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4.1 Introduction to Linear Algebra and Matrices
Linear algebra is concerned mainly with systems of linear equations, matrices, vector space, linear
transformations, eigenvalues, and eigenvectors. It is widely applied to other areas of mathematics and to
other various disciplines of engineering and science (Hogben, 1987).

Linear functions are often used to represent straight lines. For example, the function  is
used to represent a straight line in the x–y plane, in which m and b are constants, with m representing the
“slope” of the straight line and b the intercept of the line with the y-axis as illustrated in Figure 4.1.
Equations involving linear functions are linear equations.

Figure 4.1 Linear functions.

Engineers need to deal with various types of equations; some are linear and others are nonlinear. For
instance, Equation 4.1 is linear:

with x1, x2, x3, and x4 being the unknown quantities.

At least one unknown being of a higher power, such as in Equations 4.2a, results in this type of equations
being nonlinear:

Other nonlinear equations may have the forms:

There are occasions in which engineers need to solve simultaneous linear equations with unknowns x1, x2,
and x3, such as

One may readily solve the simultaneous equations in Equations 4.3 for the roots x1 = 1, x2 = 0.5, x3 = 2
using Cramer's rule.

Engineers are often required to solve large number of simultaneous linear equations, such as shown in
Equation (4.4):
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In Equation (4.4), aij with subscripts i = 1, 2 , 3,…, m and j = 1, 2, 3,…, n, are constant coefficients, xj with j
= 1, 2, 3,… , n are the unknowns to be solved for from the equations, and rj with j = 1, 2, 3, …., n are the
given constants in each individual equation.

Engineers may be expected to solve large numbers of simultaneous linear equations, exceeding 100 000
for problems relating to complex geometry, loading, and boundary conditions, such as when assessing the
stresses near sharp crack tips in solid structures using the finite-element method (Hsu, 1986). In reality,
almost all modern numerical analytical methods commonly used in engineering analysis, whether the
finite-element method (FEM) such as presented in Chapter 11, finite-difference method (FDM) presented
in Chapter 10, or boundary element method (BEM) require effective and efficient ways of handling large
numbers of data associated with a large number of simultaneous equations. Modern digital computers,
with their super-fast speed in performing arithmetic operations and enormous data storage capabilities,
are the only practical equipment for handling these analyses. However, digital computers with the current
state-of-the-arts are not intelligent enough to handle functions, even the simple exponential or
trigonometric functions, without having them converted into simple arithmetic operations. The same
process is required to convert simultaneous linear or differential equations for solutions. The means of
such conversions—the use of algorithms—is necessary in virtually all engineering analyses; matrix
techniques are a viable tool in developing algorithms for analytical problems involving large number of
data in the analyses.
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4.2 Determinants and Matrices
Determinants and matrices are the logical and convenient choice for representation of large quantities of
real numbers, variables, and vectors involved in engineering analyses. These entities are arranged in
arrays in rows and columns such as shown below:

in which a11, a12,…, amn represent groups of data that may include real numbers, variables, and vector
quantities expressed in a number of rows (m) and columns (n). The location of individual data in these
arrays is defined by the subscripts i and j—for instance, aij, with i and j denoting the respective row and
column numbers at which this particular data is located in the array.

Consequently, we may express the above data set in the following forms with an equal number of rows and
columns:

or

The form of an array of data enclosed within two vertical lines in Equation (4.5) is referred to as the
determinant of the data set, whereas Equation (4.6) with the data set enclosed in square brackets is the
matrix of the same data set. Both determinant and matrix involve data sets designated by subscripts i = 1,
2, 3, …., m and j = 1,2,3, .., n, in which m denotes the row numbers and n the column numbers.

The difference between the determinant and the matrix of the same data set is that a determinant can be
evaluated to a single number, or a scalar quantity, but this is not the case for matrices—matrices cannot be
evaluated to single numbers or variables. Matrices represent arrays of data and they remain so in
mathematical operations throughout engineering analyses.

4.2.1 Evaluation of Determinants
The evaluation of determinants begins with the application of a simple rule for the simplest form of 2 × 2
determinants of the type:

The data in this determinant has two rows and two columns—that is, m = 2 and n = 2. Its numerical value
may be obtained by summing the cross products of the elements in the determinant according to the
following rule:
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Example 4.1
Determine the value of the determinant

Solution:

The value of the determinant may be calculated using Equation 4.8 as

For determinants that have more than 2 × 2 data, the process of evaluating the determinants
will be to reduce the full determinant to a summation of subdeterminants of size 2 × 2, and
apply the aforementioned rule to obtain the value of the determinant in the same way as
illustrated in Example 4.1.
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Example 4.2
Evaluate the following 3 × 3 determinant:

Solution:

We observe that the above 3 × 3 determinant has the elements , , ; 
, , ; , , . We will attempt to reduce it to a group

of 2 × 2 determinants, and thereafter apply the simple rule of cross products for the solution.

