
Chapter 7
Application of First-order Differential Equations in
Engineering Analysis
Chapter Learning Objectives

Learn to solve typical first-order ordinary differential equations of both homogeneous and
nonhomogeneous types with or without specified conditions.

Learn the definitions of essential physical quantities in fluid mechanics analyses.

Learn the Bernoulli equation relating the driving pressure and the velocities of fluids in motion.

Learn to use the Bernoulli's equation to derive differential equations describing the flow of
noncompressible fluids in large tanks and funnels of different geometries.

Learn how to find time required to drain liquids from containers of given geometry and dimensions.

Learn the Fourier law of heat conduction in solids and Newton's cooling law for convective heat
transfer in fluids.

Learn how to derive differential equations to predict times required to heat or cool small solids by
surrounding fluids.

Learn to derive differential equations describing the motion of rigid bodies under the influence of
gravitation.



7.1 Introduction
As we have learned in Section 2.5, differential equations are equations that involve “derivatives.” They are
used extensively in mathematical modeling of engineering and physical problems.

There are generally two types of differential equations used in engineering analysis:

1. Ordinary differential equations (ODEs): Equations with functions that involve only one variable
and “ordinary” derivatives as described in Section 2.2.5.

2. Partial differential equations (PDEs): Equations with functions that involve more than one variable
and “partial” derivatives as described in Section 2.2.5.

It also explained in Section 2.5 that differential equations are derived from relevant laws of physics. Laws
of physics used frequently in mechanical engineering analyses include

Newton's laws for statics, dynamics, and kinematics of solids.

Fourier's law for heat conduction in solids.

Newton's cooling law for convective heat transfer in fluids.

Fick's law for diffusion of dissimilar substances in mixing.

Bernoulli's principle for fluids in motion.

The three fundamental laws of physics that most engineering analyses involve are

The law of conservation of mass.

The law of conservation of energy.

The law of conservation of momentum.

These laws serve as the bases for deriving all other laws of physics for specific engineering disciplines.

In this chapter, we will review methods commonly used to solve first-order differential equations. We will
find that although they appear simple in form these differential equations can be used to solve a number
of engineering problems in fluid mechanics, heat transfer, and kinematics of rigid bodies.
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7.2 Solution Methods for First-order Ordinary Differential Equations
Solution methods for first-order ordinary differential equations are taught in freshman and sophomore
year math courses in most engineering institutions. In this section we will refresh the solution methods
that are most commonly used.

7.2.1 Solution Methods for Separable Differential Equations
Equation 7.1 shows a typical first-order differential equation, for which the sought solution is u(x):

in which h(u) and g(x) are given functions.

We may solve Equation 7.1 by rearranging the terms in the following form:

We observe the following about the above expression: the left-hand side (LHS) involves a function of u (or
constants) only, and the right-hand side (RHS) consists of a function of the variable x (or constants) only.
Such a separation of functions with u and the variable x on different sides of the equation allows us to
obtain the following solution of u(x) by integrating both sides of the equality:

where c is the integration constant, to be determined according to the specified conditions for the
problem.
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Example 7.1

Solve the following first-order ordinary differential equation:

Solution:

Rearrange the terms in Equation (a) into the separated form with the LHS involving the function
u(x) and the RHS involving the variable x:

The solution of this equation, after integration on both sides, is

where c is an arbitrary constant of integration.

We may either use integration tables available in mathematical handbooks, such as in Zwillinger
(2003), or use an electronic calculator to perform the integrations in Equation (b) to give

and the solution u in the above expression may be rewritten as

with c′ being another arbitrary constant to be determined by the specified conditions.

7.2.2 Solution of Linear, Homogeneous Equations
A typical form of this type of equations is

where u(x) is the sought solution and p(x) is a function of variable x. Upon rearranging the terms, we may
express Equation 7.3 in the form

Integrating both sides of the above equation leads to

in which c is an integration constant. After a further integration, we have the solution u(x) in logarithmic
form:
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where c is the integration constant to be determined by the prescribed conditions of the particular
problem.

The exact form of the sought solution can be derived by applying exponential operator to both sides of the
above expression, which leads to the following for the solution u(x):

in which the function F(x) has the form

and K is a constant.

The function F(x) in Equation 7.5 is referred to as the integration factor.
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Example 7.2

Solve the following first-order ordinary differential equation:

Solution:

We may rearrange the terms in Equation (a) in the following way:

Comparing the above equation with Equation 7.3, we have , which leads to the
integral

and hence we have

from Equation 7.5.

The solution of the differential equation in Equation (a) is available in Equation 7.4, or in the
form

where K is an arbitrary constant to be determined according to the appropriate prescribed
conditions.

7.2.3 Solution of Linear, Nonhomogeneous Equations
The differential equation

is classified as a nonhomogeneous equation by virtue of having a function g(x), or sometimes a real
number, on the right-hand side of the equation.

