
Chapter 3
Vectors and Vector Calculus



Chapter Learning Objectives

Recap the distinction between scalar and vector quantities in engineering analysis.

Learn vector calculus and its applications in engineering analysis.

Learn to manipulate expressions of vectors and vector functions.

Refresh vector algebra.

Learn the dot and cross products of vectors and their physical meanings.

Learn about derivatives, gradient, divergence, and curl in vector calculus.

Learn to apply vector calculus in engineering analysis.

Learn to apply vector calculus in rigid body dynamics in rectilinear and plane curvilinear motion
along paths and in both rectangular and cylindrical polar coordinate systems.



3.1 Vector and Scalar Quantities
In Section 2.2.3, we introduced functions that represent physical quantities in engineering analyses, and
whose values vary with the values of the associated independent variables in space (x, y, z) in a
rectangular coordinate system) and time (t). These quantities are called as scalar quantities.

There is another group of physical quantities for which not only the magnitude but also the position and
the direction are significant and must be represented.. These are called vector quantities. Thus, a speed of
80 km/h of a moving car is a scalar quantity, but a velocity of 80 km/h implies that the car is traveling in
specific direction on the road at this speed, so that it is a vector quantity. Engineering analyses involving
vectorial quantities will require the use of vector calculus, which will be described later in Section 3.5.

A vector, as stated, is characterized by both its magnitude and its direction. Examples of vectorial
quantities include the velocity of an object traveling either in a (2D) plane or in a (3D) space. As well as
the example of the velocity of a moving vehicle, the concept includes related quantities such as
acceleration. The force acting on an object is another vectorial quantity that has to be defined in terms of
its magnitude and the direction in which the force is acting. Other vectorial quantities include the electric
field, current flow, and heat transmission in solids and fluids.

In contrast to vectorial quantities, common physical quantities in engineering analysis such as the
temperature, speed, mass of an object, heat and energy, and electric potential are scalar quantities.

A vector may be represented as a directed line segment as shown in Figure 3.1. We will use boldfaced
letters and notation to designate the vector quantities throughout this book.

Figure 3.1 Graphical representation of a vector.

In Figure 3.1 the vector A is characterized by its magnitude |A| and its direction indicated with an
arrowhead. Graphical representation of this vector includes an “initial point” shown as a solid circle at one
end and a “terminal point” indicated by the arrowhead. A vector with the same magnitude of vector A but
acting in the opposite direction carries a negative sign (i.e., ) as also shown in Figure 3.1.

Vector quantities are usually defined by a coordinate system in engineering analyses, for example in an x–
y coordinate system as shown in Figure 3.2.

Figure 3.2 Rectangular x–y coordinate system for a vector. (a) Vector A in x–y coordinates. (b)
Decomposition of vector A.

Once a vector has been defined in a coordinate system, such as that shown in Figure 3.2a, it can be
decomposed into components along those coordinate directions, as illustrated in Figure 3.2b, where the
vector A is decomposed to component Ax with magnitude Ax and the vector component Ay with
magnitude Ay along the x- and y-axis respectively.
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The magnitude of vector A, i.e., |A| can be obtained as

The direction of vector A is determined by the angle θ in Figure 3.2b:



Example 3.1

A vector A as in Figure 3.2b has its two components along the x- and y-axes with respective
magnitudes of 6 units and 4 units. Find the magnitude and direction of the vector A.

Solution:

We are given the magnitudes of the vector components along the two coordinates to be 
and ; according to Equation (3.1), the magnitude of vector A is

The direction of the vector A is determined from Equation (3.2):

which gives

with θ as defined in Figure 3.2b.
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3.2 Vectors in Rectangular and Cylindrical Coordinate Systems
Two coordinate systems frequently used in engineering analysis are (1) the rectangular coordinate system
with coordinates x, y, and z and (2) the cylindrical coordinate system (r,θ,z), as illustrated in Figure 3.3a.

Figure 3.3 Vector in rectangular and cylindrical coordinate systems. (a) A vector in three-dimensional
space. (b) Rectangular unit vectors.

Figure 3.3b illustrates another way to represent a vector, in this case in three-dimensional space; for
instance, the position vector A with its initial point coinciding with the origin of the coordinate system
and its terminal point situated at point P at a position with coordinates (x,y,z) in a rectangular coordinate
system. This position vector may be expressed in the following way:

where i, j, and k are the “unit vectors” along the x-, y-, and z-coordinate directions, respectively, as shown
Figure 3.3b. Unit vectors are used to designate the direction of scalar quantities. For example, in Equation
3.3, the term yj indicates the vector quantity with a magnitude of y but in the direction of the vector j
along the y-coordinate. Each of these three unit vectors in Figure 3.3b has a magnitude of 1.0.

The magnitude of vector A can be obtained by using the Pythagorean rule:

3.2.1 Position Vectors
A position vector such as the vector A of a point located at (x1, y1) illustrated in Figure 3.3a. The position
of this point may be represented by a vector r in Figure 3.4a. This vector often is known as the location
vector of the point P in space, or the radius vector that represents the position of point P in a space
defined by a coordinate system with an arbitrary reference origin O in Figure 3.4b. The position vector is
used in describing the motion of “particles” or “rigid bodies” in a planar two-dimensional space or in
three-dimensional space.
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Figure 3.4 Position vectors. (a) In the two-dimensional plane. (b) In three-dimensional space.

The position vector r in Figure 3.4b can be decomposed into three components as r = rx + ry + rz, with rx,
ry, and rz being the components of the position vector r along the x-, y-, and z-coordinates, respectively.
These components may be expressed using the unit vectors i, j, and k as defined in Figure 3.3b, with rx =
x1i, ry = y1j, and rz = z1k, and the vector's magnitude being

The angles α, β, and γ between the position vector and the respective x-, y- and z-coordinate directions
can be computed using the expressions
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Example 3.2

Express the vector A in Figure 3.2 in terms of unit vectors as defined in Figure 3.3b. This vector A
has two components with magnitudes and directions given in Example 3.1. Show the magnitudes
of the components in both rectangular and cylindrical coordinate systems.

Solution:

The magnitudes of the two components of vector A with

as given in Example 3.1. Following Equation 3.3, we can express this vector in the form of the two
corresponding unit vectors i and j as follows:

The unit vectors in the cylindrical coordinates (r,θ,z) in Figure 3.3a can be derived from the
relationship x = r cos θ, y = r sin θ, and z = z, from which we may express the position vector A in
Figure 3.3b in terms of unit vectors in the following way:

in which the magnitudes r, θ, and z in the cylindrical coordinate system can be related to the
coordinates x, y, and z in the rectangular coordinate system by the following matrix relation:



Example 3.3

Given vector A = 2i +4k and vector B = 5j +6k, determine (a) in what planes do these two
vectors exist, and (b) their respective magnitudes.

Solution:

a. Vector A may be expressed as A = 2i +0j + 4k, so it is positioned in the x–z plane in Figure
3.3. Vector B may be expressed as B = 0i + 5j +6k, with no value along the x-coordinate. It is
therefore positioned in the y–z plane in a rectangular coordinate system.

b. The magnitude of vector A is

and the magnitude of vector B is



Example 3.4

Given two vectors: A = 3i + 2j and B = 4i − 5j, plot graphs of (a) A + B and (b) A − B in the x–y
plane.

Solution:

a. 

b. 

Graphical results for both (a) and (b) are shown in Figure 3.5.

Figure 3.5 Summation and subtraction of the two vectors in Example 3.4.



Example 3.5

Determine the angle of a position vector r = 6i + 4j in Figure 3.4a in the x–y plane.

Solution:

Following the definition of unit vectors i and j in Figure 3.3b, we have the magnitude of the x-
component of the vector r as x1 = 6 units along the x-coordinate and that of the y-component as
y1 = 4 units along the y-coordinate; and the magnitude of the vector r is .
Using the expressions shown in Equation 3.6, we determine the angles α and β to be

and

A check of the above computation is that , as it should
be.



3.3 Vectors in 2D Planes and 3D Spaces
In reality, vectors may operate in both two-dimensional planes and three-dimensional space. Figure 3.6a
shows a vehicle being pushed uphill in a two-dimensional plane.

