7: 2. Because the
principal axis is parallel to the y axis, an equation of the hyperbola is of
the form (3). The center (h, k) is halfway between the vertices and is there-
fore at the point (-5,-2). We have, then, as an equation of the hyperbola

( y + 2 ) ' _ ( r * 5 ) 2 _ , ,
1 ,  4 - : r

Using the mnemonic device to obtain equations of the asymptotes,
we have

l u * 2  x * 5 \ l y * 2 * r * 5 \ : n
\=----u-/t 1 2 t

which gives

y * 2 : * ( r + 5 )  a n d  y  * 2 : - * ( x + 5 )

A sketch of the hyperbola and the asymptotes are in Fig. 1,4.7.2.

If in Eqs. (2) and (3) we eliminate fractions and combine terms, the
resulting equations are of the form

A* + Cyz * Dx * Ey -l F:0 (4)

where A and C have different signs; that is, AC < 0. We now wish to
show that the graph of an equation of the form (4), where AC < 0, is
either a hyperbola or it degenerates. Completing the squares in x and y
in Eq. (4), where AC < 0, the resulting equation has the form

(s)

Figu re 14,7.2

a 2 ( x - h ) 2 -  B ' ( y - k ) ' : H
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lf H ) 0, Eq. (5) can be written as

( x - h ) '  ( V - k ) ' _ .
T_T: I

q:2 B'

which has the form of Eq. (2).

o rr,r,usTnarron 2: The equation

4xz - l2yz I 24x * 95y - 18L - 0

can be written as

4(* * 6x) - lz(y' - 8y) : L8L

and upon completing the squares in r and A r wE have

, 4(x' * 5x * 9) - tZ(y' - 8y + 16) : 181 + 36 - 192

which is equivalent to

4 ( x + 3 ) 2 - 1 2 ( y - 4 ) 2 : 2 5

This has the form of Eq. (5), where H: 25 > 0. It may be written as

( x * 3 ) '  ( y - 4 ) ' _ . ,

TT: I
which has the form of Eq. (2).

If in Eq. (5), H < 0, then (5) may be written as

U - k ) '  ( x - h \ '  . 1-lE[---lE[--r
q2 B',

which has the form of Eq. (3).

o rLLUsrRArron 3: Suppose.that Eq. (4) is

4 * - 1 2 f * 2 4 x I 9 6 y - 1 3 1 : 0

Upon completing the squares in r and y,we get

4 ( x * 3 ) 2 - t Z ( Y - 4 ) 2 : - 2 5

This has the form of Eq. (5), where H:-25 ( 0; and it may be written as

( y - 4 ) ' _ ( x * 3 ) 2  _ ,
2 n  2 6
at 

-T

which has the form of Eq. (3).

It H = Q in Eq. (5), then (5) is equivalent to the two equations

a(x -  h)  -  BQ -  k)  :  0  and u(x-  h)  + P(y -  k)  :  0
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ExAMPLE 2: Determine the
graph of the equation

9x2 - 4y'- 18r - l6y + 29 - 0

ExAMPLE 3: For the hyperbola
of Example 2, find the eccen-
tricity, the vertices, the foci, and
the directrices. Draw a sketch of
the hlryerbola and show the foci
and the directrices.

v(L ,1) //

/ /-av : , o-,2 * nt/t3
x,

t . . !

which are equations of two shaight lines through the point (h, k). This is
the degenerate case of the hyperbola.

The following theorem summarizes the results of the above
discussion.

14.7.3 Theorem If in the general second-degree equation

Af + Bxy t  Cyz * Dxt Ey * F:0

B : 0 and AC < 0, then the graph is either a hyperbola or two intersecting
straight lines.

soLUTroN: From Theorem 14.7.3, because B:0
-36 ( 0, the graph is either a hyperbola or two
lines. Completing the squares in r and A, we get

9(x ' -2x  +  1)  -  + (y ' *  4y  +  4)  -  -29  +9  -1 ,5

Equation (6) has the form of Eq. (3), and so the graph is a hyperbola whose
principal axis is parallel to the y axis and whose center is at (1, -2).

solurrorT: From Eq. (5) we see that a : 3 and b:2. For a hyperbola,
b: a{e2 - 1; thus,