The solution of the nonhomogeneous ordinary differential equation in Equation 7.6 is

in which  as shown in Equation 7.5 is called the “integration factor,” and K is the
integration constant.
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Solve the following first-order nonhomogeneous differential equation:

Solution:

By rearranging the terms we obtain

We may compare the terms in Equation (a) with those in the typical form in Equation 7.6 and
find

The integration factor in Equation 7.5 is

The solution of the Equation (a), u(x), is obtained by substituting the above integration factor
into Equation 7.7:

The integration constant K in the solution of this ODE is determined according to the specified
conditions, as will be demonstrated in Example 7.4.
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Example 7.4

Solve the following differential equation:

with the condition

Comparing Equation (a) with the typical form in Equation 7.6, we have  and .
Thus, from Equation 7.5, we have

Following Equation 7.7, we have the solution of Equation (a) as

The integration constant K may be determined using the specified condition in Equation (b) with 
 at . Thus, substituting this condition into Equation (c), we get

from which we may obtain .

Consequently, we have the complete solution of u(x) in Equation (a):
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7.3 Application of First-order Differential Equations in Fluid Mechanics
Analysis
Differential equations have been derived to model a variety of fluid dynamics problems that relate the
motion of compressible or incompressible fluids subjected to various driving forces. In this section, we
will demonstrate such applications in relatively simple cases that involve the flow of incompressible fluids,
in particular, the flow of fixed amount of liquids: for example, water in containers of specific geometry,
such as pipes and closed or open channels, and the time required to drain liquid contained in tanks or
reservoirs or funnels. These problems are often related to the food and chemical processing industries,
and in many cases to semiconductor manufacturing, in which large quantity of water or other solvents are
used in fabrication processes. First, we will review some fundamental concepts from which appropriate
differential equations are derived.

7.3.1 Fundamental Concepts
Fluids differ from solids in the fact that fluids have mass and volume but no shape. The shape of a fluid is
determined by how the fluid is contained. The motion of fluids is governed by the containers in which the
fluids flow, and the flow of fluids in containers is maintained by driving pressure or by gravitational force.

The following terms are frequently used in modeling the physical behavior of fluid flowing in a container,
such as a conduit as illustrated in Figure 7.1.

Figure 7.1 Fluid flow in a conduit.

In the above expressions, ρ is the mass density of fluid (kg/m3), A is the cross-sectional area (m2), v is the
velocity (m/s), and Δt is the duration of fluid flow (s). The base units associated with the above quantities
are kilograms (kg), meters (m), and seconds (s).

If the velocity in a moving fluid varies with time—that is, —then the change of volumetric flow
becomes

7.3.2 The Bernoulli Equation
The kinematics of a moving fluid can best be described by the Bernoulli equation. Let us look at the
situation illustrated in Figure 7.2, in which a fluid flows along a path of a streamline from state 1 to state 2.
The subscripts 1 and 2 associated with the terms representing the pressure (P), velocity (v) and elevation
(y) in Figure 7.2 denote the fluid in states 1 and 2, respectively.
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Figure 7.2 Fluid in motion from state 1 to state 2.

On the basis of the law of conservation of energy (the same physical principle on which the first law of
thermodynamics is derived), the following Bernoulli equation was derived:

The Bernoulli equation can be used to model the flow of liquids in a large reservoir with the
approximations described below; from it we may derive the exit velocity v2 of the liquid from a large
reservoir or tank as illustrated in Figure 7.3.

Figure 7.3 Fluid flow in a large reservoir.

By rearranging the terms in the above Bernoulli's equation, we can obtain

But since the pressures at liquid levels in the reservoir (p1) and the fluid at the exit (p2) is not much
different (approximately equal to atmospheric pressure), and the velocity of the flowing liquid at the top
of the reservoir at stage 1 is much lower than that at the exit located at the bottom of the reservoir in state
2, we may thus approximate the velocity of the fluid at this stage at v1 ≈ 0 with v1 ≪ v2. We may thus
derive the exit velocity from Equation 7.10 by using these approximations in that equation to yield the
following useful expression for the exit velocity of the liquid from a large reservoir:

in which the head of the liquid level in the reservoir is expressed as .

We may thus express the exit velocity of the liquid from the reservoir as
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This derivation includes an assumption that the friction between the moving liquid and the container wall
is negligible.

7.3.3 The Continuity Equation
The continuity equation is frequently used in fluid dynamics analysis for pipelines of varying cross-
section. The equation is derived from the principle of conservation of mass.

Consider the states of fluid flow in the situation depicted in Figure 7.4, in which fluid flows from a section
of a pipeline with larger cross-sectional area A1 to a section with smaller cross-sectional area A2. The law
of conservation of mass requires that , or . Consequently, for an incompressible
fluid with constant mass density ρ, we have

Figure 7.4 Fluid flow through various cross-sections.

The rate of volumetric flow q in Equation 7.12 has units of m3/s.



7.4 Liquid Flow in Reservoirs, Tanks, and Funnels
The following examples illustrate the application of first-order differential equations in modeling the
drainage of liquids in cylindrical containers such as large tanks typically used to contain water, chemical
solvents, and so on. The container in the first example has the geometry and dimensions shown in Figure
7.5.

Figure 7.5 Drainage of water from a cylindrical tank.