Figure 3.6 Force vectors in a 2D plane. (a) Force acting in a plane. (b) Multiple forces acting in a plane.

In Figure 3.6b, we have all the force vectors acting on the vehicle represented by F = the force vector that
pushes the vehicle uphill against a slope defined by the angle θ, W = the weight of the vehicle, and the
friction force vectors Ff at the contact of the wheels of the vehicle and the road surface. All these force
vectors act in the plane defined by the x–y coordinates, as illustrated in Figure 3.7.

Figure 3.7 Force vectors in the x–y plane.

Vector quantities will often act in 3D space. A common case of space vectors is illustrated in Figure 3.8a,
with the position of the supports of the three structural components specified in a 3D space defined by the
(x,y,z) coordinates. Figure 3.8b shows the corresponding force vectors that are induced in these members
by the application of a weight at point C in Figure 3.8a. The applied force, the F vector, may be expressed
as  in which the magnitude of the weight is Wz, or in a general form as ,
with Fx, Fy and Fz being the magnitudes of the three components of the force vector along the x-, y-, and
z-coordinate directions, respectively. The unit vectors i, j, and k are defined in Figure 3.3b. The induced
force vectors in the structural members AC, BC, and OC are expressed as , 

, and , as shown in Figure 3.8b.



Figure 3.8 Vectors in 3D space. (a) A space structure. (b) Force vectors in the structural members.



3.4 Vector Algebra

3.4.1 Addition of Vectors
The resultant vector from summing of vectors can be obtained by joining the initial point of a vector onto
the terminal point of the other vector as illustrated in Figure 3.9 for the summation of two vectors.

Figure 3.9 Summations of two plane vectors. (a) Two free vectors. (b) Summation of two vectors. (c) An
alternative representation of vector summation.

In Figure 3.9b, vector C is the resultant vector of the summation of vectors A and B in Figure 3.9a. Figure
3.9c shows the summation of two vectors using the parallelogram law.

Summation of more than two vectors is illustrated graphically in Figure 3.10. Here the summation is of
the four vectors A, B, C, and D shown in Figure 3.10a with the resultant vector R = A + B + C + D shown
in Figure 3.10b.

Figure 3.10 Summation of multiple plane vectors. (a) Four free vectors. (b) Summation of four vectors.

3.4.2 Subtraction of Vectors
Subtraction of two vectors can be handled by summing the first vector with the second vector in reversed
direction. Figure 3.11a shows two vectors A and B in the same plane. The difference of these two vectors
follows the rule of addition of two vectors as illustrated in Figure 3.9b but with vector B in opposite
direction to that presented in Figure 3.11a. Figure 3.11b shows the addition of vector A and vector −B,
giving the difference of these two vectors as the vector R where R = A + (−B) = A − B.

Figure 3.11 Subtraction of two vectors. (a)Two free vectors A and B. (b) Subtraction of B from A by
addition of −B to A.

3.4.3 Addition and Subtraction of Vectors Using Unit Vectors in



Rectangular Coordinate Systems
A convenient way of adding and subtracting vectors is to express the vectors to be summed or subtracted
in terms of rectangular unit vectors as shown in Equation 3.3. The resultant vector is obtained by
summing the magnitudes of the components of the vectors associated with the unit vectors i, j, and k
along the respective x-, y-, and z-coordinate directions.

Figure 3.12 illustrates how the two vectors  and  are summed to give the
resultant vector , in which  and .

Figure 3.12 Summation of two vectors in the same plane.

In Figure 3.12, we have the magnitudes of the components of vector A as  units and  units,
and those of vector B as  units and  units; we may determine the magnitudes of the two
components  units and  units for the resultant vector C, as illustrated in
Figure 3.12. The resultant vector C shown in the figure thus can be expressed as .

The subtraction of vectors may be handled in a similar way to that demonstrated in Section 3.4.2.



3.9

Example 3.6

A cruise ship begins its journey from port O to its destination of port C with intermediate stops
over two ports at A and B as shown in Figure 3.13. The ship sails 100 km in the direction 30o to
northeast to port A. From port A, the ship sails 180 km in a direction 15° northeast from port A to
port B. The last leg of the cruise is from port B to port C in a direction 25° northwest to the north
of Port C. Find the total distance the ship travels from port O to port C.

Figure 3.13 Navigation routes of a cruise ship.

Solution:

Let us assign the position vector A to represent the change of position of the ship from port O to
port A, vector B to represent the ship's change of position from port A to port B, and vector C for
the change of position from port B to port C. Expressions for the three position vectors in terms
of the unit vectors i and j along the respective coordinates x and y in Figure 3.13 are

The resultant vector R is the sum of these three position vectors:

The magnitude of vector R is the distance between port O and port C and is

3.4.4 Multiplication of Vectors
There are three types of multiplications of vectors: (1) scalar product, (2) dot product, and (3) cross
product.

3.4.4.1 Scalar Multiplier
The scalar product is the product of a scalar m with a vector A. Mathematically, it is expressed as
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Thus for vector , where Ax, Ay, and Az are the magnitudes of the components of
vector A along the x-, y-, and z-coordinate directions, respectively. The resultant vector R is expressed as

3.4.4.2 Dot Product
The dot product of two vectors results not in another vector but in a scalar quantity that has magnitude
but no direction. Physically, the dot product of two vectors is a scalar. It is the projection of one vector
onto the other one which acts at an angle θ with it such as that illustrated in Figure 3.14. Mathematically,
the dot product of vector A and vector B is

where θ is the angle between vector A and vector B, as illustrated in Figure 3.14.

Figure 3.14 Dot product of two vectors.

The physical meaning of the dot product of two vectors may be illustrated as in Figure 3.15. It involves the
displacement of a vehicle by a displacement vector d of magnitude d. This displacement is produced by a
force vector F of magnitude F. The work done by the force vector F for producing a displacement of d of
the vehicle is defined as

Mathematically, the work done on the vehicle is expressed as

Here the force vector F and displacement vector d are in the same direction, as shown in Figure 3.15; thus
the angle between these two vectors θ = 0, or cos θ = 1. We will thus have the work W = Fd, which is a
scalar quantity in this case.

Figure 3.15 Work done in a displacing a solid.

We may also demonstrate that the dot product of the same vectors shown in Equation 3.11 is same with
order of multiplication reversed, that is

The algebraic definition of dot product of vectors can be written as
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where Ax, Ay, and Az are the magnitudes of the components of vector A along the x-, y-, and z-coordinate
directions, respectively, and Bx, By, and Bz are the magnitudes of the components of vector B along the
same rectangular coordinate directions.

One may thus derive that

The verification of the relation in Equation 3.13 is obvious. For instance, if the magnitudes of the two
vectors are  for vector A and  for vector B with the angle between the two
vectors being θ = 60o, the dot product of these two vectors according to Equation (3.11) will be

and the dot product of vector B and A will be the same:

The definition of the dot product of vectors also leads to the following useful relations:

where i, j, and k are the unit vectors in a rectangular coordinate systems as illustrated in Figure 3.3.

An algebraic definition with an expression similar to the one in Equation (3.12) for the dot product of two
vectors A · B may be derived as shown in Equation (3.15). The latter equation is derived by expressing
both these vectors with the unit vectors i, j, and k in rectangular coordinates for A = Axi + Ayj + Azk, and
B = Bxi + Byj + Bzk and using the relationships given in Equation (3.14):

where Ax, Ay, and Az are the magnitudes of the components of vector A along the x-, y-, and z-coordinate
directions, respectively, and Bx, By, and Bz are the magnitudes of the components of vector B along the
same rectangular coordinate directions. The unit vectors i, j, and k are defined in Figure 3.3.

A useful rearrangement of the expression for the dot product of two vectors gives the angle between two
vector such as the vectors A and B in Equation (3.15). The angle between these two vectors θ may be
obtained as:
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Example 3.7

Determine (a) the dot product of the two vectors: A = 2i + 7j + 15k and B = 21i + 31j + 41k, and
(b) the angle between these two vectors.