2:31F1

and solving for e, we obtain , : 4l/I3. Because the center is at (1, -2), the
principal axis is vertical, and a:3, it follows that the vertices are at the
points V'(1,-p andV(1,1). Because ae: {8, the foci are at the points
F' (1, -2 - Vi3) and F(1, -Z + tfr). Furthermore , a/e: #ffi; hun.",
the directrix corresponding to the focus at F' has as an equationy:-2
- rtv13, and the directrix corresponding to the focus at F has as an equa-
tion y : -2 * r+Vi3. Figure 14.7.3 shows a sketch of the hyperbola and
the foci and directrices.

and AC: (9) (_4) _
intersecting straight

(6)

O --2 -  
nVts

\  
Figure 14.7.3

d
I
I
I
I
I
I
I

F'

V'(L, - 5 )
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Just as Theorem 1.4.6.2 gives an altemate definition of an ellipse,
the following theorem gives an alternate definition of a hyperbola.

1'4.7.4 Theorem A hyperbola can be defined as the set of points such that the absolute
value of the difference of the distances from any point of the set to two
given points (ihe foci) is a constant.

The proof of this theorem is similar to the proof of Theorem 14.5.2
and is left as an exercise (see Exercises 13 and 14). In the proof, take the
foci at the points F'(-ae,0) and F(ae,O), and let the constant absolute
value of the difference of the distances be 2a. See Fig. 14,7.4.

o rlr.usrnarron 4: Because the hyperbola of Example 2 has foci at
(1,-2- Vtgl and (1, -2+ \ffi) and2a:6,itfollowsfromTheoremll7.4
that this hyperbola can be defined as the set of points such that the ab-
solute value of the difference of the distances from any point of the set to
the points (1,-2 - vEZT and ('1,, -2 + rffil is 6.

The graph of the general second-degree equation

A f * B x y * C y ' * D x * E y + F - 0

where B : 0 and AC > 0, was discussed in Sec. '1.4.6. In this section we
have so far considered the equation when B : 0 and AC < 0. Now if for
Eq. (7), B : 0 and AC:0, then either A: 0 or C: 0 (we do not consider
A: B: C:0 because then Eq. (7) would not be a quadratic equation).
Suppose that in Eq. (7), B:0, A:0, and C # 0. The equation becomes

(7)

Figu re 14.7.4 C y ' * D x * E y + F - 0

If D + 0, (8) is an equation of a parabola. lf D : 0,
may be two parallel lines, one line, or the empty set.
erate cases of the parabola.

o rllusrRArrow 5: The graph of the equhtion 4y' - 9: 0 is two parallel
lines; 9y2 * 6y * 1 : 0 is an equation of one line; and 2y' * y * 1 : 0 is
satisfied bv no real values of u. .

R ,irrritu, discussion f,ofi if B :0,C : 0, and A # 0. The results are
summarized in the following theorem.

14.7.5 Theorem If in the general second-degree Eq. (T), B:0 and either A:0 and C # 0
or C: 0 and A + 0, then the graph is one of the following: a parabola,
two parallel lines, one line, or the empty set.

From Theorems 1.4.6.'1., 14.7.3, and 1.4.7.5, it may be concluded that
the graph of the general quadratic equation in two unknowns when
B:0 is either a conic or a degenerate conic. The type of conic can be
deterrrined from the product of A and C. We have the following theorem.

(8)

then the graph of (8)
These are the degen-

Pt(x1, y)

F'(- ae, o) F(ae, O)
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14.7.6 Theorem The graph of the equation Af * Cy2 * Dx t Ey * F: 0, where A and C
are not both zero, is either a conic or a degenerate conic; if it is a conic,
then the graph is

(i) a parabola if either A: 0 or C: 0, that is, iL AC: 0;
(ii) an ellipse if A and C have the same sign, that is, if. AC > 0;

(iii) a hyperbola if A and C have opposite signs, that is, if AC < 0.

A discussion of the graph of the general qu4dratic equation, where
B + 0, is given in Sec. 14.8.

Exercises 1-4.7

In Exercises 1 through 6, tind the eccentricity, center, foci, directrices, and equations of the asyrnptotes of the given hy-
perbolas and draw a sketch of the graph.

1. 9xz - l8y' * 54x - 36y + 79- 0 2. xz - y' + 6x * l}y - 4- 0

4.  4x2 -  y '  + 56x*2y+ 195 -  0 5.  4y '  -9x2 *  I5y*  18r  :29

3.

6.

