
Chapter 6
Introduction to the Laplace Transform and Applications
Chapter Learning Objectives

Learn the application of Laplace transform in engineering analysis.

Learn the required conditions for transforming variable or variables in functions by the Laplace
transform.

Learn the use of available Laplace transform tables for transformation of functions and the inverse
transformation.

Learn to use partial fraction and convolution methods in inverse Laplace transforms.

Learn the Laplace transform for ordinary derivatives and partial derivatives of different orders.

Learn how to use Laplace transform methods to solve ordinary and partial differential equations.

Learn the use of special functions in solving indeterminate beam bending problems using Laplace
transform methods.



6.1 Introduction
The Laplace transform is named after Pierre-Simon Laplace (1749–1829), a renowned French
mathematician and astronomer. It is a mathematical operation that is used to “transform” a variable from
a variable domain to a parametric domain. In layman's terms, the Laplace transform can be used to
“convert” a variable of a function into a parameter. After the transformation, that variable is no longer a
variable but it can be treated as a “parameter,” which—again in layman's terms—is a “constant under
specific conditions.” Transformation of variables into parameters can significantly simplify the
mathematical analysis of many physical problems. A word of caution, however, is that the Laplace
transform can only be used to transform variables that cover a range from zero (0) to infinity (∞). Any
variable that does not vary within this range cannot be transformed by the Laplace transform.
Consequently, the Laplace transform is often used to transform the time variable (t) of a function, because
in much of engineering analysis this variable usually covers the range (0,∞).

The Laplace transform is a useful tool in converting variables to parameters in functions—a practice that
is often used in automatic control of the motion of machine components, in which time t is often a
variable in the analysis. It is also an effective tool for solving differential equations in mathematical
analyses of physical problems. In the latter cases, major effort is required in the inversion of the
transformed expressions with Laplace transform parameters into the original functions involving the
corresponding variables for the solutions.
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6.2 Mathematical Operator of Laplace Transform
The mathematical operator used to transform a function of variable u is L[ f(u)] where the variable u
covers the range (0,∞). The mathematical expression of the Laplace transform of function f(t) with 0 < t <
∞ has the form

where s is a parameter of the Laplace transform corresponding to the variable t in Equation (6.1), and F(s)
is the Laplace transform of function f(t) with 0 < t < ∞. It is not a function of s. It is merely an expression
that involves the Laplace transform parameter s.

The “inverse Laplace transform” operates in the reverse sense; that is, it inverts the transformation
expression F(s) in Equation 6.1 back to its original function f(t). Mathematically, it has the form

where the operator L−1 denotes the inverse Laplace transform.

Laplace transformation is useful in “eliminating” variables in the course of many mathematical
manipulations.



a

Example 6.1
Find the Laplace transform of a function f(t) = t2 with 0 < t < ∞.

Solution:

We may use the definition of Laplace transform in Equation 6.1 to find the Laplace transform of the
function f(t) = t2 with 0 < t < ∞ as follows:

We may use either integration tables from mathematical handbooks or electronic
calculators/computers to find the integral in Equation (a) as

Laplace transforms of many relatively simple functions are available in “Laplace Transform Tables,” such
as that presented in Appendix 1. The answer to the above example is identical to Case (3) with n = 3 in the
table of Appendix 1.

We emphasize that the functions that can be transformed using Laplace transform must have their
variables covering the range from zero (0) to infinity (∞). However, one should not misinterpret this
statement by the fact that there can be more than one function involved in this overall spectrum, and the
Laplace transform can be performed over these functions within this overall spectrum (0, ∞). For
example, the physical phenomena described by special functions in Section 2.4.2 are eligible for Laplace
transformation. The following is an example of transforming a “ramp function” that is commonly used in
mathematical modeling of automatic motion control of machines, and many production processes can be
transformed using the Laplace transform.
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Example 6.2
Perform the Laplace transform on the ramp function illustrated in Figure 6.1.

Figure 6.1 A ramp function.

Solution:

We may define the ramp function in Figure 6.1 with two functions in the overall range (0,∞):

The Laplace transform may be carried out on both these functions in Equation (a) using the integral
in Equation 6.1 as follows:

We may find the integrals in Equation (b), either from mathematical handbooks or using electronic
calculators, as

Laplace transformation is also used to transform the step functions described in Section 2.4.2. The
following example will illustrate such an application.
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Example 6.3
Apply Laplace transforms to (a) the step function u0(x) in Figure 6.2, and (b) the step function ua(x)

in Figure 6.3.