As illustrated on the left of Figure 7.5, the tank has a diameter D, with initial water level of h0. A small
drainage tube of diameter d is attached at the bottom of the tank.

We need to find a mathematical model (a differential equation in this case) to describe the drainage of the
tank with water leaving the tank through the small drainage tube at the bottom of the tank. The solution
for the instantaneous water level in the tank during the drainage process, h(t), can enable prediction of the
time required to empty the tank.

7.4.1 Derivation of Differential Equations
We recognize that water leaves the tank in “volume,” and the departing water volume is related to the
“velocity” as expressed in Equation (7.8c). The amount of water that leaves the tank during the time
increment or interval Δt can thus be described in words by the physical expression

(linear distance traveled by the volume of water) × (the cross-sectional area of the passage; i.e., the
cross-sectional area A of the drainage pipe)

With the assumption of negligible friction between the moving water and the container wall, the total
volume leaving the tank during time Δt can thus be modeled mathematically as  in
m3, as given in Equation 7.9, with the duration of water flow Δt in seconds.

From the Bernoulli law as presented in Equation 7.11, we have the exit velocity v(t) from the tank:

where g is the gravitational acceleration .

The volume of water leaving the tank through the exit tube during Δt is thus

We realize at this point that whatever amount of water is leaving the tank through the drainage tube must
be equal to the same amount of water supplied by the tank in relation to the drop of water level in the
tank.
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Now, let us examine the reduction of water level in the tank with Δh(t) during the same time interval Δt,
as illustrated in Figure 7.6.

Figure 7.6 Drop of water level in the tank during drainage.

The equivalent volume reduction in the tank during the time period Δt is equal to the volume of the “disk”
of water shown in gray in Figure 7.6, which has a diameter D and is infinitesimally thin with thickness of
Δh(t). Consequently, the volume of water supplied by the tank can be expressed as

It must be remembered to apply a negative (−) sign in the above expression for ΔV because the water level
Δh(t) in the tank reduces (thus the reduction of volume of water in the tank) with the increase of the time
variable t.

The law of conservation of mass requires the total volume of water leaving the tank during the time
increment Δt to be equal to the total volume of water supplied by the tank. We thus arrive at the equality

or in a different form:

Because the drainage of the tank is a continuous process, which implies that , we may replace the
finite increment denoted by Δ in the above equation by the infinitesimally small increment designated by
d as . We will then have the following differential equation describing the drainage process:

Equation 7.13 can be used to determine the instantaneous water level h(t) in the water tank at any given
time t during the drainage process.

7.4.2 Solution of Differential Equations
The first-order ODE in Equation 7.13 for the instantaneous water level h(t) in the tank at any given time t
during the drainage can be solved by the technique for separable equations described in Section 7.2.1.
Thus, rearranging the terms in Equation 7.13, we have

with the given initial condition , where h0 is the given initial water level in the tank.
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The solution of this separable equation can be obtained by integrating the terms on both sides:

where c is a constant of integration to be determined by the initial conditions.

After carrying out the integration, we will have the instantaneous water level in the tank h(t) as

The integration constant, c, can be determined using the initial condition , resulting in 
.

We thus have the complete solution for the instantaneous water level h(t):

The time required to empty the tank, te, may be obtained using the physical situation that  in
Equation 7.14 to give

We may solve for te from the above equation to get



Example 7.5

A numerical example of the time required to drain the water from a tank with the following
conditions can be illustrated using the expression in Equation 7.15 with the data:

Tank diameter, .

Drain pipe diameter, .

Initial water level in the tank, .

Gravitational acceleration, .
The time required to empty the tank is

7.4.3 Drainage of Tapered Funnels
Tapered funnels are tools commonly used in the food and beverage industries in filling wine and soda
bottles and the like and in other processes in industrial production. In many automatic filling operations,
empty bottles have to be filled with beverages or other liquids both accurately and in the minimal amount
of time. A similar principle to that used earlier in deriving the first-order differential equations for the
drainage of straight cylindrical tanks can be used to represent similar drainage problems involving
tapered containers or funnels.

We will illustrate such derivation with funnels of the geometry and dimensions illustrated in Figure 7.7.
The mathematical model offers an effective tool for engineers to design a funnel that can fill bottles with
predetermined volume of contents in a required filling time.

Figure 7.7 Drainage of a Tapered Funnel.

In Figure 7.7, the tapered cylindrical funnel has a taper angle θ and an initial liquid level H. These two
parameters determine the volumetric content of the funnel. The funnel has a small opening at the bottom
with a diameter d. For convenience in the subsequent analysis, we assume that the origin of the
coordinate y that is used to indicate the instantaneous liquid level of the funnel is located at “0” rather
than at the exit “A.” This approximation is justifiable if the distance between “0” and “A” as shown in
Figure 7.7 is small.