Solution:

a. Using Equation 3.15, we get the result of the dot product of vectors A and B to be

b. Since the magnitudes of vectors A and B are

and the numerator of Equation 3.16 for this case was computed in (a) to be 874, we have

giving the angle between the two vectors as 

3.4.4.3 Cross Product
The cross product of two vectors A and B results in a vector C that has direction perpendicular to the
plane on which both vectors A and B exist, and has magnitude that is equal to the magnitudes of A and B
and the sine of the angle θ between them. Figure 3.16 shows the cross product of two vectors A and B in a
right-handed coordinate system.

Figure 3.16 Cross product of two vectors A and B in a right-handed coordinate system. (a) Cross product
A × B. (b) Cross product B × A.

Thus the cross product of two vectors is a vector R = A × B (reads “A cross B”). The magnitude of the
resultant vector R is the product of the magnitudes of A and B and the sine of the angle between them
(the angle θ in Figure 3.16a). The direction of vector R is perpendicular to the plane of A and B as shown
in Figure 3.16. Mathematically, we have

where the vector n is a unit vector in the normal direction of the cross product of vectors A and B: that is,
A × B, as shown in Figure 3.16a. If A = B or if A is parallel to B, then sin θ = 0, and A × B = 0.

Figure 3.17 illustrates the principle of the cross product of two vectors. This case is related to the
tightening of a threaded pipe to a faucet using a plumber's wrench. The applied force vector F is normal to
the axis y, along which is the moment arm vector d. One may easily envision that the resultant moment
vector Mz is along the z-axis, which is perpendicular to the plane on which vectors F and d exist.
Mathematically, the resultant moment Mz may be obtained by Mz = F × d.
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Figure 3.17 Cross product of two vectors giving the torque applied to a pipe. (a) Physical interpretation.
(b) Numerical situation.

The magnitude of the resultant vector R in Equation 3.17 may be expressed by a determinant for vector A
= Axi + Ayj + Azk and vector B = Bxi + Byj + Bzk in a rectangular coordinate system, where Ax, Ay, Az,
and Bx, By, Bz are the magnitudes of the components of vectors A and B, respectively, along the x-, y-, and
z-coordinates, and i, j, and k are the unit vectors defined in Figure 3.3b. The resultant vector of the cross
product of vectors A and B may be obtained from the following determinant:

in which the elements between two vertical straight lines represent a determinant.



Example 3.8

Determine the torque applied to the pipe in Figure 3.17b by a force F = 45 N with an angle θ =
60o to the y-axis at a distance d = 50 cm from the centerline of the pipe.

Solution:

We may express the force vector

or

The moment arm vector d may be expressed as d = dj = 50j. The resultant vector Mz = F × d
can thus be computed using Equation 3.18 to be

The resultant torque on the pipe thus has a magnitude of Mz = 1948.5 N cm in the direction along
the z-axis.



Example 3.9

Prove that A × B = −B × A.

Solution:

By the definition of cross product of two vectors given in Equation 3.17, we have A × B = C with
the magnitude of vector C being C = AB sin θ and in the direction such that A, B, and C form a
right-handed system as illustrated in Figure 3.16a. The cross product of B × A = D has the same
magnitude, but the vector D is in the opposite direction as shown in Figure 3.16b in the negative
direction. Thus we have proved that A × B = −B × A.
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Example 3.10

If vectors A = i − j +2k and B = 2i + 3j + 4k, determine A × B.

Solution:

We may use Equation 3.18 for the solution:

from which the vector is

3.4.4.4 Cross Product of Vectors for Plane Areas
The cross product of two vectors may be used to determine the area of a plane parallelogram with vectors
A and B forming the two adjacent sides, as illustrated in Figure 3.18.

Figure 3.18 Plane areas by cross product of two vectors. (a) Area of a parallelogram. (b) Area of a
triangle.

Figure 3.18 shows two plane areas: one a parallelogram and the other a triangle. The area of a
parallelogram is equal to the base, represented by the magnitude of vector A, times the height H, with 

. Consequently, the area of the parallelogram in Figure 3.18a is

The above expression is identical to the magnitude of the cross product of vectors A and B as indicated in
Equation 3.17. We may thus express the area of a plane parallelogram to be equal to the cross product of
vectors A and B, or

with vectors A and B being the two sides of the parallelogram.

A similar expression for the area of the triangle in Figure 3.18b may be derived with the relationship of
Area of triangle = ½(Base × Height), with the height of the triangle being , the area of the
triangle abc can be obtained with the expression

3.4.4.5 Triple product
There are times when an engineering analysis requires the multiplication of three vectors A, B, and C.
Mathematical manipulations of triple products will obviously be more complicated than the case of dot
and cross products of two vectors.
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The following rules apply for triple products of vectors A, B, and C:
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Example 3.11

Expand  in Equation 3.20b if vectors A, B, and C can be expressed as follows:

in which i, j, and k are unit vectors in a rectangular coordinate system and the coefficients
associated with these unit vectors are the magnitudes of the components of vectors A, B, and C,
respectively.

Solution:

The product  can be shown to equal

Note: The relations for dot products of unit vectors in Equation 3.14 were used in reaching this
solution.

3.4.4.6 Additional Laws of Vector Algebra
A summary of the laws of vector algebra will be useful in engineering analysis (in which m and n are real
number constants and vectors A = Axi + Ayj + Azk and B = Bxi + Byj + Bzk):

Commutative law for addition: A + B = B + A
Associative law for addition: A + (B + C) = (A + B) + C
Associative law for multiplication: m(nA) =(mn)A = n(mA)
Distributive law: (m + n)A = mA + nA
Distributive law: m(A + B) = mA + mB
Commutative law for dot product:
Distributive law for dot product:

Scalar multiplier for dot product:

Dot product of unit vectors:

Scalar resultant of dot product:

3.4.4.7 Use of Triple Product of Vectors for Solid Volume
It is well known that the volume of a parallelepiped solid such as shown in Figure 3.19 can be obtained
from the expression:

We have already derived the expression for the area PARA as Area = B × C such as shown in Equation
3.19. The height of the parallelepiped solid is |A|sin θ, in which θ is the angle between vectors A and B.



Figure 3.19 A parallelepiped solid.

We thus have that the volume of the parallelepiped solid in Figure 3.19 is

where Ax, Ay, Az, Bx, By, etc. are the magnitudes of the components of vectors A, B, and C along the x-, y-
and z-coordinates, respectively.
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3.5 Vector Calculus
Vector calculus deals with problems involving continuous variations of the magnitudes and directions of
vector quantities. Unlike most single-valued functions described in Section 2.2.3 and the formulation of
derivatives of these functions in Section 2.2.5, we need to keep track of these continuous changes of both
the magnitudes and directions of vector quantities in the analysis. The mathematical formulation for
doing this is called vector calculus.

The magnitude of a vector as well as it direction may change with any scalar quantity that may relate to its
positions defined by (x,y,z) in a rectangular coordinate system and/or time t, as may be illustrated by the
following situation.

Continuous variations of both magnitude and direction of physical quantities in position and time are
common in reality, such as in Example 3.6 in which a cruise ship travels to several ports at various
distances apart and in various directions, as illustrated in Figure 3.13. Another example is the velocity of
vehicles cruising on narrow and winding streets in urban areas. Figure 3.20a shows such a scene with
vehicles traveling along a narrow and winding Lombard Street in the City of San Francisco, California.
This 180-meter-long paved crooked block involves eight sharp turns on a steep down slope at 27%, which
is much too steep by any standard for urban streets. It is a major tourist attraction of the city
(https://en.wikipedia.org/wiki/Lombard_Street_(San_Francisco)). Figure 3.20b shows that drivers on
this stretch of the street need to vary the velocity of their cars in both direction and magnitude at all times
in order to avoid accidents by driving off the street and hitting the cars ahead or being hit by the cars
behind.

Figure 3.20 Lombard Street in San Francisco. (a) A narrow and winding street. (b) Breath-taking
driving.

(Source: (a) © Gaurav1146 Wikimedia Commons.).

3.5.1 Vector Functions
In Section 2.2.3 we defined a function to be a physical quantity with its value determined by variables in a
space defined by (x, y, z) in rectangular coordinates and/or time t. As stressed at the beginning of this
chapter, the definition of vector quantities requires not only the magnitudes but also their directions.
Consequently, we may express a vector function that involves both its magnitude and/or direction defined
by scalar quantities with position and/or time variables.