Figure 6.2 A unit step function.

Figure 6.3 A unit step function at t = a.

Solution:

a. The function u0(x) is illustrated in Figure 6.2. The mathematical expression of the step
function is given by Equation 2.36a with α = 1:

Thus, the Laplace transform of this function is

as in Case 1 in Appendix 1.

b. The Laplace transform is applied to the step function ua(x−a) illustrated in Figure 6.3. The
mathematical expression of the function f(t) in this case is obtained from Equation 2.36a with α =
1:

The corresponding Laplace transform is

We find that the result for the step function ua(t) is identical to that shown in Case 15 in the Laplace
transform table in Appendix 1.
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6.3 Properties of the Laplace Transform
Properties of Laplace transform can be used in conjunction with the Laplace transform tables in Appendix
1, as well as for mathematical manipulations. The following are a few such properties.

6.3.1 Linear Operator Property

where f(t) and g(t) are two functions sharing the same variable that cover the range (0,∞).
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Example 6.4
Find the Laplace transform of a function f(t) = 4t2 − 3 cos t + 5e−t.

Solution:

Using the linear operator in Equation 6.5, we may decompose the transform into three groups:

From the Laplace transform table in Appendix 1 we will find the individual components of the
Laplace transform in the above expression to be

6.3.2 Shifting Property
If the Laplace transform of a function f(t) is L[f(t)] = F(s) as shown in Equation 6.1, then we will have the
following relationship to transfer function f(t) with a multiple of eat. In such a case, one needs to replace
the parameter s by (s − a) in F(s), or

in which a is a constant and is a real number.
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Example 6.5

If f(t) = sin at, we have

from the Laplace transform table.

The shifting property will facilitate finding the Laplace transform of function F(t) = e2t sin at as

6.3.3 Change of Scale Property
If L[f(t)] = F(s), we will have

where a is a constant and is a real number.



Example 6.6

If f(t) = sin t, and

from the Laplace transform table in Appendix 1, we will have the Laplace transform of function f(t) =
sin 3t as



Case 7

Case 11

Case 18

6.8

6.4 Inverse Laplace Transform
In contrast to the Laplace transform of functions defined in Equation 6.1, there is no explicit
mathematical formula available for inverting a Laplace-transformed expression F(s) back to its original
function as expressed in Equation 6.2. However, there are four approaches that generally one may follow
to invert a Laplace-transformed expression F(s).

1. Use the Laplace transform table in a reverse manner. This approach involves searching for the
function f(t) in the right-hand column of the table in Appendix 1 that matches the F(s) in the left
column in the same table.

2. Use the partial fraction method.

3. Use the convolution theorem.

4. Use the Bromwich contour integration.

Approach (1) rarely works for most practical cases. Approaches (2) and (3) will be elaborated in the
Sections 6.4.2 and 6.4.3. Method in (4) involves the use of complex variable theory, which is beyond the
scope of this book. We will thus focus on the first three approaches.

6.4.1 Using the Laplace Transform Tables in Reverse
This method involves matching the F(s) for the corresponding function f(t) with those shown in the
Laplace transform table in Appendix 1, or those from other handbooks to find the corresponding original
function f(t). For example, one may find the following inverse Laplace transforms corresponding to the
indicated cases in the table in Appendix 1:

The likelihood of finding the desired inverse Laplace transform of functions by this method is not always
good; other methods have thus been developed for this purpose.

6.4.2 The Partial Fraction Method
This method applies to cases where the expression F(s) is a rational function. The partial fraction method
is used to express these rational functions of F(s) in a number of simpler fractions that can be inverted to
the corresponding original functions using Laplace transform tables. The general procedure of this
method may be outlined in the following two steps:

Step 1 Express the F(s) in partial fractions:

where A1, A2, …, An, and a1, a2, …, an are constants.

Step 2 Invert the simpler fractions on the right-hand-side of Equation 6.8 using Laplace transform
tables.
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Example 6.7
Invert the following Laplace transform expression F(s) using the partial fraction method:

Solution:

We may express

where A and B are constants.