A general rule for the size reduction process is to use the formula

where the superscript n denotes the reduction step number. Determinant  is the
determinant of  after the n-step reduction in size. The elements  in these matrices are in
the determinants that exclude the elements in the ith row and jth column in the previous
matrices. The symbol s in Equation 4.9a denotes the row or column number of the determinant 

.

We further observe that the determinant to be evaluated in this example is 3 × 3, which requires
only one step to reduce the sizes of the determinants  to a group of subdeterminants of size
2 × 2:

An alternative way to evaluate a determinant (Zwillinger, 2003) is to sum over all permutations 
, with δ denoting the number of transpositions necessary to bring the sequence (i1,

i2, i3,…, in) back to the natural order (1, 2, 3,…, n) as shown below:

The following is an example of evaluating a 3 × 3 determinant using the alternative method given by
Equation 4.9b.



Example 4.3
Use Equations 4.9 and 4.10 to evaluate the determinant in Example 4.2.

Solution:

With the elements of the determinant identified in Example 4.2, using the expression provided
in Equation 4.10 we may evaluate the value of the determinant as follows:

We obtain the same answer as in Example 4.2.

4.2.2 Matrices in Engineering Analysis
As mentioned in Section 4.2, matrices cannot be evaluated to a single value. Rather they will always be in
the form of matrices. However, matrices can added, subtracted, and multiplied like vectors presented in
Section 3.4 in Chapter 3.
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4.3 Different Forms of Matrices
There are several different forms of matrix that engineers can use in expressing sets of data in logical
sequences. The following are eight commonly used matrices in engineering analysis.

4.3.1 Rectangular Matrices
A rectangular matrix consists of arrays of numbers or variables, termed “elements,” denoted by aij, with
the first subscript i indicating the row number and the second subscript j indicating the column number.
A general form of this type of matrix is shown below:

in which the subscript i = 1, 2,…, m, and the subscript j = 1, 2,…, n, where m is the total row number and n
is the total column number in matrix [A].

4.3.2 Square Matrices
Square matrices are a special case of the rectangular matrices shown Equation 4.11 where the total
number of rows m equals the total number of columns n. For instance, a 3 × 3 matrix can be expressed as

Square matrices commonly appear in engineering analyses.

4.3.3 Row Matrices
In a row matrix, the total number of row m = 1, with the total number of columns being n:

4.3.4 Column Matrices
This type of matrix is similar to the row matrix but with transposed numbers of rows and columns. In this
case, the total number of rows is m and there is only one column, or n = 1:

Column matrices, represented generally in Equation 4.14, often are used to express a vector quantity, with
the elements of this matrix representing the components of that vector quantity. For instance, a force
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vector in a three-dimensional space defined by (x, y, z) coordinate systems may be written

in which  are the components of the force vector along the x-, y-, and z-coordinate directions,
respectively.

4.3.5 Upper Triangular Matrices
A close look at the square matrix in Equation 4.12 will reveal that a diagonal line may be drawn through
elements in a square matrix, as in Figure 4.2.

Figure 4.2 Diagonal of a square matrix.

In an upper triangular or upper diagonal matrix, all the elements below the diagonal line are zero, as
illustrated for a 3 × 3 square matrix in Equation 4.15:

4.3.6 Lower Triangular Matrices
The lower triangular matrix is the opposite case to the upper triangular matrix; here all the elements
above the diagonal line are zero, as shown for a 3 × 3 square matrix in Equation 4.16:

4.3.7 Diagonal Matrices
In diagonal matrices, the only nonzero elements are those on the diagonals. Equation 4.17 shows an
example of a diagonal matrix of size of 4 × 4:

4.3.8 Unit Matrices
This type of matrix is a diagonal matrix with all the nonzero elements on the diagonal lines having a value
of unity (i.e. 1.0). Equation 4.18 shows a unit matrix of size 4 × 4:
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Unit matrices are usually represented by [I].

Unit matrices have the properties indicated in Equations 4.19a and 4.19b:

where α is a scalar or a real number.



4.4 Transposition of Matrices
Transposition of a matrix [A] is often required in engineering analysis. The transpose of [A] is denoted by
[A]T. Transposition of matrix [A] is carried out by interchanging the subscripts that define the locations of
the elements in matrix [A]. The mathematical operation of matrix transposition will achieved by letting 

. For instance, a column matrix in Equation 4.14 becomes a row matrix after transposition, as
shown below:

and a rectangular matrix can be transposed into another rectangular matrix:

Likewise, the transposition of a square matrix will result in another square matrix of the same size as
illustrated in Figure 4.3.

Figure 4.3 Transposition of a square matrix.
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4.5 Matrix Algebra
We saw in Section 4.1 that a matrix represents an array of real numbers or variables, or vector quantities.
Arithmetic operations of matrices, such as addition, subtraction, multiplication, and division cannot be
undertaken as for single numbers. The following rules apply when performing these arithmetic operations
between matrices.

4.5.1 Addition and Subtraction of Matrices
Addition or subtraction of two matrices requires that both matrices have the same size; that is, that they
have equal number of rows and columns. For example, the addition or subtraction of matrices [A] and [B]
with respective elements aij and bij can be carried out as

In which aij, bij, and cij are the elements of the matrices [A], [B] and [C] respectively.