We may thus express a vector function of vector A in the form A(u), in which u is the scalar that defines
the vector A (Spiegel, 1963). As already discussed, the scalar u in the expression A(u) can be space
designated by (x,y,z) in a rectangular coordinate system and/or time (t).

For vectors in rectangular coordinate systems, we may express the vector A(u) in the following form with
i, j, and k being the unit vectors along the x-, y-, and z-coordinate directions, respectively:

https://en.wikipedia.org/wiki/Lombard_Street_(San_Francisco)
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or

where Ax, Ay, and Az in Equation 3.22a denote the components of vector A(u) along the x-, y-, and z-
coordinate directions, respectively, whereas Ax, Ay, and Az in Equation 3.22b are the magnitudes of the
components of vector A(u) along the same coordinates.

3.5.2 Derivatives of Vector Functions
The rate of change of a continuous vector function A(u) as expressed in Equation 3.22a with respect to the
scalar variable u often arises in engineering analyses; its applications will be demonstrated in later
sections of this chapter. Derivatives that describe the rate of change of vector functions may be expressed
in a similar way to those for the scalar functions in Equation 2.9 in Chapter 2. The mathematical
formulation of the derivative of continuous vector function A(u) is

For the vector function A(u) in Equation (3.22b) in a rectangular coordinate system, the derivative of this
function becomes

When the vector function A(x,y,z) is written as , we will
get the differential of this vector function A(x,y,z) in the form
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Example 3.12

A position vector r in a rectangular coordinate system as illustrated in Figure 3.4a has both its
magnitude and direction varying with time t, and its two components rx and ry vary with time
according to  and , respectively. Determine the rate of variation of the
position vector with respect to time variable t.

Solution:

We may express the position vector r in the form

in which i and j are the unit vectors along the x- and y-coordinate directions, respectively.

The rate of change of the position vector r(t) with respect to variable t may be obtained using
Equation 3.23b as shown below:

The following rules on the differentiation of products of vector functions are used often in engineering
analysis for vector functions  and 

 in rectangular coordinate systems, where i, j, and k are
the respective unit vectors along the x-, y-, and z-coordinate directions:
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Example 3.13

Determine dA if the vector function .

Solution:

We may use Equation 3.23c for the solution as follows:

3.5.3 Gradient, Divergence, and Curl
Gradient, divergence, and curl are frequently used when dealing with variations of vectors using a vector
operator designated by  (pronounced “del”) defined as follows:

in a rectangular coordinate systems (x,y,z).

3.5.3.1 Gradient
The gradient relates to the variation of the magnitudes of vector quantities with a scalar quantity , and is
defined as

3.5.3.2 Divergence
The divergence of vector function A(x,y,z) implies the “growth” or “contraction” of this vector function in
its components along the coordinates. The divergence of the vector function A(x,y,z) is defined as

where Ax, Ay, and Az are the magnitudes of the components of vector A along the x-, y-, and z-coordinate
directions, respectively.

3.5.3.3 Curl
The curl of a vector function A is related to the “rotation” of this vector. It is defined as
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Example 3.14

If  and vector , use Equations 3.27, 3.28, and 3.29 to determine
(a) grad ; (b) div( A); (c) curl( A).

Solution:

a.

b.

c. Likewise, we may use Equation 3.29 to show that

The following expressions relating to gradient, divergence, and curl of vector A are useful in vector
calculus (Spiegel, 1963):
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3.6 Applications of Vector Calculus in Engineering Analysis
Vectors and vector calculus as presented in Section 3.5 are much used as effective mathematical tools in
deriving mathematical models, mainly in terms of differential equations, in numerous disciplines in
physics and engineering such as the governing equations of electrodynamics (Maxwell's equations) and
fluid dynamics (Navier–Stokes equations), and in heat conduction in solids, etc. These equations involve
the Laplacian, curl, and divergence terms as presented in the previous section. Fundamentally, all the
phenomena involving electricity, magnetism, and fluid flow are related to grad/div/curl/Laplacian
operators on vector functions and their derivatives. Differentiation operators with vector functions are
presented in many different forms of Hamiltonian and Schrödinger (wave) equations. Thus,
fundamentally, vector calculus applies to everything down to the quantum level.

In more practical and specific cases, such as in antenna/scattering problems, there is a need to find the
vector and scalar potentials due to a current distribution and to use them to characterize the
electromagnetic fields of an object. Determining the fields from the potentials requires the use of
grad/div/curl operators as presented in Section 3.5. Many problems involving surface or volume integrals
can be transformed to “lower-dimensional” integrals by the use of vector calculus.

The following examples are a few specific applications of gradient, divergence, and curl of vectors in
engineering analysis (“Notes on applications of vector calculus” by W.L. Kath,
http://people.esam.northwestern.edu/∼kath/courses.html).

3.6.1 In Heat Transfer
We start with the Fourier law of heat conduction in solids:

where q is the heat flux vector (defined as heat flow in a specific direction per unit area and time) at a
point in the solid, k is the thermal conductivity of the solid, and T is the temperature at a point inside the
solid. Derivation of this law will be presented in Chapter 7.

The following heat conduction equation is derived using the principle of conservation of energy and the
Fourier law in Equation 3.31a:

in which  is the thermal diffusivity of the solid, where ρ is the mass density and c is the specific
heat of the solid.

Equation 3.31b leads to the steady-state heat conduction equation in solids in the following form:

3.6.2 In Fluid Mechanics
Fluid flow in space follows the law of continuity, expressed by the following equation in conjunction with
the principle of conservation of mass:

where the vector function v is the local velocity of the fluid.

Equation (3.32a) leads to the following simpler equation for a noncompressible fluid, in which the mass
density ρ does not vary with time and space:

http://people.esam.northwestern.edu/~kath/courses.html
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For fluid moving in conduits or open channels, the Bernoulli equation that will be presented in Section
7.3.2 is often used to assess the relationship between the velocity vectors of the moving fluid flow (v) and
the applied pressure (p) and the potential energy ( ). This equation is derived from the principle of
conservation of energy with absence of rotation al flow of the fluid

where v is the velocity vector of the fluid in motion and U is the body force vector. Both these vectors may
vary with position and direction in fluid flow.

3.6.3 In Electromagnetism with Maxwell's Equations
One of the great discoveries of modern-day physics in the nineteenth century was electromagnetism. It
arose from the study of the electromagnetic forces generated in electrical conductors situated in magnetic
fields, resulting in motion of the conductor—a situation that is exploited today in many electromagnetic
devices such as electric motors and generators as well as electromagnetic actuators and devices with broad
applications in various disciplines of engineering. The three principal quantities involved in this physical
situation are (1) the magnetic field, with magnetic flux density B; (2) the electric current flow which is in
the direction of the electric field E; and (3) the force acting on or generated by the conductor and its
motion with a velocity v. These three principal quantities, B, E, v, are vectors that vary with the spatial
arrangement and with time. The commonly used Faraday's right-hand rule, illustrated in Figure 3.21,
describes the relationship of the these principal vectorial quantities: the thumb points the direction of the
velocity of the moving conductor (v), the index finger points the direction of the magnetic flux density (B),
and the middle finger points the direction of electric current flow or the electric field (E).

Figure 3.21 Faraday's right-hand rule in electromagnetism.

The design of devices that involve electromagnetism requires the use of mathematical models in the forms
of differential equations. The following four Maxwell's equations are applicable for this purpose.

Maxwell's first equation

where  = the permittivity or dielectric constant of the medium between the conductor and the magnetic
field, and ρ = the charge density in the conductor.

Maxwell's second equation

Maxwell's third equation
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where H = magnetic field intensity and J = electric current flow.

Maxwell's fourth equation

where B = the magnitude of vector B, referred to as the magnetic flux density.