The two constants A and B in Equation (a) may be determined by multiplying both sides of Equation
(a) by (s − 3)(s + 1), giving

By comparing coefficients of terms on both sides of Equation (b), we may solve for A = 4 and B = −1,
which leads to the following solution with use of Laplace transform table in Appendix 1:
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6.9b

Example 6.8
Find the following inverse of a Laplace transform using the partial fraction method:

Solution:

Since F(s) in this problem is a rational function, we may use the partial fraction method for the
inversion. Let F(s) be written in the form

Note that we have placed a first-order polynomial of the parameter s in the numerator of the second
fraction in the right-hand-side of Equation (a) because the denominator of this fraction is of second
order in the parameter s. Following the procedure outlined in Example 6.7, we may solve for A = 2, B
= −2, and C = 1, which gives

We obtain the inversion of the Laplace-transformed function f(t) by using the Laplace transform
table in Appendix 1:

6.4.3 The Convolution Theorem
Use of the convolution theorem appears to be the only way that to invert an expression F(s) involving
integrals and is thus a useful method for inverting Laplace transforms.

If we are given the inverted Laplace transforms  and  from the Laplace
transform table in Appendix 1, in which

we may find the inverse Laplace transform of the expression  with the following integrals:

or in another form:

The reader is reminded that the notation τ in Equations 6.9a and 6.9b is a dummy integration variable.
Consequently, any term associated with variable t may be “factored” out of the integrals in the process of



integration.
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Example 6.9
Use the convolution theorem to find the inverse Laplace transform with

in which a is a constant.

Solution:

We can express Q(s) in the form of the product of two rational functions:

From the Laplace transform table in Appendix 1 we find the following inverse transforms:

and

We may use the integral in Equation 6.9a to find the inverse Laplace transform of Q(s):

One will get the same result using the partial fraction method described in Section 6.4.2 or the
convolution integral in Equation 6.9b.

Hint: The integrand in the above integral was first expanded using a trigonometric operation according to 
, followed by factoring out the terms associated with variable t from

the integrals. The integration will be performed on the dummy variable τ only.



Example 6.10
Use the convolution theorem to find the inverse Laplace transform of the function

Solution:

Since

and from Laplace transform table

we may find the inverse of F(s) from Equation 6.9b as



Example 6.11
Use (a) the partial fraction method, and (b) the convolution theory method to find the corresponding

function f(t) of the following expression of the Laplace transform parameter s:

Solution:

a.

Using the partial fraction method: We may express F(s) in terms of the following partial
fractions:

We can determine the constants A, B, and C in the above to be

We thus have F(s) expressed in the following partial fractions:

We may find the inverse Laplace transform of each individual item in the above expression of
F(s) from the Laplace transform table in Appendix 1 as follows:

b.

Using the convolution theory: We first decompose the expression of F(s) into the form of the
product of two functions:

From the Laplace transform table we find the following inverse Laplace transforms:

Then using Equation 6.9b, we have the inverse of F(s) as

We may obtain the above integral either from integration tables in a mathematical handbook or
by using an electronic calculator as



We have thus shown that both the partial fraction method and convolution theorem have led to
the same result in inverting the Laplace transformed function.
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6.5 Laplace Transform of Derivatives
We have learned how to perform a Laplace transform of functions involving variables that cover a range of
(0 to ∞). Since derivatives are functions too, we should also be able to transform the variables in
derivatives to parameter s using the Laplace transform.

6.5.1 Laplace Transform of Ordinary Derivatives
Let us define a first- order derivative of a function f(t) by f′(t) = df(t)/dt. The Laplace transform of f′(t)
may be accomplished using the Laplace transform definition in Equation 6.1:

The variable to be transformed in Equation 6.10 should also satisfy the condition 0 < t < ∞. Integration of
the integrand in Equation 6.10 requires the use of a special technique called “integration by parts,” using

the integral  where u and v are parts of the function to be integrated.

Letting u = e−st and dv = [df(t)/dt] dt, which leads to du = −se−st dt and v = f(t), followed by substituting
the above relationships into Equation 6.10, results in the following:

The integral in Equation 6.11 will lead to the following expression for the Laplace transform for the first-
order derivative of the function f(t):

We may thus write the Laplace transform of the first-order derivative of the function f(t) as

Following a similar procedure, we may derive the Laplace transform of the second-order derivative of the
function f(t) as

A recurrence relation for the Laplace transforms of nth-order of derivatives of the function f(t) can thus be
formulated:
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Example 6.12
Perform the Laplace transform on f′′(t) with f(t) = t sin t.

Solution:

The Laplace transform of the second order derivative of function f(t) (that is, f″(t)) may be obtained
either using Equation 6.13 or from the general expression in Equation 6.14 with n = 2. To do this, we
will first find that f′(t) = t cos t + sin t.