4.5.2 Multiplication of a Matrix by a Scalar Quantity α
For multiplication of a matrix by a scalar quantity α, the following expression applies:

where cij are the elements of matrix [C].

4.5.3 Multiplication of Two Matrices
For the multiplication of two matrices they must satisfy the condition that

We translate this statement into a mathematical expression in Equation (4.22):

where the notations shown in the parentheses below the matrices denote the number of rows and columns
in each of these matrices.

The following recurrence relationship may be used to determine the element in the product matrix [C]:

for i = 1, 2,…, m, and j = 1, 2,…, n.



Example 4.4
Demonstrate the multiplication of two matrices [A] and [B], both of size 3 × 3:

Solution:

We first confirm that multiplication of these two matrices is possible by checking that the
number of columns of the first matrix [A] equals the number of rows of the second matrix [B].
This is the case, with three columns and three rows in each case. We may then proceed to
multiply these two matrices according to the recurrence formula provided in Equation (4.23).
The matrix [C] that is the product of matrices [A] and [B] thus takes the form



Example 4.5
Carry out the multiplication of a rectangular matrix [C] with 2 rows and 3 columns and a second

matrix {x} with 1 column and 3 rows.

Solution:



Example 4.6

Demonstrating the importance of the order of multiplication.

a. Multiplication of a row matrix with 1 row and 3 columns matrix and column matrix with 3
rows and 1 column:

(The product is a single number, or a scalar.)

b. Multiplication of a column matrix with 3 rows and 1 column and a row matrix with 1 row and 3
columns:

(The product is a square matrix.)
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Example 4.7

Multiplication of a square matrix with 3 rows and 3 columns and a column matrix of 3 rows and
one column:

(The product is a column matrix.)

4.5.4 Matrix Representation of Simultaneous Linear Equations
The general rule for multiplication of matrices and the result in Example 4.7 provide a powerful tool for
expressing simultaneous linear equations in matrix form; for example, Equations 4.3a,b,c can be
expressed in the following form:

In general, simultaneous linear equations can be expressed in the matrix form:

We may conveniently express the simultaneous linear equations in Equations 4.24a and 4.24b in the
following simplified form:

where matrix [A] is referred to as the “coefficient matrix,” {x} is the “unknown matrix,” and {r} is the
“resultant” matrix. The expression in Equation (4.25) is commonly used for solutions of large number of
simultaneous linear equations as will be presented in Section 4.7.3.

4.5.5 Additional Rules for Multiplication of Matrices
From the basic rule for multiplication of matrices in Section 4.5.3 we learned that not all pairs of matrices
can be multiplied together. The following rules regarding the multiplication of matrices need to be
followed in engineering analyses:

a. Distributive law:

b. Associative law:

c. Noncommutativity:

d. The product of two transposed matrices:
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4.6 Matrix Inversion, [A]−1

There is no such operation as the division of one matrix by another. The closest thing to this operation in
matrix algebra is achieved by matrix inversion. We define the inverse of matrix [A], which is denoted [A]
−1, by

where [I] is a unit matrix as defined in Equation 4.18.

Note that inversion of a matrix [A] is possible only if the equivalent determinant of [A] is not zero: that is, 
. The matrix [A] is called “singular matrix” if .

Inverting a matrix [A] involves the following general steps:

Step 1: Evaluate the equivalent determinant of the matrix [A], and check that .

Step 2: If the elements of matrix [A] are aij, we may determine the elements of the co-factor matrix
[C] as

where  is the equivalent determinant of a matrix [A′] that has all the elements of [A] except for
those in the ith row and jth column.

Step 3: Transpose the co-factor matrix from [C] to [C]T.

Step 4: The inverse matrix [A]−1 of matrix [A] may be formulated as



Example 4.8
Find the inverse of matrix [A] in the following form:

Solution:

Step 1: Evaluate the equivalent determinant of [A]:

Step 2: Use Equation (4.27) to find the elements of the co-factor matrix [C]:

We thus have the co-factor matrix, [C] in the form

Step 3: Transpose the matrix [C] according to the rule given in Section 4.4:

Step 4: Determine the inverse matrix [A]−1 using Equation (4.28):
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4.7 Solution of Simultaneous Linear Equations

4.7.1 The Need for Solving Large Numbers of Simultaneous Linear
Equations
Linear algebra is a powerful mathematical tool for solving the very large numbers of simultaneous
equations required by a some commercial analytical codes using the finite-element method (FEM) or the
finite-difference method (FDM). These codes are used extensively by industry in solving a variety of
engineering problems that involve solids and fluids of complicated geometry subjected to realistic
boundary and loading conditions. The following example illustrates the requirement to solve a large
number of simultaneous linear simultaneous equations. This case relates to the computation of stress
distribution in a perforated rectangular plate like the one illustrated in Figure 4.4. The rectangular plate
containing a small hole with radius d is subjected to tensile force F acting along longer dimension.

Figure 4.4 A perforated plate subjected to lateral stretching forces. (a) The perforated plate. (b)
Application of force F. (c) The stress field.