These above four Maxwell's equations allow the derivation of the equation that is widely used in
determining the electric field E:

in which the constant c is the speed of light.
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3.7 Application of Vector Calculus in Rigid Body Dynamics
We will focus this section on the use of vector calculus in an elementary level of rigid body dynamic
analysis. Dynamic analysis is a special branch of solid mechanics and is an important part of the design of
any moving machine or structure, regardless of their size from giant space stations and jumbo jet
airplanes to small components of sensors and actuators at the minute scale of micrometers (Hsu, 2002,
2008).

Dynamics involves both kinematics and kinetics of moving solids (Beer et al., 2004). Kinematics is the
study of the geometry of motion. It relates displacement, velocity, and acceleration of moving solids at
given times. However, it does not deal with the cause of the motion. Kinetics relates the forces acting on a
moving rigid body, the mass of the body, and the motion of the body. It is also used to predict the motion
caused by given forces or to determine the forces required to produce a given motion.

This section will focus on the kinematics of rigid bodies in motion and the coverage will be confined to
planar motions. As indicated, kinematic analysis of moving rigid bodies involves the determination of the
instantaneous positions, velocities, and accelerations of those moving rigid bodies. Accelerations (or
decelerations) of moving bodies are the sources of dynamic forces according to Newton's second law.
Often vector calculus is used in determining acceleration in the subsequent kinetic analysis of moving
bodies.

Since the following presentation is intended to illustrate the application of vector calculus in dynamics
analysis of solids, we will make no distinction between the terminologies of “particles” and “rigid bodies.”
In this sense, the mass of the rigid bodies in the subsequent analyses is neglected as would be done in the
case of “particle dynamics.”

Most of the mathematical formulations are available in two major references: Beer et al. (2004) and
Hibbler (2007).

3.7.1 Rigid Body in Rectilinear Motion
In general, a rigid body in motion is characterized by its instantaneous position denoted by a position
vector r, the velocity vector v, and the acceleration vector a.

Figure 3.22 illustrates a rigid body in rectilinear motion. This motion takes place along a straight line as
shown in the figure.

Figure 3.22 Rectilinear motion of a rigid body.

The rigid body is originally located at point 0 in the coordinate system shown in Figure 3.22. It travels to a
new position at point a in time t. We may thus define its new position by the position vector function r(t),
which can be written

in which i is the unit vector along the x-coordinate direction, and S(t) is the distance that this body has
traveled from point 0 to point a in time t.
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Figure 3.22 further indicates that the average velocity vector function of the rigid body v(t) is

where v(t) is the magnitude of the velocity vector v(t) at time t. The acceleration vector function a(t) for
the moving body may be expressed as

in which a(t) is the magnitude of the acceleration vector a(t).
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Example 3.15

A rigid body is traveling along the x-axis as shown in Figure 3.22. Assume that the instantaneous
position of the body may be represented by a function , x in meters and time t in
seconds. Assume the mass of the body is negligible; determine the vector functions of the velocity
and acceleration of the moving rigid body.

Solution:

With the magnitude of the position vector , we may use Equation 3.35b to
determine the magnitude of the velocity vector function v(t) and Equation 3.35c for the
magnitude of the acceleration vector function a(t) as shown in Equation (a):

The vector functions of the velocity and acceleration of the moving rigid body thus can be
expressed in Equations (b) and (c), respectively:

Figure 3.23 shows the variation of the magnitudes of the instantaneous position vector x(t), the
velocity vector v(t), and the acceleration vector a(t) using the functions derived in Equations (a),
(b), and (c).

Figure 3.23 Vector functions of instantaneous position, velocity, and acceleration in rectilinear
motion of a rigid body. (a) Instantaneous position. (b) Instantaneous velocity.(c) Instantaneous
acceleration.
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The magnitude of the position vector x(t) in Figure.3.23a increases to the maximum value of 49 m at time
t = 3.67 seconds, and decreases thereafter. A similar trend appears in the velocity along the same direction
as shown in Figure 3.23b. The acceleration a(t), however, decreases continuously from the beginning of
the motion and in a dictated linear fashion, as expressed in Equation (c) and illustrated in Figure 3.23c.

Another noteworthy feature is that all the three principal quantities—the position vector function r(t), the
velocity vector function v(t), and the acceleration vector function a(t)—lie in the same line (or on the same
path) at all times in rectilinear motions of rigid bodies.

3.7.2 Plane Curvilinear Motion in Rectangular Coordinates
The analysis of rigid body dynamics along curvilinear paths is much more complicated than that of
rectilinear motion as presented in Section 3.7.1 and Example 3.15. Figure 3.24a illustrates a rigid body
traveling along a curved path with its initial position at point P0(u) where u represents a scalar variable,
either in coordinates represented by x, y, z or/and time t. The corresponding position vector of its initial
location is r(u) according to the definition in Figure 3.24 with an arbitrarily chosen reference point 0. The
sequential positions of the body along the curved path are given by the corresponding position vectors
defined by the increment in variable u as shown in Figure 3.24a. The shift of the position vector between
two adjacent variables u and (u + Δu) is illustrated in Figure 3.24b, with the curved path situated in the x–
y plane.

Figure 3.24 Rigid body moving along a curved path. (a) Motion on a curved path. (b) Change of a
position vector with variable u.

Figure 3.25a illustrates a rigid body traveling along a curved path in the x–y plane, with Figure 3.25b
showing the variation of the position vectors with time t. From this we may derive the position vector
function r(t) representing the “continuous” variation of the position of the moving body in Figure 3.25a
with respect to time. The rate of the change of this position vector in Figure 3.25b can be mathematically
expressed as follows:

in which the position vector has the form

in a rectangular coordinate system defined by x- and y-coordinates.
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Figure 3.25 Rigid body moving along a curved path in the x–y plane. (a) Traveling on a curved path. (b)
Change of position with time t

The velocity vector function can be expressed using Equation 3.35b as

and the acceleration vector function using Equation 3.35c as

A graphical representation of Equations 3.37a,b,c is shown in Figure 3.26, in which the point P moves
along a path S with time t and the position vector r(t) is as given in Equation 3.37a. The velocity vector
v(t) at position P is along the tangent of the curved path at P, and is perpendicular to the position vector r.
The curved path that is made up by the tips of the arrowheads of velocity vector v is called the
“hodograph.” Since the acceleration vector a is a derivative of the velocity vector v, as shown in Equation
3.37c, we may observe that the acceleration vector a is along the tangent of the hodograph but not the
path on which the solid moves. Consequently, it is important for engineers to recognize that the
“hodograph” does not coincide with the curved path on which the rigid body travels, as illustrated in the
insert of Figure 3.26

Figure 3.26 Position, velocity, and acceleration vectors of a rigid body moving on a curved path.
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A moving rigid body with a position vector  in a plane defined by rectangular
coordinates x and y and with i and j being the unit vectors along the respective x- and y-
coordinate directions. If r(t) has units of meters and the time t in seconds, find the velocity vector
v and acceleration vector a, and their respective magnitudes at t = 3.

Solution:

The given position vector indicates the coordinates at which the rigid body is situated:

We may find the corresponding velocity vector and acceleration vector from Equations 3.37b and
3.37c, respectively:

The magnitude of the velocity vector is

and the magnitude of the acceleration is

which give the magnitudes of the velocity and acceleration at t = 3 as

and

3.7.3 Application of Vector Calculus in the Kinematics of Projectiles
The kinematics of projectiles is a unique class of problems in which a rigid body (the projectile) is
launched upward into the atmosphere with an initial velocity and at a positive launch angle. The
kinematic analysis of the motion of the projectile will establish how high and how far it will travel with
negligible air resistance but subject to gravitational acceleration (g) at all times.

Figure 3.27 illustrates the flight path of a projectile, in the course of which its velocity vector v will change
not only in magnitude but also in direction along the flight path (shown with a dashed line) under the
influence of gravitational acceleration g expressed by the acceleration vector , which acts in a
vertically downward direction.
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Figure 3.27 Flight path of a projectile.

We may also observe from Figure 3.27 that the projectile is launched into motion with the initial velocity
v0, which has components along the x- and the y-coordinate directions in the x-y plane. This velocity
vector may be expressed as

where i and j are the unit vectors along the x- and y-coordinate directions, respectively. We may readily
express the magnitudes of these components of the initial velocity as

where θ is the angle at the launching of the body. It is often referred to as the “jump slope angle.” Figure
3.27 shows the continuous variation of the position of the projectile along the flight path. We write the
position vector function r(t) of the projectile at an arbitrary position P(x,y) at time t in the form

in which x(t) and y(t) determine the distance the projectile travels and also the maximum height it will
reach. We realize that the variation of function x(t) is independent of that of y(t) and vice versa.