Following a mathematical analysis as in the example in Section 7.4.1 for straight cylindrical tanks, we can
make the following statement for the current state of a tapered funnel:
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The total volume of liquid leaving the funnel during interval Δt (ΔVex it)= the total volume of liquid
supplied by the funnel during Δt (ΔVfunnel)

According to Equation 7.9, we may express the total volume of liquid leaving the funnel during time
interval Δt as

From Equation 7.11, we have the exit velocity of the liquid (or water in this case) , which
leads to

The total volume of water supplied by the funnel during Δt is ΔVfunnel, which is the volume of the grey
cross-sectional area in Figure 7.8 (or the volume of a “thin water” disk with radius r(y) and thickness Δy)
as given by

Figure 7.8 Instantaneous radius of the funnel vs. the instantaneous water level.

The equivalence of the two volumetric flows in Equations 7.16 and 7.17 requires a mathematical relation
between the instantaneous radius r(y) of the thin “disk” of water in the tapered funnel in Equation 7.17
and linear distance of the liquid level reduction in the funnel y(t) in Equation 7.16. The relationship
between y(t) and r(y) may be obtained from the geometry of the funnel, as illustrated in Figure 7.8, in
which

By substituting the relation in Equation 7.18 into Equation 7.17, and equating the resulting form to ΔVexit
in Equation 7.16, we obtain the following equation for the instantaneous liquid level in the funnel, y(t):

from which we may derive the differential equation for the instantaneous liquid level in a tapered funnel
using the condition that
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because of the continuous nature of the drainage process. Consequently, we have the following differential
equation for the instantaneous liquid level y(t):
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Example 7.6

Determine the time required to drain a tapered funnel with a taper angle of 45° as shown in
Figure 7.9. The funnel contains water with an initial level .

Figure 7.9 Draining of a tapered funnel.

Solution:

According to Equation 7.12, the rate of volumetric flow of water leaving the funnel, qe (or , in
ft3/s) is  , in which the cross-sectional area of the funnel at the exit is .
And from the Bernoulli equation and Equation 7.11, we have the exit velocity at the bottom of the
funnel as . We thus have the total volumetric flow of water continuously leaving
the funnel during time interval, Δt (or dt in a continuous flow process) as

The water leaving the funnel must be supplied by the water “upstream” in the funnel.
Consequently, this water supply can be related to the drop of water level upstream in the funnel
as given by the following equation for the loss of volume of water:

Referring to Figure 7.8 with , we can relate the instantaneous radius of the funnel, r(y) to
the instantaneous water level y(t) as .

By the law of conservation of mass, we should have ΔVe in Equation (a)  in Equation (b),
which leads to the following equality:

from which we have the differential equation for determining the instantaneous water level in the
funnel y(t) as follows:

This differential equation in Equation (c) is separable and yields
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We may get the solution of Equation (c) by integrating both sides of the separated equation as
shown in the following expression:

in which c is the integration constant to be determined by the given initial condition of ,
where H is the specified initial water level in the funnel. The integration constant c can thus be
determined as .

The exact solution to the problem is

or

To evaluate the time te required to drain (that is, empty) the funnel, one may set  in
Equation (d), from which we may find the value of te:

We compute  to drain a funnel with the dimensions shown in Figure 7.9 with
initial water level  and gravitational acceleration .



Example 7.7

Consider a circular funnel made of a straight section at its top and a lower tapered section, as
illustrated in Figure 7.10a and with the dimensions indicated in Figure 7.10b. Use the integration
method to determine (a) the volume of water it contains when full, and (b) the time required to
drain this funnel from its initial level as indicated in Figure 7.10b.

Figure 7.10 A two-section funnel system. (a) A multisection funnel. (b) The dimensions of a
two-section funnel.

Solution:

We will first establish the initial water level in the funnel system by computing the length of the
tapered section of the funnel in Figure 7.10b. This is obtained from the taper angle  and
the radius of the circular straight portion of the funnel of 10 cm via the relation 

. We thus have the initial water level in the funnel as

in which y(t) is the water level in the funnel, with the origin of the coordinate  located at the
lower end of the tapered section of the funnel.

The funnel system consists of two portions, with the straight cylindrical portion (portion I) at the
top and the tapered portion (Portion II) as the lower portion of the funnel system. Both sections
share the same exit at the bottom of the system.

a.

The volume of the compound funnel The volume V1 of the straight section can be
obtained using Equation (2.17) as follows:

The volume of the tapered portion of the funnel system (V2) can be computed using Equation
(2.16) with the profile of the funnel defined by the x–y coordinates shown in Figure 7.11. We
thus compute the volume V2 as
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The total volume of the compound funnel is .

b. Time required to drain the funnel Because the funnel is made of two sections of
distinct geometry, we will compute the times required to drain each section, from which we
may obtain the total time required to drain the entire funnel.

Figure 7.11 Profile of a tapered funnel.

We may use the formula derived for draining a straight cylindrical tank presented in Equation
7.15 for te1 by setting the diameter of the exit hose to be 1 cm as shown in Figure 7.10b. We thus
calculate te1 with , ,  and , with the result

Finding the time required to drain the lower tapered section of the funnel system requires first
the following derivation of the differential equation for the instantaneous water level, as
presented in Figure 7.12.

Figure 7.12 Drainage of a tapered section of a compound funnel.