3y'- 4x2 - 8x - 24y - 40 - 0

y 2 - x 2 + 2 y - 2 x - L : 0

In

7.

8.

9.

10.

1L .

12.

13.

14.

15.

Exercises 7 through 12, find an equation of the hyperbola satisfying the given conditions and draw a sketch of the gruph.

One focus af (26, 0) and asymptotes the lines l2y : -+5r.

Center at (3, -5) , a vertex at (7 , -5) , and a focus at (8, -5).

Center at (-2, -l), a focus at (-2, 14), and a directrix the line 5y : -SS.

Foci at (3,5) and (3,0) and passing through the point (5,3 + 6l\/5).

One focus at (-3 - Zt/B,1), asymptotes intersecting at (-3, 1), and one asymptote passing through the point (1,7).

Foci at (-1,1) and (7,4) and eccentricity of 3.

Prove that the set of points, such that the absolute value of the difference of the distances from any point of the set to
two given points (the foci) is a constant, is a hyperbola.

Prove that any hyperbola is a set of points such that the absolute value of the difference of the distances from any point
of the set to two given points (the foci) is a constant.

Use Theorem 14.7.4 Io find an equation of the hyperbola for which the difference of the distances from any point on
the hyperbolato (2,1) and (2,9) is equal to 4.

Solve Exercise 15 if the difference of the distances from (-8,-4) and. (2,-4) is equal to 5.

Three listening posts are located at the points A(0, 0), B(0, +) , and C(T, 0), the unit being 1 mile. Microphones lo-
cated at these points show that a gun is * mi closer to A than to C, and I mi closer to B than to A. Locate the position
of the gun by use of Theorem 14.7.4.

18. Prove that the eccentricity of an equilateral hyperbola is equal to \n.

14.8 ROTATION OF AXES We have previously shown how a translation of coordinate axes can sim-
plify the form of certain equations. A translation of axes gives a new co-
ordinate system whose axes are parallel to the original axes. We now

16.

17,



Figure 14.8.1
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consider a rotation of coordinate axes which enables us to transform a
second-degree equation having an ry term into one having no such term.

Suppose that we have two rectangular cartesian coordinate systems
with the same origin. Let one system be the ry system and the other the

ry system. Suppose further that the i axis makes an angle of radian mea-
sure c with the r axis. Then of course the y axis makes an angle of radian
measure a with the 3i axis. In such a case, we state that the xy system of
coordinates is rotateil through an angle of radian measure a to form the
iy system of coordinates. A point P having coordinates (r, y) with re-
spect to the original coordinate system will have coordinates (x' y) wlth
respect to the new one. We now obtain relationships between these two
sets of coordinates. To do this, we introduce two polar coordinate sys-
tems, each system having the pole at the origin. In the first polar coordi-
nate system the positive side of the r axis is taken as the polar axis; in the
second polar coordinate system the positive side of the f axis is taken as
the polar axis (see Fig. 1a.8.1). Point P has two sets of polar coordinates,
(r, 0) and (7, 0), wherc

7 : r  a n d  e - 0 - a

The following equations hold:

x - 7 c o s 0  a n d  y - l s i n 0

Substituting from (1) into (2), we get

x - r cos(e - q and y - r sin(O - q.)

Using the trigonometric identities for the sine and cosine of the differ-
ence of two numbers, Eqs. (3) become

2: r cosO cos a * r sin 0 sin a

and

! : r sin0 cos a- / cos 0 sin a

Because r cos 0 : x and r sin 0 : y, we obtain from the above two equations

x - r c o s a + y s L n a

and

y - - x s i n a + y c o s a

Solving Eqs. (a) and (5) simultaneously for x and y in terms of i and
y, we obtain

It is left as an exercise to
(6) and (7) (see Exercise L).

(5)

'  
(7)

fill in the steps in going from (4) and (5) to

( 1 )

(2)

(3)

(4)

(s)



THE CONIC SECTIONS

ExAMPLE 7: Given the equation
xy -- L, find an equation of the
graph with respect to the x and y
axes after a rotation of axes
through an angle of radian
measure *r.

sol,urroN: Taking a: *r in Eqs. (6) and (7), we obtain

1 _  1 _  1  1 _* :$x- f iY  ana A:nqx* f i .Y

Substituting these expressions for r and y in the equation rU : l, we get

- 1

or/ equivalently,

This is an equation of an equilateral hyperbola whose asymptotes
are the bisectors of the quadrants in the ry system. Hence, we conclude
that the graph of the equation ry:1is an equilateral hyperbola lying in
the first and third quadrants whose asymptotes are the x anil y axes (see
Fig. 1a.8.2).