We will thus handle our kinematic analysis of the motion of the projectile in separate directions along the
x- and y-coordinate directions with reference to the coordinate system shown in Figure 3.27 in the
following analysis.

As mentioned at the beginning of this subsection, kinematic analysis deals with finding the trajectory (i.e.,
flight path), the maximum height that the projectile will reach, and the range with the given initial velocity
of the projectile v0 and the “jump slope angle θ.” The following equations may be used in such an analysis
for a projectile flying in a plane defined by an x–y coordinate system as illustrated in Figure 3.27.

One may begin the analysis with the known acceleration of the projectile—that is, the gravitational
acceleration , where  in the traditional system (“English” units), or 9.81 m/s2 in
the SI or metric system of units. We may obtain the velocity vector function using the following expression
relating to Equation 3.37c:

where c1 is the integration constant that can be determined by the available initial velocity vector function
v(0).

Likewise, the trajectory of the projectile represented by the position vector can be determined using



in which the integration constant c2 can be determined by the initial position of the projectile at r(0).

The expression for r(t) in Equation 3.40 will lead to the solution for the instantaneous location of the
projectile, given by x(t) and y(t) in Equation 3.38, thereby allowing determination of the maximum height
of the projection ymax at time tm from the following equations:

The time at which the projectile returns to the ground (te) can be obtained by solution of the equation
x(te) = 0. This time te is also used to determine the range of the projectile as x(t) evaluated at te.
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Example 3.17

A projectile is launched at the origin of a rectangular coordinate system (x–y) as shown in Figure
3.28 with an initial velocity V0 = 200 m/s at a jump slope angle θ = 30°. Determine the
following:

a. The instantaneous position vector function of the projectile r(t).

b. The maximum height the projectile attains ym.

c. The range R.

d. The impact velocity ve.

Figure 3.28 The path of a projectile in a rectangular coordinate system.

Solution:

We realize that in addition to the given initial velocity and the jump slope angle, we also know the
acceleration vector , or  of the projectile. We may express the
initial velocity vector using these specified conditions as

The velocity vector function v(t) of the projectile may be obtained using Equation 3.39:

The constant c1 in Equation (b) may be determined using the initial velocity as expressed in
Equation (a), or . Consequently, the velocity vector function of the projectile
can be expressed as

a.

Determine the instantaneous position of the projectile, or the position vector
function r(t).

We may use Equation (3.40) to derive the expression of the position vector function r(t) as
follows:



d

e

f

g

The constant c2 in Equation (d) may be determined by using the initial condition that r(0) =
0, leading to c2 = 0. Consequently, we have

The general expression of the position vector function  as shown in
Equation 3.38 leads to the following two expressions for the magnitudes of the components
x(t) and y(t) of the position vector of the projectile from Equation (e):

b. Determine the maximum height of the moving projectile.

We may first use the function y(t) in Equation (g) to determine the time tm required to gain
the maximum attainable height of the projectile, that is, the maximum value, y(tm) or ym.
This requires the calculus techniques for finding the maximum or minimum value of a
function. In the present case, we need to solve the following equation:

leading to the equation 100 − 9.81tm = 0, from which we solve for tm to get tm = 5.0968 s. To
ensure that this tm would result in y(tm) to be the maximum of the function y(t), we will need
to show that

Thus, we have obtained the maximum attainable height of the projectile:

c. The attainable range (R)

We will need first to find the time that the projectile requires to touch down on the ground
again. Mathematically, this means that y(te) = 0, where te is the required time that can be
obtained by solving the following equation:

The solution of the above equation is te = 20.3874 s (the other solution te = 0 is not realistic).
The range of the projection can thus be obtained from the expression for x(te) in Equation (f)
as

d. The impact velocity (ve)

Now that we have determined the time of the impact ( ), we may determine the



impact velocity vector by evaluating the velocity vector function in Equation (c) at this
instant as

The magnitude of the impact velocity is

The direction of the impact velocity is θ = tan−1(100/173.21) = −18.43o from the x-coordinate.

3.7.4 Plane Curvilinear Motion in Cylindrical Coordinates
In Section 3.2, we presented a position vector in both rectangular coordinates defined by (x,y,z) and a
cylindrical coordinate system involving (r,θ,z) coordinates in Figures 3.3a and 3.4b. In this section, we
formulate the kinematics of a rigid body traveling in a plane defined by the r–θ coordinates, as illustrated
in Figure 3.29a.

Figure 3.29 Vectors in plane cylindrical coordinate system. (a) A plane defined by r–θ coordinates. (b) A
position vector in the r–θ plane.
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Instead of using the unit vectors i, j, and k in the rectangular coordinate
systems as illustrated in Figure 3.3b, we define the unit vectors in an r–θ
coordinate system as
ur =

the unit vector along the r-coordinate
uθ =

the unit vector along the coordinate that follows the trend of the positive θ-coordinate (i.e., in the
counterclockwise direction) in the direction that is perpendicular to the r-coordinate.

The directions of both these unit vectors are illustrated in Figure 3.29b. One should note that the
directions of these unit vectors vary with change of the position vector with respect to time t.

Thus, by following the definition of unit vectors as stipulated in Equation (3.3), the current position vector
of the rigid body r(r,θ) can be expressed as

where r is the radial distance of the curved path along which the rigid body travels.

The position vector is a function of time t, or r(t), and the corresponding time-varying unit vector
functions are ur(t) and uθ(t), leading to the following position vector functions such as

for the time-varying position vector r(t), where r(t) is the magnitude of the vector r(t) at time t.

We may also derive expressions for the velocity vector function by using Equation 3.37b:

The rate of change of the radial unit vector in a cylindrical coordinate system (r,θ) with respect to time (t)
i.e., , in Equation 3.42b is derived from the situation in which the rigid body moves from position P
to P′, together with the movement of the unit vector function ur(t) as illustrated in Figure 3.30a. The
same movement results in a variation of the angular movement with an increment of Δθ from θ to θ′.

Figure 3.30 Variation of unit vector functions in plane cylindrical coordinates. (a) Displacement of a
body from P to P′. (b) The net increase of unit vector ur(t).

In Figure 3.30b, we observe that the position vector function of the body at P′(t) may be related to its
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previous position vector function by the following relationship:

where Δur(t) is the difference between the unit vector  at the current location P′ and ur at the previous
location P.

But on the assumption of a small displacement of the body in a continuous variation process, the
corresponding distance that the body has traveled  is also very small, giving the arc , where ρ is
the radius of the curved path and Δθ is the angle corresponding to the arc. Consequently, since Δur(t) is
very small in its magnitude, we may legitimately relate the increment of the unit vector function ur(t) to
the unit vector function uθ(t) as illustrated in Figure 3.30a as

where Δθ is the corresponding variation of the θ-coordinate associated with the shift of the position vector
from position P to P′ as shown in Figure 3.30b.

Equation 3.43 leads to the following formulation for the derivatives of the unit vector functions:

from which we may derive a useful expression that relates the two unit vectors in a cylindrical coordinate
system:

By substituting the relationship in Equation 3.44 into Equation 3.43, we may obtain the velocity vector
function in the r–θ coordinate system, corresponding to Equation 3.42b in the form

We thus have the magnitude of the following two velocity components as

where vr(t) and vθ(t) are the magnitudes of the velocity vector v(t) along the respective radial and
tangential directions in a cylindrical coordinate system.

The magnitude of the velocity vector at time t is thus

The derivation of the acceleration vector function may begin with the relationship of the acceleration
vector function  and the velocity vector function v(t) as expressed in Equation 3.45.
Differentiating v(t):

Again, we will need to formulate the derivative of  in Equation 3.48. This can be done similarly to what
we did for the expression of  in Equation 3.44.