The stress analysis of the perforated plate in Figure 4.4a is complicated by the presence of the hole in the
plate. The induced stresses in a solid plate subjected to the applied force F can readily be computed to be 

, where D and W are the respective width and thickness of the plate. For a perforated plate,
however, the stress in the plate near the hole is much more complex because of the geometric change in
the perforated region. According to Volterra and Gaines (1971), the stress field near the hole may be
computed from the following equations derived from the theory of linear elasticity:

where stresses σr and σθ in Equations 4.29a and 4.29b are stress components along the r- and θ-
directions respectively in the (r,θ) coordinate system shown in Figure 4.4c. The stress component σrθ in
Equation 4.29c is the shearing stress. Also appearing in Equations 4.29a,b,c is σ, which is the nominal
stress along the x-coordinate away from the hole with . The notations a and r in Equations
4.29 are respectively radius of the hole and the linear distance from the origin of the coordinate systems in
Figure 4.4c.

Equations 4.29a,b,c are used to evaluate the stresses in the perforated plate. These equations show that
the distribution of stresses is by no means uniform in the plate. For instance, we may compute the
maximum stress in the plate to a  at the “top and bottom” of the rim of the hole in Figure 4.4c
with respective values of  and  in Equation 4.29b. This value of the maximum stress leads to
a well-known “stress concentration factor of 3” for a perforated plates subject to unilaterally applied force
F.

Stress concentrations exist in all load-bearing machine and building structures wherever there is abrupt



change of geometry. The magnitude of concentration factors may vary gently with gradual change of
geometry in structures such as tapered bars and rods to reach huge values in structures at the vicinity of
shark crack tips, in which case the stress normal to the crack face may reach “infinity” in theory. Solution
of such structural analyses is beyond the reach of classical methods. One should further realize that the
classical solution of stress distributions in a perforated plate given in Equation 4.29 may cease to be valid
should the geometry of the plate deviate from rectangular to one with tapered edges as shown in Figure
4.5a. Alternative method is needed for the solution of stress distributions in a plate with this new
geometry. Numerical methods such as the “finite-element method” (FEM) or the “finite-difference
method” (FDM) are two viable alternative techniques for engineering analyses of this kind.

Figure 4.5 Discretization of a perforated plate with tapered edges. (a) Loading of the tapered plate. (b)
Discretized model of the plate.

As will be presented in Chapters 10 and 11, the essence of both FEM and FDM is to discretize a solid
structure or a volume of fluid of complex geometry and shape into an assembly of a “finite” number of
subdivisions of specific but simpler geometry (called “elements”) interconnected at the apexes and/or
other designated points (called “nodes”). Figure 4.5b illustrates how the perforated plate with tapered
edges in Figure 4.5a can be discretized for computing the induced stress distributions when the plate is
subjected to the applied force F. After the discretization the structure is no longer a continuous and
homogeneous plate. It is an assembly of elements of solid plates with elements of three or four sides
interconnected at the nodes. One may conceive that the FEM offers an “approximation” of the sought
solutions, with the solution being closer to the “real” solution the more elements are used in the
discretized model.

It is common practice in finite-element stress analysis for the primary unknowns required in the solution
to be the displacements of the discretized substance. In the case of the stress analysis of the perforated
plate shown in Figure 4.5, there are 31 hybrid triangular and quadrilateral (four-sided) elements
interconnected at 26 nodes. The primary unknown quantities in this analysis are the displacements at the
nodes reacting to the applied forces F. The in-plane deformation of the plate results in all nodes
deforming in the x–y plane. We realize from the physical situation that each node should have two
degrees of freedom—that is, will deform in both the x- and y-directions. However, the loading conditions
and the symmetry of the geometry of the plate allow all the nodes on the straight boundaries of the
modeled area to deform with only one component, but not in both directions. For example, the nodes on
the bottom straight edge of the modeled area may deform along the x-direction and those on the two
straight vertical edges may deform along the y-direction due to the Poisson effect. We may thus count the
total degrees of- freedom of nodal deformation as follows:

Number of interior nodes plus the one node at the top-right corner and the one on the rim of the hole
with two degree of freedom = 17.

Number of nodes along two straight vertical edges with one degree of freedom = 4.

Number of nodes along the horizontal straight edge with one degree-of-freedom = 5.

Total number of degrees of freedom in the discretized model thus equals 17 × 2 + 4 + 5 = 43.

Thus the number of simultaneous linear equations that have to solved for the solution of the displacement
of the 26 nodes in the model in Figure 4.5b is 43.
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The finite-element model with meshes as depicted in Figure 4.5b is by no means an optimal arrangement
for this particular analysis. An accurate model would have placed many smaller elements near the rim of
the hole where there is steep variation of stress. The model in Figure 4.5b is used only to illustrate the
principle of discretization of solid structures of complex geometry.