Thus, from Equation 6.13), we get

6.5.2 Laplace Transform of Partial Derivatives
In Section 2.2.5 we saw that partial derivatives involving more than one independent variable appear
frequently in engineering analyses. Engineers have to perform Laplace transform of these functions and
their derivatives.

Typical functions involving more than one independent variable have such forms as f(x,t), f(x,y,t), or
f(x,y,z,t), in which x, y, z, and t are independent variables with (x,y,z) typically being space variables and t
representing the time as described in Section 2.2.2. The rate of change of this type of function may be
expressed by “partial derivatives” with respective to each of the independent variable involved in the
function. Partial derivatives for the function f(x,t) may be expressed as ∂f(x,t)/∂x for the rate of change of
function f(x,t) with respective to variable x, and ∂f(x,t)/∂t for the rate of change of the function f(x,t) with
respective to the variable t.

The function f(x,t) may have higher-order derivatives, as described in Section 2.2.5 for functions with only
one variable. For instance, ∂2f(x,t)/∂x2 and ∂2f(x,t)/∂t2 are the second-order partial derivatives of the
function f(x,t) with variables x and t, respectively. We may express other higher-order partial derivatives
of the function f(x,t) analogously.

The function f(x,t) and its partial derivatives of any order can be transformed using the Laplace transform
as defined in Equation 6.1 if the variable in the transformation covers the range (0,∞) and the function
f(x,t) is continuous within the specified range of the transformed variable.

Let us denote the Laplace transforms of a function with multiple variables x and t by

for the Laplace transform with respect to variable x, and

for the Laplace transform with respect to the variable t.

The subscripts attached to the Laplace transform operator (L) in Equations 6.15 and 6.16 denote the
variable to be transformed by the Laplace transform.

The expressions for the Laplace transform of partial derivatives of functions may be derived similarly to
the way we used for functions with single variables in Section 6.5.1. Thus, we may derive the Laplace
transform of function f(x,t) as shown next.

We realize that there can be two separate Laplace transforms for the two independent variables involved
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in function f(x,t), with one transform on variable x and the other on variable t. For instance, if variable t in
function f(x,t) is being transformed according to Equation 6.16, the Laplace transform of the derivative of
the function with respect to the other independent variable, x—that is, ∂f(x,t)/∂x—may be expressed by
the following integral that defines the Laplace transform as in Equation 6.1:

We may observe from this expression that since the integration variable t is independent of the other
variable x, in the above integral we may legitimately “factor out” the differentiation ∂/∂x from this
integral; we may thus express the Laplace transform of the partial derivative of function f(x,t) with
transformation variable t as

where F*(x,s) is as defined in Equation 6.16.

The same Laplace transform of the partial derivative of the function with respect to variable t will be
derived by following a similar procedure to that used with the Laplace transform of ordinary derivatives
for single-variable functions in Section 6.5.1.

Thus, letting the integral for the Laplace transform of the partial derivative with respect to the same
variable as that to be transformed:

in which u and v are parts of the integral I. If we let u = e−st we have du = −se−st dt, and dv = [∂f(x,t)/∂t],
leading to v = f(x,t).

On substituting these expressions into Equation 6.18, we will have the Laplace transform of a partial
derivative of a function with respective to the same variable as the transformed variable:

We may thus express the Laplace transform of partial derivatives by

One will observe that the Laplace transform of partial derivatives such as shown in Equation 6.20 is
similar to that for ordinary derivatives shown in Equation 6.12.

Likewise, we may show that the Laplace transform of second-order partial derivatives as follows:
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Example 6.13
If the Laplace transform of function θ(x,t) = xe−t is defined as

find the following Laplace transforms of the derivatives of the function θ(x,t):

a. 

b. 

c. 

d. 

Solution:

We first establish the Laplace transform of the multiple-variable function θ(x,t) = xe−t using
Equation (a) and obtain

We then proceed to determine the four required Laplace transforms of the derivatives of the function
θ(x,t) using Equations (6.21a,b). The following expressions are obtained:

a. 

b. 

c.

d. 



6.6 Solution of Ordinary Differential Equations Using Laplace Transforms
A common application of the Laplace transform in engineering analysis is solving differential equations,
both ordinary differential equations (ODEs) and partial differential equations (PDEs).