Figure 3.31a illustrates the displacement of the transverse unit vector uθ associated with the travel of the
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particle from P to P′ along the path S. We note that although the magnitude of vector uθ remain
unchanged, its direction has varied from θ to θ′ by an amount Δθ, as indicated in Figure 3.31b with a shift
that is equal to . We may use a similar argument on small displacement of the body moving
along the path S; the variation of the magnitude of the unit vector uθ with a change of the angle θ is

or in terms of the magnitudes of the unit vectors:

In view of the fact that the magnitudes of both unit vectors uθ and ur are by definition unity—that is, 
 —the above expression may be written

which leads to the following equality:

One will note that the negative sign added to the right-hand side of Equation 3.49 makes the vector Δuθ in
opposite direction to the positive direction of vector ur as indicated in Figure 3.31b.

Figure 3.31 Variation of the transverse unit vector function. (a) Displacement of unit vector uθ. (b)
Corresponding variation of unit vector uθ.

Recognizing that  in Equation 3.48 is the derivative of the transverse unit vector uθ with respect to the
time variable t, we may express it using in Equation 3.49 as

Thus, by substituting the term  in Equation 3.48 with  in Equation 3.50, we obtain the
following expression for the acceleration vector function:

in which the magnitudes of the acceleration in the respective radial and tangential directions ar and aθ are

The magnitude of the acceleration vector in Equation 3.51 can thus be obtained using Equation 3.53:
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Equation 3.52a indicates that ar is the coefficient of the unit vector ur along the r-coordinate, as
expressed in Equation 3.51. It also represents the magnitude of the component of the acceleration vector a
along the radial direction in a cylindrical coordinate system. The vector ar at time t is shown in Figure
3.32. Likewise, aθ in Equation 3.52b is the magnitude of the vector aθ, which is the component of the
acceleration vector a in the transverse, or tangential direction in the same cylindrical coordinate as shown
Figure 3.32. The term  in Equation (3.52b) is referred to as the angular acceleration in analysis.

Figure 3.32 Acceleration vector in a cylindrical coordinate system.
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An automobile is traveling along a section of road of circular curvature with radius r = 25 m at
the location and instant as shown in Figure 3.33. The rate of change of its angular displacement is

, with an angular acceleration of . Determine the magnitude of the
automobile's velocity and acceleration at this instant.

Figure 3.33 A vehicle traveling along an arc.

Solution:

The position vector of the vehicle at time t is

in which r and θ are the components of the position vector r(t) in the radial direction and the
angle from the reference shown line in Figure 3.33, with the angular velocity being 
and the angular acceleration .

We will use Equations 3.46a and 3.46b to determine the radial and tangential velocity
components as follows:

Thus, the magnitude of the velocity vector of the moving automobile at the time t is

The radial and tangential components of the acceleration vector of the vehicle may be computed
using Equations 3.52a and 3.52b:

The negative sign attached to value of ar in the above expression indicates that this component of
the acceleration is in the opposite direction to the positive r-coordinate. The tangential
component according to Equation 3.52b is



The magnitude of the acceleration vector is thus equal to:

The angle  that the direction of the acceleration vector a makes with the radial direction r in
Figure 3.33 is

Note that the acceleration of the vehicle is not in the same direction as the velocity of the vehicle,
as illustrated in Figure 3.34, with its radial component pointing toward the center of the arc.

Figure 3.34 Magnitudes of the components of the acceleration vector of a vehicle traveling
along a circular road.

3.7.5 Plane Curvilinear Motion with Normal and Tangential Components
We have demonstrated in the foregoing sections that of the three principal physical properties involving a
rigid body in motion along a curvilinear path, both the position vector r and velocity vector v moving in
trajectories along the tangent of the path S, but the acceleration vector a is in the direction of tangent to a
hodograph that does not coincide with the path S, as illustrated in Figure 3.26 and Figure 3.32.

It is often desirable to express the acceleration vectors with their components in both the radial and
tangential directions in a kinematic analysis of moving rigid bodies. We may derive expressions for such
components from the acceleration vector function in general curvilinear motion in cylindrical coordinates
as presented in Equations 3.48 and 3.52a, b.

Figure 3.35a shows the cylindrical coordinates (r,θ) and the two unit vectors along the linear coordinate r
and the angular coordinate θ. We will derive expressions for the magnitudes of acceleration vectors along
the linear radial direction r, and the tangential component normal to the r-coordinate as illustrated in
Figure 3.35b.
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Figure 3.35 Plane curvilinear motion in a cylindrical coordinate system. (a) General curvilinear motion.
(b) Showing the radial and tangential components

We begin the derivation of expressions for the two components ar and aθ of the vector a in Figure 3.35b
by combining Equations 3.48 and 3.52a,b.

Equation 3.51 gives the acceleration vector function in the form

in which the magnitude of the component along the r-coordinate at time t has the form  and
that of the component along the θ-coordinate has the form , as shown in Equations 3.52a
and 3.52b, respectively.

Now, since the velocity of the traveling rigid body is along the tangential direction of the given curved path
as shown in Figure 3.35b, we may write the velocity vector as , in which v(t) is the
magnitude of the velocity vector v(t) and uθ(t) is the unit vector in the θ-coordinate direction.

The corresponding acceleration vector function a(t) can thus be obtained as the following derivative of the
velocity vector with respect to time:

We may substitute the proven relationship  from Equation (3.50) into the above
expression and obtain

The acceleration vector function a(t) expressed in Equation (3.54) may be written in the following typical
vector form:

in which ar = an= the magnitude of normal component of the acceleration, and aθ = at = the magnitude of
tangential component of the acceleration vector. Comparing the above expressions with those in Equation
3.54 with  and , and from Equation 3.46b, we have the magnitude of velocity component
in the tangential of the paths as , from which we obtain

Here we equate vθ = v because the rigid body travels with a velocity v(t) along the tangent of the path.

We may thus express the magnitudes of the normal and tangential components of the acceleration in the
following forms:
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The negative sign in Equation 3.55b indicates that the normal acceleration component has a direction
toward the center 0 in Figure 3.35b.

The magnitude of the normal acceleration component Equation 3.55b results in the same value of 
 with  as in Example 3.18.



a

b

Example 3.19

An automobile travels on a circular track with a radius of 25 m as shown in Figure 3.36. If the
magnitude of the velocity vector function of the vehicle is , and the starting
location of the vehicle is as shown in the figure, determine the following:

a. The magnitude of the acceleration of the vehicle at 4 seconds from standstill location.

b. The distance and the number of laps that the car has traveled in 10 seconds.

Figure 3.36 A vehicle traveling on a circular track.

Solution:

We may begin our solution with the given magnitude of velocity vector function v(t), which is 
, from which we may obtain the magnitude of the tangential component of the

acceleration vector function:

a.

The acceleration at time t = 4 seconds

The tangential component . The magnitude of the radial (or
normal) component of the acceleration at time t = 4 s is obtained using the expression in
Equation (3.55b), as

or 43.56 m/s2 toward the center of the circular track.

The magnitude of the acceleration vector of the vehicle at t = 4 s can thus be computed from
the two components in Equations (a) and (b) as

b.



The distance traveled by the vehicle at time t = 10 seconds

The distance S(t) that the vehicle has traveled after time t can be computed from the
relationship , which leads to

with the given velocity vector function v(t).

We may thus compute the distance traveled by the vehicle after 10 seconds to be

The equivalent number of laps that the vehicle has traveled is



Example 3.20

Figure 3.37a illustrates a baggage conveyor in a major airport in Germany. We assume that a box,
shown in gray in Figure 3.37b, is being transported from the exit of the collection station by the
moving conveyor. Approximate dimensions and the motion of the conveyor are illustrated in
Figure 3.37b. We further assume that the conveyor is designed to move the baggage from zero
initial velocity at entry location 0 with acceleration a(t) = 0.001t m/s2 between location 0 and
point c, but that it moves the baggage at a constant velocity with no acceleration thereafter.
Determine the following:

a. The velocity of the box baggage at locations a and c.

b. The acceleration and its direction of the baggage at the same locations.

c. The time required for the baggage to reach point c.

d. The time required for the baggage to return to the collection station at 0′ if it is not picked
up by any passenger.

e. The time for a complete excursion.