This case illustration of the stress analysis of a perforated plate with tapered edges may lead the reader to
an over-simplified impression that the solution of the simultaneous linear equations required is not a
major effort with the use of advanced digital computers. The reality, however, is very different from this
illustration; problems involving more than 10,000 degrees of freedom, and the corresponding need to
solve this many number of simultaneous equations, are most likely in typical finite-element analysis of
most engineering problems, and the matrix solution technique that will be presented in the next section
appears to be the only practical way of achieving the solutions.

4.7.2 Solution of Large Numbers of Simultaneous Linear Equations Using
the Inverse Matrix Technique
The inverse of a matrix as defined in Equation (4.26) in Section 4.6 is often used to solve n simultaneous
equations. A typical set of simultaneous equations is shown in Equation (4.30):

This set of n simultaneous equations may be expressed in matrix form as in Equation (4.31):

or in a compact version form as

where [A] is usually called the coefficient matrix, {x} is the unknowns matrix, and {r} is the resultant
matrix. The elements in both [A] and {r} matrices are given constants in the simultaneous equations in
Equation (4.31).

The unknowns matrix {x} in Equation (4.32) may be solved by multiplication of an inverse matrix of [A]
on both sides of the equation as follows:

which will lead to

or

for the solutions of the unknowns.
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Example 4.9
Solve the following simultaneous equations using the inverse matrix method:

Solution:

We may express the above simultaneous equations in the matrix form [A]{x} = {r} similar to that in
Equation (4.32), where

We need first to evaluate the equivalent determinant of matrix [A] to ensure that inversion of this
matrix is possible:

We may thus proceed to find the matrix of co-factors [C]. We derive the elements of the co-factor
matrix to be c11 = −2, c12 = −1, c21 = −1, and c22 = 4, from which the co-factor matrix [C] takes the
form

and its transpose is

The inverse of matrix [A] can thus be determined according to Equation (4.28):

Using Equation (4.33), we obtain the solution of the simultaneous equations as
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from which we have the two unknowns in Equations (a) and (b) as x1 = 3 and x2 = 12.

4.7.3 Solution of Simultaneous Equations Using the Gaussian Elimination
Method
As was indicated at the beginning of Section 4.7, numerical analyses—whether they are based on the
finite-element method or the finite-difference method for solving industrial-scale problems—require the
solution of large numbers of simultaneous linear equations. When the popular finite-element method is
used, the number of these equations is related to the number of degrees of freedom (the unknown
quantities) involved in the problem and often is in the thousands or more. In such a case, the familiar
Cramer's rule that is taught in secondary schools for solving simultaneous equations can no longer be
used for such solutions, nor can the matrix inversion technique presented in Section 4.7.2 be used
effectively. The Gaussian elimination method and its several derivatives appears to be the only practical
solution techniques for solving large number of simultaneous equations using digital computers.

Here, we will present only the basic formulation of the Gaussian elimination method with recurrence
relations that involve only simple arithmetic operations of real numbers that can be readily programmed
in the language of digital computers, which feature has made this method most effective with the use of
digital computers. Several derivatives of this popular method are available in textbooks, such as the
Gauss–Jordan elimination method (Wylie and Barrett, 1995), and the Gauss–Seidel method (Jeffrey,
2002).

The essence of the Gaussian elimination method is to convert the coefficient matrix, such as matrix [A] in
Equation (4.32), into the form of an upper triangular matrix as in Equation 4.15 using an “elimination
process.” Once this is done, the last unknown quantity associated with the last row of the converted upper
triangular matrix in the simultaneous equations becomes immediately available. The second-last
unknown quantity in the unknown matrix {x} may be obtained by substituting the newly found numerical
value of the last unknown quantity into the second-last row in the converted upper triangular coefficient
matrix [A]. The remaining unknown quantities may be obtained by a similar procedure, called “back
substitution.” We will illustrate the procedure of the Gaussian elimination method by considering a typical
set of three simultaneous equations as shown in Equations 4.34a,b,c.

where a11, a12,…, a33 are specified coefficients; x1, x1, x2, x3 are the unknown quantities to be solved; and
r1, r2, r3 are the specified resultant constants.

These simultaneous equations may be expressed in a matrix form as shown in Equation (4.35):
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or in the form [A]{x} = {r}.

Let us first express the unknown quantity x1 in the first equation of Equation (4.35) in terms of the other
two unknown quantities using Equation (4.34a) with

Substituting that expression into Equations 4.34b and 4.34c will result in the following new forms in
Equations 4.36:

We notice that the terms a21x1 and a31x1 are “eliminated” from Equations 4.34b and 4.34c respectively
with the above substitutions. Equations 4.36a,b,c can be expressed in matrix form as

where

and the required corresponding modifications of r2 and r3 in the resultant matrix {r} are

with the condition that . The superscript “1” attached to the elements in Equation (4.37) designates
the “elimination step number”—step 1 in this case.

We have thus “eliminated” x1 in both Equation 4.34b and Equation 4.34c as shown in Equations 4.36 and
4.37. The next required step is to eliminate x2 in Equation 4.34c using Equations (4.36c) and (4.37),
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resulting in a partial completion of inversion the coefficient matrix in Equation (4.35) into an upper
triangular matrix. Ultimately, we will have the following converted form for the simultaneous equations in
Equation (4.38):

in which the superscript “2” in Equation (4.38) designates the second elimination step. For a 3 × 3
coefficient matrix, two steps are all that are required for inverting it into an upper triangular form.