The principle is that for an ODE involving functions with single variables covering spectra from (0 to ∞),
performing a Laplace transform on the ODE will “eliminate” the only variable in the equation.
Consequently, the ODE is converted into an algebraic equation F(s) with no “variable” of any function in
the resulting expressions after the transformation. The representation of F(s) obtained from that algebraic
equation is then inverted to obtain the corresponding function, which is the sought solution of the ODE.
The application of Laplace transformation in solving PDEs works on a similar principle, in which the
multiple variables involved in the functions may be transformed one variable at the time, followed by
sequential transformations of other variables, resulting an algebraic expression for the Laplace transform
parameter s in the expression for F(s).

6.6.1 Laplace Transform for Solving Nonhomogeneous Differential
Equations
For the use of the Laplace transform for solving either ordinary or partial differential equations, the
following two requirements must be met:

1. The variable(s) in the function in the equations must cover the range from (0 to ∞).

2. All appropriate conditions for the differential equations must be specified.

The procedure for using Laplace transformation to solve ODEs will be demonstrated in Example 6.14.
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Example 6.14
Solve the following ODE using the Laplace transform technique:

with the conditions

Solution:

If we define the Laplace transform of the function in Equation (a) or Equation 6.1 to be

We first apply the Laplace transform defined in Equation (c) to each term in the ODE of Equation
(a):

The Laplace transform of the derivatives in the above expression can be obtained using the
recurrence relation shown in Equation 6.14, and using the Laplace transform table in Appendix 1.
We will thus have the following expression for the Laplace transform Y(s) of the function y(t) in
Equation (a):

After applying the conditions specified in Equation (b) in the above expression and rearranging and
combining terms, we arrive at the following expression for Y(s):

We need to invert the expression Y(s) in Equation (d) to get the function y(t), the solution of
Equation (a). Since Y(s) in Equation (d) is a rational function involving the parameter s, we use the
partial fraction method for the inversion. Thus, letting

where A, B, C, and D are constants.

We solve for A = 0, B = 1/3, C = 0, and D = 2/3. We have thus expressed Y(s) in two simple fractions
as
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The result of inversion of the Y(s) and thus the solution of the ODE, y(t) is

We may find the function y(t) by using Laplace transform tables and exploiting the “shifting
property”:

Laplace transformation may be used in engineering analysis in conjunction with the special functions
presented in Section 2.4.2. The Laplace transform is a powerful tool in solving both statically determinate
and indeterminate problems in the bending of beams, as will be illustrated in the following three
examples.

6.6.2 Differential Equation for the Bending of Beams
Figure 6.4 illustrates a beam subjected to a distributed bending load W(x) per unit length of the beam.
The induced deflection in the beam y(x) at location x can be obtained by solving the Euler–Bernoulli
equation in the following differential form (Volterra and Gaines, 1971):

Figure 6.4 A beam deflected under a distributed load.

where E is the Young's modulus of the beam material and I is the section moment of inertia of the beam
cross-section. The product of EI is referred to as the flexural rigidity of the beam structure.

The bending stress normal to the beam cross-section induced by the applied load W(x) can be computed
from the local bending moment M(x) obtainable from the local deflection y(x) from the solution of
Equation 6.22. The maximum normal bending stress is a critical design criterion for many beam designs,
such as illustrated in Examples 1.1 and 1.2 in Chapter 1.

The deflection y(x) of the beam by the applied distribute load W(x) in Equation 6.22 can be related to
other relevant quantities in beam bending such as those presented in Equations 2.10a to 2.10c. We will
use the Laplace transform to solve the differential equation in Equation 6.22 for beam bending problems
that would otherwise be difficult to solve by conventional methods presented in many mechanics of



materials books.
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Example 6.15
Use the Laplace transform method to find the induced deflection function y(x) of a cantilever beam
subjected to a uniform distributed load with intensity w0 on half of the beam span, as illustrated in

Figure 6.5.

Figure 6.5 A cantilever beam subjected to uniform distributed load.

Solution:

We may find the induced deflection of the beam y(x) by solving the differential equation in Equation
6.22:

The applied loading function W(x) in Equation (a) for the present case can be expressed as

We thus need to solve the following fourth-order differential equation for the deflection of the beam
with y(x) in Figure 6.5:

with the following end (or boundary) conditions using Equations 2.10a to 2.10c in the following
expressions for the present example:

The last two end conditions in Equations (b3) and (b4) represent the conditions with zero bending
moment and shear forces at the free-hung end of the cantilever beam in Figure 6.5, as described in
Equations 2.10b,c in Section 2.2.5.

The loading function W(x) in Figure 6.5 and Equation (a) is a uniformly distributed load covering 0
≤ x ≤ L/2, and E and I are respectively the Young's modulus of the beam material and the section
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moment of inertia of the beam.