Figure 3.37 Baggage transportation conveyor. (a) An airport baggage transportation conveyor
in Frankfurt, Germany. (b) Dimensions and travel of a piece of baggage [here a box].

((a) Photograph courtesy of Frankfurt-Hahn Airport.)

Solution:

We need to find the velocity vector function of the baggage that will lead to the computation of
the distance the box has traveled from location 0 to point c. The magnitude of the tangential
velocity vector function vt(t) can be found from the following expressions:

We are given the magnitude of the acceleration vector function , but this
acceleration component is related to the rate of change of the velocity vt(t) as given in Equation
3.37c with

which yields an expression for the magnitude of the velocity vector function vt(t) by integration:



a

b

From this the velocity function is

If we let S(t) be the distance that the box has traveled from the starting point 0 after time t, the
relation vt(t) = dS(t)/dt will let us calculate S(t):

which results in

We are now ready to deal with the specific problems in the example.

a.

Determination of velocity of the box at locations a and c and the time required
for the box to reach these two locations

We may use the relationship shown in Equation (b) to compute the time for the box to reach
locations a and c by the distance S traveled.

If we let the time required for the box to reach location a to be ta with a distance of travel
S(ta) = 10 m, we can compute ta = [10/(1.67 × 10−4)]1/3 = 39.12 seconds. Likewise, the time
for the box to reach location c from the entry location 0 is tc, with S(tc) = 10 + 2πr/4 = 10 +
(2 × 3.14 × 2.5)/4 = 13.925 m, giving tc = [13.925/(1.67 × 10−4)]1/3 = 46.69 seconds.

With ta = 39.12 seconds and tc = 46.69 seconds, we may compute the velocity at locations a
and c using Equation (a) as follows.

At location a:

and at location c:

b.

The acceleration of the box at locations a and c

The acceleration can be determined from the given acceleration at(t) = 0.01t with ta = 39.12 s
and tc = 46.69 s as follows.

At location a:

and at location c:

However, location c is on a curvilinear path with a radius of curvature r = 2.5 m. Thus, using
Equation 3.55b, we may compute the magnitude of the normal component of the acceleration:



The magnitude of the acceleration at location c is thus

c.

The time required for the baggage to reach point c.

The time required to pass location c is tc = 46.69 seconds.

d.

The time required for uncollected baggage to return to the collection station at
0′

We realize that the conveyor moves the baggage with no acceleration beyond location c—that
is, the box moves at constant speed from location c to the end location 0′. The speed for the
remaining portion of the movement is the speed at location c, or v = 1.09 m/s.

The time required to move the box from location c to 0′ can be computed with tc–0′ = S c–

0′/v = (10 + 2πr/4)/1.09 = 12.78 seconds.

e.

The time for a complete excursion

The time for the entire excursion of the box movement by this particular conveyor is thus
equal to t = tc + t c–0′ = 46.69 + 12.78 = 59.47 seconds ≈ 1 minute.



Problems
3.1 Given two vectors A = 2i + 3j+ 4k and B = i + 2j +3k, compute the following: (a) A + B; (b) A − B;
(c) B − A; (d) A·A; (e) A·B; (f) A × B. Compute also the magnitudes of each of resultant vectors in
each case.

3.2 Express the position vector r for a point P(x,y,z) in terms of the unit vectors i, j, and k in a space
defined by a rectangular coordinate system with coordinates x, y, and z. Also, compute the magnitude
of this vector.

3.3 Illustrate the position vectors related to point P1(3,5) in an x–y rectangular coordinate system, and
P2(3,5,8) in a rectangular coordinate system employing x-, y-, and z-coordinates.

3.4 For position vectors r1 for point P1(3,5,4) and r2 for point P2(1,0,3) in a rectangular coordinate
systems employing x-, y-, and z-coordinates, show graphically (a) r1 + r2; (b) r1 − r2; (c) the
magnitudes of the resultant vectors in each case.

3.5 Calculate the dot product of two position vectors, r1 for P1(3,5,4) and r2 for P2(1,0,3), and
determine the angle between these two vectors.

3.6 Find the magnitude of a position vector r with coordinates (2,3,5) in a 3D space as shown in
Figure 3.3a. Express the position vector in terms of the unit vectors i, j, and k, and determine the
angles α, β, and γ defined in Figure 3.4b.

3.7 Find the magnitudes of the two vectors A and B in Problem 3.1 using unit vectors i, j, and k
defined in Figure 3.3b, and the angles α, β and γ between these two vectors as defined in Figure 3.4b.

3.8 Given a vector C = 3i −2j +4k, determine A·(B × C), with vectors A and B as defined in Problem
3.1.

3.9 Prove the following: (a) A·B = B·A; (b) A × B ≠ B × A; and (c) i·j = j·k = k·i = 0; (d) i·i = j·j = k·k
= 1.

3.10 Use vector representations to determine the volume of the parallelepiped solid shown in Figure
3.38 with lengths of the sides A = 5 units, B = 8 units, and C = 4 units.

Figure 3.38 Volume of a parallelepiped solid.

3.11 A rigid body moves along both the x- and y-coordinate directions according to the functions x(t) =
cos(5πt) and y(t) = 3 sin(πt). Find the magnitude and direction of the velocity and acceleration vectors
at t = 0.25.

3.12 If vector A = (x2 sin y)i + (z2 cos y)j − (xy2)k, determine the following:

a. ,

b. ,



c. ,

d. dA

3.13 If vector A = xzi −y2j +2x2yk and  = x2yz2, determine the following:

a. ,

b. ,

c. ,

d. div( A),

e. curl( A).

3.14 If  = 2x2y − xz3, find:

a. 

b. 

3.15 Consider a projectile traveling in a space defined by a rectangular coordinate system with x-, y-,
and z-coordinates. Unit vectors i, j, and k along the respective x-, y-, and z-coordinate directions are
used in the analysis. The position of the projectile may be expressed by the position vector r = (25 cos
t)i + (12 sin t)j + (9t)k, in which t is time in seconds and the unit of the magnitude of this position
vector is meters. Determine the following:

a. The magnitude of the velocity vector v.

b. The expression for the distance (S) the projectile has traveled.

3.16 An airplane starts from an airport located at the origin 0 in Figure 3.39 and follows the pattern as
illustrated for its flight. It begins the flight of 150 miles in the direction 20° northeast to A. From A, the
airplane then flies 200 miles in direction 23° northwest to B, and from B it flies 240 miles in the
direction 10o southwest to C. Determine the distance between location C and its original location 0 in
terms of a position vector r as shown in Figure 3.39.

Figure 3.39 Flight path of an airplane.

3.17 A rigid body is moving along a curved path y = x − (x2/100) in the plane defined by an x–y
rectangular coordinate system, in which x and y in the above function are in units of meters. The
magnitude of the velocity component along the x-coordinate is vx = 0.9 m/s and remains constant.
Determine the velocity and acceleration vectors when x = 8 m.

3.18 A jet fighter airplane is dropping a bomb to hit the target on the ground as illustrated in Figure
3.40. The airplane flies horizontally over the target area at an altitude H at a constant velocity V. Use



the vector calculus method with H = 320 m and V = 600 km/h to determine:

a. The horizontal distance the dropped bomb travels relative to the point from which it was
dropped.

b. The line-of-sight angle θ at which the bomb should be released in order to hit the target
indicated in Figure 3.40?

Figure 3.40 A jet airplane bombing a target on the ground.

3.18 Assume that the aerodynamic drag on the falling bomb is negligible.

3.19 A jet fighter airplane travels along a vertical parabolic path as shown in Figure 3.41. The airplane
travels at a speed of 180 m/s with an acceleration of 0.5 m/s2. Compute the magnitude and the
direction of the acceleration of the airplane at point A in the figure.

Figure 3.41 Flight path of a fighter jet.

3.19 Hint: The radius of curvature r of a curve in the x–y plane may be obtained with the expression

3.20 In Example 3.20, the maximum velocity of the baggage on a transportation conveyor was 1.09
m/s at the farthest location, point C in Figure 3.37b. What value for the acceleration of the conveyor
would reduce the maximum velocity to 0.5 m/s at the same location C?
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