In Sec. '1,4.7 we showed that when B: 0 and A and C are not both
zero, the graph of the general second-degree equation in two unknowns,

Af *Bxy *Cy ' *Dx*Ey+F-0

is either a conic or a degenerate conic. We now show
any equation of the form (8) can be transformed by a
axes into an equation of the form

At, + ey, + Dr+ Ev + F- o
where A and C are not both zero.

If the ry system is rotated through an angle of radian measule a,
then to obtain an equation of the graph of (8) with respect to the xy sys-
tem, we replace x by x cos c - ! sin a *d y by r sin c * ! cos a. We get

(#-+,)(#c+#,)

(8)

that if B * 0, then
suitable rotation of

(e)

A f+Bxy+Cy '+Dx+Ey+F-0

where

A- A cosz a + B sin a cos a + C stnz a

B - - Z A  s i n a c o s  a +  B ( c o s z  a -  s i n z a ) + 2 C s i n a c o s a

C - A s t n z a - B  s i n C I c o s  a +  C c o s z a

We wish to find an a so that the rotation transforms Eq. (8) into an

(10)

( 1 1 )

Fig u re
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equation of the form (9). SettingB from (11) equal to zero, we have

B(cosz a - sinz a) + (C - A)(2 sin d cos a) : 0

or, equivalently, with trigonometric identities,

B  cos  2a  *  (C -  A)  s in  2a :0

Because B * 0, this gives

#"Eil$#$F...'$js+++++li
$

We have shown, then, that an equation of the form (8), where B + 0,
can be transformed to an equation of the form (9) by a rotation of axes
through an angle of radian measure a satisfying (12). We wish to show
that A and C in (9) are not both zero. To Prove this, notice that Eq. (1'0)
is obtained from (8) by rotating the axes through the angle of radian
measure c. AIso, Eq. (8) can be obtained from (10) by rotating the axes
back through the angle of radian measure (-a). If A and C in (10) are both
zero, then the substitutions

r : r  c o s  a *  y  s i n a  a n d  ! : - x s i n  o *  y  c o s  a

in (10) would result in the equation

D1r cos a* y sin Q + E(xsin a * y cos e) * F: 0

which is an equation of the first degree and hence different from (8) be-
cause we have assumed that at least B # O. The following theorem has,
therefore, beBn proved.

14.8.1 Theorem If B + 0, the equation Af * Bxy _* Cyz _* Dx_* Ey _* F: 0 can b_e trans;
formed into the equation A* + Cyz + Di + E, + F :0, where A and C
are not both zero, by a rotation of axes through an angle of radian mea-
sure d for which cot2a: (e_ C)IB.

By Theorems L4.8.1 and'14.7.6, it follows that the graph of an equa-
tion of the form (8) is either a conic or a degenerate conic. To determine
which type of conic is the graph of a particular equation, we use the fact
that A, B, and C of Eq. (8) and A, B, and C of Eq. (10) satisfy the relation

(r2)

Bz - 4AC: 82 - 4AC

which can be proved by substituting the

given in Eqs. (11) in the right side of (13).
Exercise 15).

The expression 82 - 4AC is called the discriminant of Eq..(8). Equation
(L3) states that the discriminant of the general quadratic equation in two

(13)

expressions for A, B, and C
This is left as an exercise (see
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EXAMPLE 2: Given the equation
lTxz - l2xy * 8y'- 80 : 0, sim-
plify the equation by a rotation
of axes. Draw a sketch of the
graph of the equation showing
both sets of axes.

variables is inaariant under a rotation of axes. If the angle of rotation is
chosen so that B:0, then (13) becomes

Bz - MC:-4AC (14)

From Theorem 14.7.6 it follows that if the graph of (9) is not degen-
erate, then it is a parabolaif. Ae : 0, an ellipse it Ae > 0, and a hypeibola
if AC < 0. So we conclude that the grapLof (9) is a parabola, an ellipse,
or a hyperbola depending on whether-4AC is zero, negative, orpositive.
Because the graph of (8) is the same as the graph of. (9), it follows from
(14) that if the graph of (8) is not degenerate, then it is a parabola, an
ellipse, or a hyperbola depending on whether the discriminant 82 - 4AC
is zero, negative, or positive. We have proved the following theorem.