Legitimate use of the Laplace transform method in solving the differential equation requires the
variable x in the function y(x) to cover the range (0,∞). We thus need to derive the form of Equation
(a2) from the variable range  to the domain  in order to use the Laplace
transform method to solve Equation (a2). A first step that one may take for such conversion is
expressing it as the difference between two step functions as presented in Example 2.16 in Chapter 2.

Using the definition of step functions in Section 2.4.2, we may extend the current loading function
W(x) from the range (0,L) to (0,∞) by taking the difference between two step functions as shown in
Equation (c):

where u(x) is the unit step function as defined in Section 2.4.2.

The equation for the deflection function y(x) in Equation (a1) will thus become

in which we will have 0 ≤ x < ∞, and the end conditions in Equations (b1) to (b4) remain unchanged.

We may thus use the Laplace transform method to solve the deflection function y(x) in Equation (a3)
with the end conditions in Equations (b1) to (b4).

Let Y(s) be the function y(x) after the Laplace transform, following the definition of the transform as

The following expression (e) for Y(s) will be obtained by using the recurrence relation in Equation
6.14 with the Laplace transform of step functions given in Case 15 in Appendix 1:

By applying the end conditions specified in Equations (b1) and (b2) into Equation (e) and letting y
″(0) = c1 and y (0) = c2, with c1 and c2 being two arbitrary constants to be determined later, we
obtain the expression for Y(s) as follows:

The induced beam deflection function y(x) may be obtained by inverting the expression Y(s) in
Equation (f), resulting in

The solution in Equation (g) is valid for the range (0,∞). The unit step function that appears in the
last part of Equation (g) will result in the following solution in the two separate portions in the
following expressions:

and



h2

We may determine the two arbitrary constants c1 and c2 by applying the two remaining end
conditions y″(L) = 0 and y (L) = 0 to Equation (h2) to obtain
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Example 6.16
Use the Laplace transform method to solve Equation 6.22 and find the induced deflection function

y(x) of the cantilever beam due to the application of a concentrated force acting at its free end as
illustrated in Figure 6.6.

Figure 6.6 A cantilever beam subjected to a concentrate force P.

Solution:

There are two issues involved in solving this problem. (1) The loading function in Equation 6.22 is
for distributed loads as shown in Figure 6.4 but the current problem is for the beam subjected to a
concentrated force P. An distributed loading function W(x) equivalent to a concentrated force needs
to be derived. (2) The beam has a finite length L, meaning that the variable x covers a range (0,L),
not (0,∞) as required for the Laplace transform. A conversion is required of the range of coverage of
the variable x in the function y(x) from the current range of (0,L) to one of (0,∞). We will
demonstrate that both the aforementioned requirements can be met by using the special “impulsive
function” as described in Section 2.4.2.

We first derive the concentrated force P for the current problem equivalent to the distributed load
W(x) in the general beam bending situation in Figure 6.4, using the impulsive function described in
Section 2.4.2 and letting

where δ(x−L) is an impulsive function defined in Section 2.4.2. The content of Equation 6.23 is
similar to that of Example 2.17.

The loading function P(x) has x valid for the range (−∞,+∞) by the definition of the impulsive
functions. This range includes the range (0,∞) and hence legitimizes us in using the Laplace
transform method for the solution of the converted differential equation.

We thus have the differential equation for deflection function y(x) in Equation 6.22 expressed in the
following equivalent form that is valid for Laplace transformation:

in which E and I are respectively the Young's modulus of the beam material and the section moment
of inertia of the beam. The following end conditions need to be satisfied at the fixed end in Equation
(b1) and at the free-end in Equation (b2):

and
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Following the definition of the Laplace transform of the function y(x) in Equation (d) in Example
6.15 and applying the Laplace transform to each term in Equation (a) will result in

We apply the specified condition for the equation with y(0) = y′(0) = 0 in Equation (b1) to
expression (c). However, we do not have values for y″(0) and y (0) for the expression in Equation
(c), but we may let y″(0) = c1 and y (0) = c2, in which c1 and c2 are constants to be determined later.
Substituting these values into Equation (c) results in the following expression:

The solution of Equation (a) for the deflection function y(x) of the beam is obtained by inverting the
Laplace-transformed Y(s) in Equation (d) to yield

By virtue of the definition of the step function u(x−L) appearing in Equation (e), we may decompose
the solution y(x) into two sections:

By applying the two unused end conditions y″(L) = 0 and y (L) = 0 in Equation (f2), we may
determine the constants c1 and c2 to be

We thus have the solution for the deflection of the beam y(x) in the following form:
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Example 6.17
This example will demonstrate the use of Laplace transform technique in dealing with statically
indeterminate beam analyses. Indeterminate beams often are called “redundant beams” in the

engineering community. Indeterminate beam analysis involves the solution of problems with the
number of reactions exceeding the number of equilibrium equations, such as in the bending of a

beam with both ends rigidly supported, as illustrated in Figure 6.7.