The last unknown quantity, x3 in Equation 4.34, may be readily determined from the last equation in
Equation (4.38) to give

or

We may obtain the next unknown quantity x2 from the second-last equation in Equation (4.38) with the
solution of x3:

or

with x3 obtained from the previous step.

We may determine the value of the remaining unknown quantity, x1 in Equation (4.35), by substituting
the values of x2 and x3 into the first equation in Equation (4.38) following a procedure similar to that
outlined above.

Two useful recurrence relationships for the elimination process can be shown as follows:

where the superscript n denotes the elimination step number. Numbers with superscript zero (i.e., n = 0
in Equation 4.39) are those with the value of the original elements aij, with 

 in Equation (4.35).

One must bear in mind that the subscripts i and j used in the elimination process must satisfy the
conditions that i > n and j > n.

The recurrence relationship for “back substitutions” is



4.40

in which aij, ri, and xj are the elements in the final matrices at the conclusion of the elimination process.
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Example 4.10

Solve the following simultaneous equations by the Gaussian elimination method using the
recurrence relationships in Equation 4.39a and 4.39b.

Solution:

We may express Equations (a) and (b) in the following matrix form:

Recognize that

We are now ready to use the recurrence relationships shown in Equations 4.39 a,b for the
Gaussian elimination procedure. We recognize that in this example only one step is required to
convert the coefficient matrix in Equation (c) for two simultaneous equations in Equations (a)
and (b).

Step 1 with n = 1, i > n = 2, and j > n = 2: We obtain the elements for the coefficient and resultant
matrices after step 1 elimination as

and

The coefficient matrix in Equation (c) after step 1 elimination becomes

Since the original coefficient matrix is of size 2 × 2, one step of elimination is all that is required
for the solution. Thus, from Equation (c), we have the solution for x2 as

Use back substitution in Equation 4.39b to get the solution of other unknown, x1, with n = 2 as



follows:

The solutions to Equations (a) and (b) are thus x1 = 3 and x2 = 12. (Note that the same results
were obtained using the matrix inversion method as presented in Example 4.8.)
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Example 4.11

Solve the following three simultaneous equations using the Gaussian elimination method:

Solution:

Let us express Equations (a), (b), and (c) in matrix form:

We will require two steps (i.e., n = 2) in the elimination process for three simultaneous equations.
We will proceed to apply the Gaussian elimination process to Equation (d) using Equations 4.39a
and 4.39b.

Step 1 with n = 1, i > n = 2, and j > n = 2:

with i = 2, j = 2:

with i = 2, j = 3:

with i = 3 and j = 2:



e

f

We may thus express Equation (d) after step 1 elimination in the form

We now proceed to step 2 in the elimination process to convert the coefficient matrix in Equation
(e) into an upper triangular matrix.

Step 2 with n = 2, i > n = 3 and j > n = 3: We recognize that  because the
subscripts i and j of these matrix elements are less than n = 2.

We have completed the conversion of the matrix equation in Equation (e) to a new form of upper
triangular coefficient matrix [A] with modified resultant matrix {r} in Equation (f) after step 2
elimination as

One may readily see from the last line in Equation (f) that the solution for x3 is



The values of the remaining two unknowns, x2 and x1, may be obtained using the recurrence
relation of back substitution as given in Equation 4.39b as follows. We begin with n = 3 in
Equation 4.39b:

Hence, to determine x2 with i = 2:

and to determine x1 with i = 1:

The solution of the simultaneous equations in Equation (a) is thus x1 = 1, x2 = 0.5, and x3 = 2.
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4.8 Eigenvalues and Eigenfunctions
The term “eigenvalue” was derived from the German word Eigenwert, which means “proper” or
“characteristic” value; similarly, the term “eigenfunction” was derived from another German word
Eigenfunktion meaning “proper” or “characteristic” function.

Eigenvalues and eigenfunctions appear in engineering analyses involving linear transformation of
functions in vector spaces (Hogben, 1987). They also appear in the characteristic equations associated
with solutions in engineering analyses of mechanical vibration, heat conduction, and electromagnetism,
as will be presented in Chapter 9. The roots of these characteristic equations are known as eigenvalues,
which provides nontrivial solutions to the differential equations that satisfy the prescribed boundary
conditions. Nontrivial solutions of equations are solutions other than those that result in legitimate zero
in the solution of the equation. Functions that provide multiple eigenvalues are called eigenfunctions.