We may use Equation 7.20, derived for a tapered funnel with taper angle θ:
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With , , and , as shown in Figure 7.12 for the present problem, we
will have the differential equation for the instantaneous water level y(t) in the following form:

or

The solution of the differential equation in Equation (b) is obtained by integrating both sides of
the equation to yield

where c is the integration constant, to be determined from the given initial condition of 
, leading to , we thus obtain the instantaneous water level

in the tapered section of the funnel system as

The physical situation for an empty tapered funnel corresponds to a mathematical model having 
 in Equation (c), from which we may solve for te2 from the following equation:

from which we obtain

We may thus solve for the total time required to drain the compound funnel:
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Example 7.8

Design a circular funnel with a taper angle of 60° to fill the wine bottle described in Example 2.10
in Chapter 2. The designer will configure the dimensions, as illustrated in Figure 7.13a, and set
the radius and the length H of the funnel, and specify the diameter of the exit to be 1.5 cm.
Determine the time required to fill the bottle if it has the dimensions given in Figure 2.33.

Figure 7.13 Filling a wine bottle from a circular funnel. (a) Funnel used for filling a wine bottle.
(b) Volume of the tapered cone of the funnel.

Solution:

a.

Determine the dimensions of the funnel We will first establish the volume of wine that
can be held in the bottle to be 841.52 cm3 as determined in Example 2.10. The design
objective is for the funnel to have the same volume. However, we need to determine the
maximum radius R of the funnel in relation to the length H through the given taper angle of
the funnel. This is given by tan 60° = H/R, from which we may write

Equation (a) will enable us to determine both R and H for the funnel with a containment
volume of 841.52 cm3.

Referring to Figure 7.13b, we may determine the volume of the funnel using Equation (2.17)
with  as

But the volume of the funnel is equal to the volume of the bottle; we thus have 
, from which we have that the length of the funnel .
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We may also obtain the diameter D of the funnel to be

b.

Determine the time required to fill the bottle Because the volume of the bottle is equal
to the volume of the funnel in this case, we may observe that the time required to fill the
bottle is equal the time required to drain the funnel. Consequently, we may use Equation
7.20, which was derived to determine the required time to drain a tapered funnel. Thus,
substituting  and  into Equation 7.20, we will obtain the differential
equation for the instantaneous wine level in the funnel y(t) during the drainage process:

yielding

The solution y(t) of Equation (b) may be obtained by integrating both sides of Equation (b):

The integration constant c may be determined from the initial condition 
 in part (a) of the solution, giving . We thus have the

solution y(t) in Equation (c) as

The time te required to drain the funnel is equal to the time required to fill the wine bottle in
Figure 7.13a. We may thus solve for te using Equation (d) to give

By solving for te from Equation (e) we obtain the time required to fill the bottle as 
.



7.21

7.5 Application of First-order Differential Equations in Heat Transfer
Analysis
In this section, we will use another two laws of physics to derive the differential equations for heat transfer
analyses. These are (1) Fourier's law for heat conduction in solids and (2) Newton's cooling law for heat
convection in fluids. We will show that the first-order differential equations derived from these two laws
can be used to solve a variety of practical problems, such as in the design of heat spreaders and reliability
testing equipment for thermal cycling involving the performance design of refrigerators and cooling
chambers and other heat treatment equipment.

7.5.1 Fourier's Law of Heat Conduction in Solids
Let us first look at a simple case in which heat flows from the left face of a solid slab to its right face, as
illustrated in Figure 7.14.

Figure 7.14 Conduction of heat in a solid slab.

The natural phenomenon of that heat flow in a substance is possible only in the presence of temperature
gradients, with heat flowing from locations at higher temperature to locations at lower temperature.
Consequently, heat will flow from the left side to the right side of the slab if we maintain a state of Ta > Tb
with Ta and Tb being the temperature at the left and right faces of the slab, respectively, as in Figure 7.14.

One may well envisage that the total amount of heat flow through the slab, designated as Q, is
proportional to following factors of the cross-sectional area A for the heat flow, the temperature difference
between the two faces Ta and Tb, and the time t allowing for the heat to flow. However, the total amount of
heat flow is inversely proportional to the distance that the heat travels; that is, the thickness of the slab d.
Mathematically, one may express the above qualitative correlations in the following form

or in an equivalent equation with a proportionality constant k:

where the constant k is the thermal conductivity of the solid, with unit Btu/in-s-°F in the traditional
system, or W/m-°C in the SI or metric system.

The thermal conductivity k in Equation 7.21 is a material property. The value of k for solids generally
increases with the temperature. However, for most engineering materials at realistic operating
temperature ranges, the value of k is regarded as constant. It relates to how conductive of heat the
material is. Materials handbooks (Avallone et al., 2006; Kreith, 1998) show that gold, silver, copper, and
aluminum have superior heat conducting capabilities, with k-values in decreasing order. These materials
have higher k-values than many other materials such as steel. Metallic materials are much better heat
conducting materials than semiconductve materials such as silicon (Si), silicon carbide (SiC), and silicon
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dioxide (SiO2). Ceramics such as aluminum oxide (Al2O3) are used as thermal insulating materials
because of their very low k-values.