Figure 6.7 Uniformly loaded beam with built-in support at both ends.

The beam in Figure 6.7 is indeterminate because there are two unknowns—the vertical reaction and
the bending moment—at each end. This total number of four unknowns cannot be determined by the
two available conditions obtained from the static equilibrium:  and , where Fy
includes the applied forces and reactions of the beam and the M0 are the moments of the forces and

reactions at a designated point of interest in the beam such as at the two end supports.
Conventional methods for the solution of determinant beam bending are tedious to execute.

However, the Euler–Bernoulli equation for beam bending in Equation 6.22 can be used for both
statically determinant and indeterminate beams analyses.

This example demonstrates how Laplace transform can be used in solving problems of this type in
conjunction with the special functions described in Section 2.4.2.

Solution:

As in the two preceding examples, we need to convert the range that the function W(x) and the
variable x cover from the present (0,L) to (0,∞) in order to validate the use of the Laplace transform.
We may express the loading function to the beam for the Euler–Bernoulli equation as

where u(x) and u(x−L) are the unit step functions as defined in Section 2.4.2, and W0 is the intensity
of the uniformly distributed load applied to the beam in Figure 6.7. We will thus have the following
differential equation for the induced deflection function of the beam under the applied uniformly
distributed load:

in which E and I are respectively the Young's modulus of the beam material and the section moment
of inertia of the beam.

The situation in Figure 6.7 requires the following end (boundary) conditions:
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Let Y(s) be the Laplace transform of function y(x) as defined in Equation (d) in Example 6.15. We
will have the following expression for Y(s) after applying the Laplace transform to Equation (b):

As we did in Examples 6.15 and 6.16, after substituting the end conditions in Equation (c1) and
letting y″(0) = c1 and y (0) = c2, where c1 and c2 are constants, we will have the expression of Y(s) as

The solution for the deflection function y(x) in Equation (a) is obtained by inverse Laplace
transformation of Y(s) in Equation (d), resulting in

The solution in Equation (e) is applicable to the range , but our interest is in the range 
. The unit step function u(x−L) appearing in the second term in Equation (e) will

automatically drop out for x > L, according to the definition of the step function, which will give the
solution in Equation (e) truncated by the term associated with this unit step function. Consequently,
we will have the solution for the deflection function y(x) as

The two arbitrary constants c1 and c2 in Equation (f) can be determined from the end conditions in
Equation (c2), which yield

We thus have the solution for the deflection function of the beam bending in Figure 6.7:

As we have learned from Section 2.2.5, the bending moment M(x) and shear force V(x) distributions
along the beam induced by the uniform distributed load W0 may be obtained by

The derivatives of the deflection function obtained in Equation (g) as

in which y(x) is as in Equation (g) and β is a constant. The normal bending stress distribution along
the beam length can be computed from the bending moment distribution M(x) obtained from the
above analysis.

Similar approaches may be followed for other beam bending analyses involving complicated loading and



end conditions, such as that illustrated in Figure 6.8.

Figure 6.8 Bending of beams subjected to complicated loading and end conditions.



6.17

6.20

6.7 Solution of Partial Differential Equations Using Laplace Transforms
We learned how to transform partial derivatives in Section 6.5.2 and derived expressions for the Laplace
transform parameter; that is, F*(x,s) for the function f(x,t) with variable t being transformed to the s-
parameter domain, as defined in Equations 6.15 and 6.16) Mathematical expressions for partial
derivatives were derived in the forms

and

We notice that the Laplace transform of partial derivatives such as that expressed in Equations follows a
similar form to the recurrent relations in Equation 6.14 derived for the Laplace transform of ordinary
derivatives.