“Characteristic equations” often appear in engineering analyses. For example, natural frequencies in
modal analyses of structures, in which natural frequencies of the structures are denoted by ωn with mode
numbers n = 1 ,2, 3, …., are important design parameters of structures' vibrational behavior due to
periodic excitation with frequencies ω. Uncontrollable, and often devastating, vibration called “resonant
vibration” of a structure can occur when the frequency ω of an excitation force matches any of the natural
frequencies of the structure. The governing differential equations used to determine the natural
frequencies of structures are homogeneous differential equations, as will be presented in Chapters 8 and
9. The characteristic equation associated with the solution for the amplitude of vibration y(x) from these
equations will have a general form

Imposition of a condition , with L being the length of the structure, will lead to the expression in
Equation (4.41):

We recognize that there are two options to satisfy Equation (4.41): option 1, by letting the constant
coefficient ; and option 2, by letting sin .

We further see that option 1 will lead to a trivial solution of the problem, meaning  at all times
with all values of x, which does not meet the requirements. With option 2, on the other hand, with the
function sin , the characteristic equation (Equation (4.41)) will have multiple roots that satisfy the
condition with , , , , …, or  with n = 1, 2, 3, 4,….

A close look at the above roots of the characteristic equation sin  reveals that although the root β =
0 leads to a trivial solution of y(x), the other roots, , , , …, nπ/L do not give trivial
solutions of Equation (4.41). We thus classify β = π/L, 2π/L, 3π/L, … as the eigenvalues of the
characteristic equation sin βL = 0.

4.8.1 Eigenvalues and Eigenvectors of Matrices
In this subsection, we will describe the method for determining the eigenvalues from characteristic
equations involved in linear transformation of vector quantities from one space to another. Most of these
transformations involve vectors expressed as square matrices, which is a common way of expressing
vectors as was illustrated in Chapter 3. We will thus focus our attention on determining the eigenvalues in
this particular type of applications.

We follow the derivation of solutions of eigenvalues and eigenvectors as given in two reference works
(Hogben, 1987; Malek-Madani, 1998). Certain terminology is commonly used in the literature in relation
to eigenvalue problems:

Eigenfunctions: These are functions that are derived in the course of solving homogeneous differential
equations involving homogeneous boundary conditions.
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4.43

4.44

4.45

4.46

Characteristic equations: These are the equations that involve eigenfunctions, similarly to Equation
(4.41).

Eigenvalues: The roots of the characteristic equations, such as the roots β described for Equation
(4.41).

Eigenvectors: These are the vectors involved in linear transformation, either in a two-dimensional
plane or in a three-dimensional space.

For cases involving linear transformation of vectors we may represent the characteristic equations and the
eigenvalues by the mathematical expressions discussed next.

4.8.2 Mathematical Expressions of Eigenvalues and Eigenvectors of Square
Matrices
Let

be an eigenvector and [A] be a square matrix with real-number elements, such that

Further let

from which we get

The real numbers λ that satisfy Equations (4.43) and (4.44) are defined as the eigenvalues of the
eigenvector {x}.

Equation (4.43) may be expressed in another form:

where [I] is the unit matrix defined in Equation 4.18.

The eigenvalues λ in Equations (4.43) and (4.44) may be obtained by solving the following polynomial
equation (Equation (4.46)):



Example 4.12

Show that the vector

is an eigenvector corresponding to the eigenvalue 2 for the matrix

Solution:

Using Equation (4.23) for multiplication of two matrices, we obtain the following relationship for
[A]{x}:

By comparing the above expression with Equation (4.44), we have the eigenvalue .
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Example 4.13

Find eigenvalues and eigenvectors of the matrix

Solution:

We first derive the polynomial characteristic equation with eigenvalue λ using Equation (4.46):

from which we solve for the eigenvalues  and .

Next, we determine the eigenvectors corresponding to these two eigenvalues.

For eigenvalue λ1=1 We use Equation (4.45) to find the associated eigenvectors:

which leads to the following simultaneous equations:

We will find that if we let x2 = p, a nonzero real number, we will have the same answer for x1, that
is, x1 = p. Consequently, we may establish that vector {x} is

In fact, p could be chosen as any real nonzero number. In other words, a nonzero constant such
as p as a multiple of any eigenvector is also an eigenvector. Thus, we conclude that the vector

is the eigenvector corresponding to eigenvalue .

For eigenvalue λ2 = 6 We follow the same procedure as for λ1, with the following equation in
matrix form:

leading to the following simultaneous equations:



Again, if we assume x2 = p in Equation (c), this will lead to x1 in Equation (d) as x1 = 2/7. We then
obtain the eigenvector:

We thus conclude that the eigenvector corresponding to eigenvalue  is

The matrices that relate to linear transform of vectors in three-dimensional space are usually of size 3 × 3,
in which case the finding of eigenvalues and eigenvectors is a little more complicated, as will be
demonstrated in the following example.
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Example 4.14

Find the eigenvalues and eigenvectors of the following 3 × 3 matrix:

Solution:

Following the established procedure for finding the eigenvalues of the matrix {v} by solving the
characteristic equation as shown in Equation (4.46) (or ), we will obtain the
following expression using the matrix [A] in Equation (a):

We may solve Equation (b) for the three roots , , .

We are now ready to find the corresponding eigenvectors corresponding to these eigenvalues.