Equation 7.21 provides us with a way to relate the total heat flow in a planar slab with the temperature
gradient . A more realistic characterization of heat flow in solids is in terms of the heat flux
q, defined as the heat flow per unit area and time. Thus, from Equation 7.21, we may express the heat flux
in the slab as

The unit for heat flux q in Equation 7.22 may be expressed as W/m2 or J/m2-s, or N/m-s in the SI unit
system.

We will derive Fourier's law of heat conduction, which relates the heat flux and temperature variation in
solids. In some ways, this law is analogous to the situation in which the amount of water flowing between
two points depends upon the difference of their respective elevations.

7.5.2 Mathematical Expression of Fourier's Law
Let us revisit the situation depicted in Figure 7.14 in which heat flows from the left surface of the slab at a
higher temperature Ta to the right surface at a lower temperature Tb. We will use this situation to derive a
one-dimensional mathematical form of Fourier's law. The total amount heat flow in the slab may be
computed by using Equation 7.21, and the heat flux q transmitted across the two faces of the slab is
obtained from Equation 7.22. We further realize that heat flows from the left surface to the right surface
because of the positive temperature gradient . A similar positive temperature gradient
ΔT must also exist inside the solid slab to allow the passage of heat from the left surface to the right
surface. The equation for heat flux transmission across the interior of the solid slab may be derived on the
same principle; that equation will be the mathematical form of Fourier's law for heat conduction in solids.

We will derive the equation for Fourier's law of heat conduction in solids by letting the x-coordinate
represent the thickness of the slab, as shown in Figure 7.15. The associated temperature variation across
the thickness of the slab is expressed by a function T(x) with x being the direction of heat flow. Let us now
“zoom in” to two extremely closely adjacent cross-sections inside the slab located at coordinates x and (x +
Δx), where Δx is the increment of the coordinate of the cross-section inside the solid slab.

Figure 7.15 Heat flux in a solid slab.

According to Equation 7.22, the heat flux across the two faces separated by the “thickness” Δx can be
expressed as

Since the temperature variation in the slab varies as a continuous function T(x) with , we have the
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following relation according to Equation 7.23 for the continuous variation of function T(x) with the
variable x:

where the temperature gradient is  with .

Equation 7.24 is the mathematical form of Fourier's law of heat conduction in one-dimensional heat flow
along the coordinate x. One recognizes this law as a first-order differential equation for the rate of change
of temperature in a solid in the direction along the positive x-coordinate.
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Example 7.9

A 1 meter long metal rod is thermally insulated around its circumference. The terminal
temperatures of the rod are measured to be 100°C and 20°C as illustrated in Figure 7.16.
Determine the heat flux in the rod for the cases where it is made of copper and of aluminum.

Figure 7.16 Heat flow in a thermally insulated rod.

Solution:

We can find from a materials handbook that the thermal conductivities (k) for copper and
aluminum are  and , respectively.

The differential equation for the problem can be expressed in a slightly different form from
Equation 7.24 as

for the copper rod. The constant q is the heat flux in the rod.

The appropriate boundary condition is

Solution of the first-order differential equation in Equation (a) is straightforward by integration:

where c is the integration constant. It can be determined from the specified boundary condition
in Equation (b) that . We thus have the temperature distribution in the rod as

Since we have the other condition that , we may determine the heat flux, q from
Equation (c): .

Following the same procedure we find the corresponding heat flux in an aluminum rod to be 1.89
W/cm2.
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Example 7.10

The power supplied in kilowatts (kW) for the heat that is conducted in a solid is proportional to
the cross-sectional area for heat flow and the temperature gradient for a given thermal
conductivity k (kW/m-°C). For a long, circumferentially insulated rod such as shown in Figure
7.16, we may use the expression in Equation 7.24 for equivalent heat flux (q).
For this example, we have that heat is transferred at the rate of 10 kW at the left end of the rod.
Determine the temperature distribution in the rod if the right end of the rod at x = 2 m is held
constant at 50°C. The cross-sectional area is 1200 mm2 and the thermal conductivity 

.

Solution:

A conductor of circular cross-section receives a heat supply of power 10 kW at its left end causing
the heat to flow in the rod from the left toward the right, with no heat dissipating from its
circumference. The heat flow in the rod in the longitudinal direction induces a temperature
gradient along the same direction expressed by T(x). The heat flow per unit time is equal to qA,
where q is the heat flux as given in Equation 7.24 and A is the cross-sectional area for heat flow.
The situation is graphically depicted in Figure 7.17.

Figure 7.17 Temperature variation in a rod with to heat flow.

We have the total heat flow in the rod per unit time being

with the end condition

From Equation (a) we get the differential equation for the temperature distribution T(x) in the
following form:

Solving Equation (c) leads to

in which c is the arbitrary integration constant to be determined by the end condition specified in
Equation (b), resulting in a value of .

We thus have the temperature variation in the rod as
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7.5.3 Heat Flux in a Three-dimensional Space
Heat flux as expressed in Equation 7.24 is a vector quantity as defined in Chapter 3. This vector may be
graphically illustrated in Figure 7.18. It can be related to the associated temperature gradient by Fourier's
law of heat conduction as will be shown below.