14.8.2 Theorem The graph of the equation

A*  *  Bxy  *  Cy ' *  Dx*  Ey  *  F :0

is either a conic or a degenerate conic. If it is a conic, then it is

(i) a parabola if. 82 - MC:0;
(ii) an ellipse if 82 - MC < 0;

(iii) a hyperbola if 82 - 4AC > 0.

solurroN: 82 - MC: (-12), - 4(17) (8) : -400 < 0. Therefore, by The-
orem 14.8.2, the graph is an ellipse or else it is degenerate. To eliminate
the xy term by a rotation of axes, we must choose an a such that

. F '  A - C  L 7 - 8  3c o t z d . :  
B  

:  _ 1 2 : - 4

There is a 2o. in the interval (0, zr) for which cot2q.: -$. Therefore, o is
in the interval (0, trr).To apply (6) and (7) it is not necessary to find a so
long as we find cos a and sin a. These functions can be found from the
value of cot 2a by the trigonometric identities

cos and sin ot:

Because cot So

sln q. -

and 0

L
\tr

2
\E

1 +  c o s 2 a
2

Substituting x : il {5 - 2V | \tr and y : 2il \fS + y I \B in the given equa-



tion, we obtain

/# -A Iy+4Y, ' \_ rz
17 [ .  s  /

+8(ry-80-o
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units long and whose
with both sets of axes

)cy
5

- 2y'

Figu re 1 4.8.3

Exercises 74.8

1. Derive Eqs. (6) and (7) of this section

In Exercises 2 through 8, remove the xy

and show both sets of axes.

2 .  x 2 * x Y + A 2 : 3

5 .  x y  - 8

8. 5x2 * Z}l.6xy * 25y' :324

In Exercises 9 throu gh t4, simplify the given

and show the three sets of axes.

9 .  x 2 + x y + y 2 - 3 y - 6 : 0

11. 17x2 - L2xy * 8y' - 68x * 24y - 12 - 0

13. Llx2 - 24xy * 4y'* 30r + 40y - 45 - 0

15. Show that for the general second-degree
rotation of axes.

Upon simplification, this equation becomes

x 2 + 4 Y ' : t 6

or, equivalently,

r '  *! '
1,5 ' E 

- 1

So the graph is an ellipse whose maior axis is 8
minor axis is 4 units long. A sketch of the ellipse
is shown in Fig. 14.8.3.

3 . 2 4 x y - 7 y ' + 3 6 - 0

6. 5x2 * 6xy * 5y'- 9

10.

L2.

14.

equation in two

by solving Eqs. ( ) and (5) for x and y in terms of I and' y'

term from the given equation by a rotation of axes. Draw a sketch of the graph

equation by a rotation and translation of axes. Draw a sketch of the graph

4. 4xy * 3x2: 4

7. 3Lx2 + 10 6*Y * 2tY2 :'!'M

x 2 - L } x y * y ' * x * y + 1 - 0

3 x 2 - 4 x y * 8 r - 1 - 0

19xz * 6xy * t|yz - 25x + 38Y + 31 - 0

variables, the discrimin ant 82 - 4AC is invariant under a

Reaiew Exercises (ChaPter 14)

In Exercises L through 6, find a cartesian equation of the conic satisfying

of the graph.

1.  Vert ices at  (1,  8)  and (1 , -4) ;  e:  ?.

2.  Foci .at  ( -5 ,  L)  and (1,  ! ) ;  one ver tex at  ( -4,  t ) .

3. Center at the origin; foci on the x axis; e -2; containing the point (2,3).

the given conditions and draw a sketch
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4. Vertex at (4,2); focus at (4,-3); e:1.

5. A focus at (-5, 3); directrix: x: -3; e: *.

5. A focus ar (4, -2); directrix: ! :2; e: *.

In Exercises 7 through 10, find a polar equation of the conic satisfying the given conditions and draw a sketch of the graph.
7. A focus at the pole; vertices at (2, rr) and (4, r).

8. A focus at the pole; a vertex at (6, ln); e : I.
9. A focus at the pole; a vertex at (3, En); e: l.

10. The line r sin d: 5 is the directrix corresponding to the focus at the pole and e: *.
In Exercises 11 through 14, the equation is that of a conic having a focus at the pole. In each Exercise, (a) find the eccen-
tricity; (b) identify the conic,' (c) write an equation of the directrix which coresfonds to the focus at tfre pole; (d) draw a
sketch of the curve.