For the case of λ1 = 0 We solve the following equation by substituting λ = λ1 = 0 into Equation
(b), or, in matrix format:

There are several ways one may obtain the eigenvectors from Equation (c); one may assign
various real constants to the unknown vectors in Equation (c), similarly to what was done in
Example 4.13; or one may assign a nonzero real number to only one of the three unknown vectors
in the same equation and relate the other two vectors to the same assigned real number. The
latter would require the use of the Gaussian elimination method such as was described in Section
4.7.3.

In this example, we use the Gaussian elimination method to convert the coefficient matrix in
Equation (c) into an upper triangular matrix as

We assume x3 = p where p is a nonzero real constant. The second equation in Equation (d) will
give . The value of x1 in Equation (d) may be obtained by expansion of the first
equation derived from Equation (d): .

We may thus find that
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with the eigenvector

We may also obtain the other two eigenvectors:

Finding eigenvalues and corresponding eigenvectors for matrices higher than sizes 3 × 3 becomes very
tedious; the use of numerical techniques and of commercial software packages such as MatLAB (Malek-
Madani, 1998) appears to be a viable way to obtain the solutions.

4.8.3 Application of Eigenvalues and Eigenfunctions in Engineering
Analysis
Eigenvalues and eigenfunctions are used engineering analyses raging from control theory, through
vibration analysis, electric circuits, and rigid body dynamics to quantum mechanics. We will use the
following case to illustrate the finding of natural frequencies of a multimode mass–spring system (Chapra,
2012).

Figure 4.6 illustrates a physical situation in which two masses (each m) are attached to three springs with
identical spring constants (k), in a multiple-degrees-of freedom vibrational system. Slight instantaneous
disturbances were simultaneously applied to both the upper and lower masses m, resulting in free
vibration of these masses with instantaneous displacements y1(t) and y2(t), as illustrated on the right-
hand side of Figure 4.6, where t is the time after the inception of vibration of the masses.

Figure 4.6 Free vibration of multiple mass–spring system.

We may derive the following two simultaneous differential equations for the amplitudes of the deviation
of the two masses, y1(t) and y2(t), from their initial equilibrium conditions:
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4.48

4.49a

4.49b

4.50a

4.50b

4.51

4.52

The solution for y1(t) and y2(t) in Figure 4.6 requires the solution of the simultaneous differential
equations in Equations 4.47a and 4.47b because of the “coupling” effect of the multiple degrees of
freedom of the vibration of the masses in the system. However, the theory of vibration of masses in mass–
spring systems, as will be presented in Chapter 8, indicates that the solution y1(t) and y2(t) will be in the
form

the subscript i = 1,2 in Equation (4.48) denotes the amplitudes of vibration of the upper and lower
masses, y1(t) and y2(t) respectively. yi with i = 1 and 2 are the respective maximum magnitudes of the
displacement of the two masses. The natural frequency of the vibrating mass is denoted ω, with the unit
rad/s.

Upon substitution of the typical solutions for the vibrating masses in Equation (4.48) into Equations
4.47a and 4.47b, we obtain the expressions in Equations 4.49a and 4.49b:

These may be written in matrix form as

Equation 4.50a may be expressed differently as

Comparing Equation 4.50b with Equation (4.45), we obtain the following equivalences:

or in a simple matrix form, [A]{Y} ={0} with [A] given in the first expression of Equation 4.51. The last
expression in Equation 4.51 as

in which λ is the eigenvalue of the amplitudes of the mass vibrations is of particular significance for
evaluating the natural frequencies of mass–spring vibrational systems.



Example 4.15

We will derive numerical solutions for the system illustrated in Figure 4.6 by letting m = 10 kg
and spring constant k = 200 N/m. Determine the natural frequencies of the system in Figure 4.6.

Solution:

Substituting m = 10 kg and k = 200 N/m into the first expression of Equation 4.51 will result in

Use Equation (4.46) to solve for the eigenvalues λ:

from which we solve for  and .

We may then use Equation (4.52) to determine the natural frequencies of the two modes to be 
 and  for the mass–spring system shown in Figure 4.6.



Problems
4.1 Add two matrices [A] + [B] where

4.2 Multiply two matrices as follows:

a. [A][B]

b. [A]{C}

c. [B][A]

d. [B][A]T

e. [A]T[B]

f. {C}{D}

g. {C}T{D}

h. {C}T{D}T

with [A] and [B] being the same as in Problem 4.1 and

4.3 Find the co-factor matrix [C] and the inverse matrix [A]−1 (if it exists) with the matrix [A] in the
form of

1. (a)  (b) 

4.4 Find the eigenvalues (λ) and eigenvector of the matrix

4.5 Find the eigenvalues (λ) and the corresponding eigenvectors of the matrix

4.6 Use (a) the matrix inversion method and (b) the Gaussian elimination method to solve the
following simultaneous equations:

4.7 Use both the matrix inversion and the Gaussian elimination methods to solve the following



simultaneous equations:

Show every step of your computation for the solutions.

4.8 Determine the natural frequencies of the mass–spring system illustrated in Figure 4.6 and
described in Example 4.15 but with only two springs supporting masses m1 and m2.
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