Figure 7.18 Heat flux in a solid.

Referring to Figure 7.18, the heat flux vector in a solid situated in a space defined by a rectangular
coordinate system can be expressed as

where r represent the x-, y-, and z-coordinates in a rectangular coordinate system. Note that the same
equation occurred as Equation 3.31a in Chapter 3. From Equations 7.22 and 7.24, the unit for heat flux
can be W/m2, J/m2-s, or N/m-s.

Equation 7.25 is the mathematical expression of the general Fourier's law of heat conduction. Expanding
that equation into rectangular coordinates leads to the following expression (7.26) for the magnitude of
the resultant heat flux in a solid:

in which

where qx, qy, and qz are the respective heat flux components in the x-, y-, and z-directions as shown in
Figure 7.18. The terms kx, ky, and kz are the respective thermal conductivities in the solid in the x-, y-, and
z-directions. For isotropic materials with , one will readily find that Fourier's law in
Equation 7.24 is a special case of the general expression in Equation 7.25 for one-dimensional heat
conduction in solids.

The negative sign that appears in Equation 7.25 often causes confusion to engineers. This sign appears
when the heat flow in the solid is in the same direction as the outward normal of the surface. An outward
normal direction is the normal line to the surface at which heat crosses but is pointing away from that
surface. Figure 7.19 illustrates the appropriate sign to be used in Fourier's law of heat conduction.
Example 7.11 will illustrate a rule with which the proper sign for the corresponding heat flux may be



assigned. A generalized rule developed by the author for assigning proper signs to the heat flux is offered
in the following description.

Figure 7.19 Two-dimensional heat flow in a solid.

Two factors determine whether a positive (+ve) or negative (−ve) sign should be used in Fourier's law in
Equations 7.25 and 7.27:

1. The sign of the “outward normal n” perpendicular to the face of the solid through which the heat
flows.

2. The “direction of heat flow,” either in the same direction as the outward normal line (n), or in the
opposite direction.

The situation is described graphically in Figure 7.19.

With the coordinates (x,y) set as shown in Figure 7.19, we perceive that the outward normal n of the
surface that the heat crosses is “positive”—that is “+n” because both its components along the x- and y-
coordinate are in the positive directions. Engineers can use Table 7.1 to assign a +ve or –ve sign to the
Fourier law in Equations 7.27.

Table 7.1 Rules for assigning signs in Fourier's law of heat conduction

Sign of outward normal (n) q along n? Sign of q in Fourier's law
+ Yes −
+ No +
− Yes +
− No −

The use of Table 7.1 begins with engineers determining the sign of the outward normal (n) to the surface
from which the heat flows. The sign applicable to Fourier's law is then determined by the corresponding
situations listed in the middle column of the table, with the appropriate sign listed in the right-hand
column in the table.



Example 7.11

Show the form of Fourier's law describing the heat flow across the four edges of a rectangular
block as illustrated in Figure 7.20. The temperature distribution in the block T(x,y) is either
specified or is determined from another analysis. The directions of heat flow across the four
edges of the block are determined by the temperature differences across these edges as shown in
Figure 7.20.

Figure 7.20 Heat flow in a rectangular block.

Solution:

We will use the guideline presented in Table 7.1 to assign appropriate signs to the heat fluxes
crossing the four edges of the block with their respective directions of heat flow illustrated in
Figure 7.20.

For the heat flux q1 crossing the left-hand face of the block, the outward normal carries a negative
sign (−n) but the heat flow is opposite to the direction of the outward normal. This situation fits
Case 4 in Table 7.1 and a negative sign is applied in Fourier's law associated with q1. We may
assign positive or negative signs to the heat fluxes crossing the other three edges following the
same procedure. The results are shown in Figure 7.21.

Figure 7.21 Application of signs in Fourier's law of heat conduction in solids.



Example 7.12

Heat spreaders are frequently used to direct heat generated in heat sources to the surrounding air
or other media. There are many applications of using heat spreaders to mitigate the temperature
rise in “heat generators” and prevent them from being over heated. Figures 7.22a and b show
heat spreaders in the form of “fins” made of heat-conducting materials such as aluminum or
copper. In microelectronics devices, these fins are attached to the heat-generating integrated
circuit or microchip. Another common application of heat spreaders is the cooling fins attached
to the cylinder heads of internal combustion engines on motorcycles as shown in Figure 7.22c.

Figure 7.22 Heat spreaders of integrated circuits and an internal combustion engine. (a) A
typical printed circuit board. (b) Dissipation of heat from an integrated circuit (IC) chip. (c) A
motorcycle engine with cooling fins.

In the case of heat spreaders on microchips shown in Figures 7.22a and b, the heat generated
from the microchip flows to the exterior surfaces and the metal fins (the spreaders) dissipate the
heat to the surrounding space, where cooling air is provided by small electric fans to facilitate
removal of the dissipated heat.
In this example, we assume that a heat spreader with fins of triangular cross-section is used to
dissipate heat from a heat-generating integrated circuit chip. The cross-section of the spreader
fin is illustrated in Figure 7.23a. The temperature in the cross-section of the fins is determined
from a separate analysis indicating a function  in degrees Celsius,
where x and y have the unit cm. The coordinates x and y are defined in Figure 3.23a.