16. 3x2 - 2y, + 6x - gy + 1L : 0

18. 4x2 * gy' + 32x - lgy + 37 - 0

by a rotation and translation of axes. Draw a sketch of the graph and

20. 4x2 * 3xy * y, - Gx * 12y- 0

point (2,*rr), whose focus is at the pole and whose vertex is on

In Exercises 15 through 18, the equation is that of either an ellipse or a hyperbola. Find the eccentricit5z, center, foci, and
directrices, and draw a sketch of the graph. If it is a hyperbola, also find Lquations of the asymptotes.
1.5. 4f + y' + 24x - l6y + 84 - 0

17. 25x2 - y2 * 50r + 5y - 9- 0

In Exercises 19 and 20, simplify the given equation
show the three sets of axes.

1 9 . 3 f  - 3 x y - y 2 - 5 y  - 0

21. Find a polar equation of the parabola containing the
the extension of the polar axis.

22. lf lhe distance between the two directrices of an ellipse is three times the distance between the foci, find the eccentricity.
23. Find the volume of the solid of revolution generated if the region bounded by the hyperbola f la" - yrlbr:1. and the

line r: 2a is revolved about the y axis.

24. Show that the hyperbola f - y': 4 has the same foci as the ellipse x2 + 9yz :9.

25. Find an equation of the parabola having vertex at (5, 1), axis parallel to the y axis, and through the point (9,3).
25. Show that any equation of theform xy I ax*by -f c:0canalwaysbewrittenintheform x,y,:kbyatranslationof

the axes, and determine the value of k.

27. Any section of a parabolic mirror made by passing a plane through the axis of the mirror is a segment of a parabola.
The altitude of the segment is L2 in. and the length of the base iJ ts in. A section of the mirror made by 

" 
pi"^" p"r-

pendicular to its axis is a circle. Find the circumference of the circular plane section if the plane perpendicular to the
axis is 3 in. from the vertex.

28. The directrix of the parabola y2 :4pr is tangent to a circle having the focus of the parabola as its center. Find an equa-
tion of the circle and the points of intersection of the two curves.

29. A satellite is traveling around the earth in an elliptical orbit having the earth at one focus and an eccentricity of *. The



31.

REVIEW EXERCISES

30.

closest distance that the satellite gets to the earth is 300 mi. Find the farthest distance that the satellite gets from
the earth.

The orbit of the planet Mercury around the sun is elliptical in shape with the sun at one focus, a semimajor axis of
length 35 million miles, and an eccentricity of 0.206. Find (a) how close Mercury gets to the sun and (b) the greatest
possible distance between Mercury and the sun.

A comet is moving in a parabolic orbit around the sun at the focus F of the parabola. An observation of the comet is
made when it is at point Pr, 15 million miles from the sun, and a second observation is made when it is at point Pr,
5 million miles from the sun. The line segments FP, and FP2 are perpendicular. With.this information there are two
possible orbits for the comet. Find how close the comet comes to the sun for each orbit.

The ardr of a bridge is in the shape of a semiellipse having a horizontal span of 40 ft and a height of 15 ft at its center.
How high is the arch 9 ft to the right or left of the center?

Points A and B are 1000 ft apart and it is determined from the sound of an explosion heard at these points at different
times that the location of the explosion is 500 ft closer to A than to B. Show that the location of the explosion is re-
stricted to a particular curve and find an equation of it.

34.  F indtheareaof  theregionboundedbythetwoparabolas:r :21 ( l -cos0)  andr :21(J+ cosd) .

35. A focal chord of a conic is a line segment passing through a focus and having its endpoints on the conic. Prove that
if two focal chords of a parabola ar- perpJndicul,ar, the ium of the reciprocals of the measures of their lengths is a
constant. (HrNr: Use polar coordinates.)

35. A focal chord of a conic is divided into two segments by the focus. Prove that the sum of the reciprocals of the mea-
sures of the lengths of the two segments is the same, regardless of what chord is taken. (nrNr: Use polar coordinates.)

37. Prove that the midpoints of all chords parallel to a fixed chord of a parabola lie on a line which is parallel to the axis
of the parabola.

32.

33.
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