We may thus use the Laplace transform method to solve partial differential equations following similar
procedures as to those described in Section 6.6.
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Example 6.18

Solve the following partial differential equation using the Laplace transform method:

with the initial and boundary conditions

and the function U(x,t) exists at x > 0 and t > 0

Solution:

The Laplace transform of the function U(x,t) is

From this and Equations 6.17 and 6.20, we have

The application of Laplace transformation to all terms in Equation (a) will result in the following
first-order differential equation for U*(x,s):

With the initial condition U(x,0) = 6e−3x in Equation (b), we establish the differential equation of
U*(x,s) as

The solution of the first order differential equation in Equation (d) is

We will obtain the solution U(x,t) in Equation (a) by inverting the Laplace transform expression
U(x,s) in Equation (e) to obtain
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Example 6.19

Solve the following partial differential equation using the Laplace transform method:

with the initial condition (IC)

and the boundary condition (BC)

Solution:

We will learn in Chapter 9 that Equation (a) is often referred to as a “diffusion equation” in which
the function U(x,t) represents the concentration of a medium in a diffusion process. In other cases,
Equation (a) represents transient heat conduction in a solid, with U(x,t) being the temperature in the
solid.

Because the variables x and t in the function U(x,t) are not bounded in space and time, as shown in
Equation (a), we may perform Laplace transformation of this function with either of these variables.
However, we will perform the following computations based on Laplace transformation on the
variable t. Consequently, the definition of the Laplace transform in Equation (c) in Example 6.18 is
adopted in this example.

Applying the Laplace transform on both sides of Equation (a) results in

Substituting the IC in Equation (b1) into the above equation, we get

We recognize that Equation (c) is a second-order ordinary differential equation in the remaining
variable x. Consequently, we may express it in the following form:

The BC of Equation (a) is specified to be  in Equation (b2). This condition needs to be
related to the condition for Equation (d) by transforming it using the same Laplace transform, as
follows:

We thus have a condition for Equation (d):

The solution of the second-order differential equation in Equation (d) is
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where c1 and c2 in Equation (f) are arbitrary constants to be determined by the explicit condition in
Equation (e) and another implicit condition that will be described as follows.

We realize from Equation (f) that  will lead to , and hence ,
which is not a realistic solution for problems of this nature in engineering analysis. The only way that
this situation may be avoided is to set the constant c1 = 0 in Equation (f). By doing that, the solution
of U*(x,s) in Equation (f) is reduced to

The remaining constant c2 may be determined by the condition given in Equation (e) with c2 = 1/s.
We thus have the solution U*(x,s) as

The solution of Equation (a) is obtained by the inverse of the Laplace transform of U*(x,s) in
Equation (h), resulting in

From Laplace transform tables (Zwillinger, 2003):

The complementary error function erfc(u) in Equation (j) has the form

Both the complementary error function and the error function are described in Section 2.4.1.



Problems
6.1 Find the Laplace transform of each function by direct integration:

a. 

b. 

c. 

6.2 Use the shift property and the Laplace transform table in Appendix 1 to find the Laplace transform
of each function:

a. 

b. 

c. 

6.3 Use the Laplace transforms table in Appendix 1 to find the function f(t) corresponding to each
expressions of Laplace transform parameter:

a. 

b. 

c. 

d. 

6.4 Use the convolution theorem to find the inverse Laplace transform of each of the following
expressions:

a.  in which a is a constant

b. 

c.  in which ω is a constant

6.5 Use the shifting property and unit step functions to find the Laplace transforms of the following
functions, with graphical illustrations of each function:

a. f(t) = u2(t)

b. f(t) = u4(t) sin πt

c. f(t) = t/2 − (t/2)u4(t)

d. f(t) = sin t with 0 < t < π and f(t) = sin 2t with π < t

6.6 Solve the following ordinary differential equations using the Laplace transform method:

a. 

b. 



c. 

with 0 < t < ∞ for all the equations.

6.7 Use the Laplace transform to find the deflection function y(x) of the beam subjected to partial
uniformly distributed load as shown in Figure 6.9.

Figure 6.9 Simple beam subjected to partial uniformly distributed load.

6.8 Use the Laplace transform method to find the deflection function y(x) of the beam subject to
variable distributed load as illustrated in Figure 6.10.

Figure 6.10 Simple beam subjected to variable distributed load.

6.9 Solve the amplitude of vibration y(t) of the systems illustrated in Figure 6.11 using the Laplace
transform method. In the system, the damping coefficient, c = 40 kg/s and the applied force with
function F(t) = 10 sin 6t newtons. The mass vibrates from rest position; that is, y(0) = 0 and y′(0) = 0.
The differential equation for the amplitude y(t) has the form:

Figure 6.11 A damped mechanical vibration.
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