Figure 7.23 Heat flow in a cooling fin of a heat spreader. (a) Cross-section of half of a fin. (b)
The coordinate system for analysis.

Find the heat fluxes dissipating into the surrounding air at 20°C from the mid-points of the three
edges if the thermal conductivity of the heat spreader material has a value of 
.

Solution:

Heat generated in the integrated circuit (IC) enters the heat spreader across the edge BC: the flux
qbc in Figure 7.23a. The heat that enters the fin spreader is dissipated to the surrounding air
through the surfaces denoted by edges AB and AC. The heat fluxes across these three surfaces are
illustrated in Figure 7.23b.

We are now ready to compute the heat fluxes across the three surfaces of the heat spreader fin in
Figure 7.23.

a.

Heat flux across surface BC As illustrated in Figure 7.21, the outward normal line to this
surface carries a negative sign but the heat flux qbc is in the opposite direction to the outward
normal. This corresponds to Case 4 in Table 7.1. We will thus have the heat flux entering the
surface BC as

The heat flux passing at mid-point on edge BC at x = 1 cm is thus 
.

b.

Heat flux across surface AB We will first need to establish the direction of heat flow
across this surface. This can be done by checking the temperature at the two terminal points
of the edge AB.

At point B (x = 0 and y = 0) the corresponding temperature is

Likewise, we may find the temperature at point A to be 100°C, which is also greater than the
ambient temperature of 20°C. We thus determine that heat leaves the surface AB to the



surrounding as illustrated in Figure 7.23b, and this corresponds to Case 3 in Table 7.1. We
thus have the heat flux expressed by the following expression:

The mid-point of edge AB is located at y = 2 cm, which leads to the heat flux leaving this mid-
point as .

c. Heat flux across surface AC Again, we need first to check the direction of heat flux
across this surface in order to determine the proper sign in the expression of Fourier's law for
the heat flux.

As usual, we have the temperature at terminal point C (x = 2, y = 0) as 100°C, which is greater
than the ambient temperature. The same temperature is obtained at the other terminal point A (x
= 0, y = 4). We thus conclude that heat leaves this surface as illustrated in Figure 7.23b.

The situation for determining the direction of heat flux across surface AC is little more
complicated than that of the other two surfaces, because this surface is inclined on the x–y plane
as illustrated in Figure 7.23. The heat flux across the surface AC, qac, is a vector quantity that is
neither along the x-coordinate nor along the y-coordinate. We thus need first to decompose this
vector into two components, qac,x and qac,y, as shown in Figure 7.23b. The corresponding
outward normal lines (i.e., nx and ny) are positive for both these components as illustrated in the
same figure. We thus conclude that these two heat flux components correspond to Case 1 in Table
7.1. Consequently, they can be expressed as follows:

The resultant magnitude of these two vector components will yield the total heat flux leaving at
the mid-point of surface AC using Equation 7.26:

7.5.4 Newton's Cooling Law for Heat Convection
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The mode of heat transmission in a fluid is quite different from that of conduction in solids in that
convective heat transfer is associated with motion of the fluid. This motion of the heat transfer medium
(i.e., the fluid) may be created by external forces, when it is termed forced convection, or by the buoyancy
forces developed due to differences in specific gravity of the medium caused by the temperature difference
in the medium, which is termed natural convection. The law that governs heat convection in fluid is
Newton's cooling law, which stipulates that the amount of heat flow between two points A and B in a fluid
with respective temperatures Ta and Tb, such as illustrated in Figure 7.24, is proportional to the difference
of these two temperatures.

Figure 7.24 Convective heat flow in a bulk fluid.

Mathematically, Newton's cooling law can be expressed as

in which q is the heat flux transmitted in the fluid by the temperature difference (Ta − Tb), and h is the
heat transfer coefficient, with unit W/m2-°C.

The heat transfer coefficient h in Equation 7.28 is normally determined empirically. Its value is imbedded
in the dimensionless Nusselt number , where L is the “significant,” or “characteristic” length
of fluid flow and k is the thermal conductivity of the fluid. The Nusselt number is related to other
dimensionless numbers such as the Reynolds number (Re) and the Prandtl number (Pr) for forced
convective heat transfer in empirical formula as shown in Equation (2.4) in Chapter 2, and is related to
another dimensionless number, the Grashof number (Gr), in natural convective heat transfer. The Nusselt
number is related to the Reynolds number in both forced and natural convective heat transfer, and the
latter is related to the velocity of the moving fluid in the form , where ρ is the mass density of
the fluid, v is the velocity of the moving fluid, and μ is the dynamic viscosity of the fluid. We may thus
assert that the heat transfer coefficient h in Equation 7.28 is proportional to the velocity of the fluid in
convective heat transfer. Physically, this means that the faster the fluid motion is, the higher is the value
of the heat transfer coefficient h, and accordingly the more effective is the convective heat transfer as
given by Equation 7.28.

7.5.5 Heat Transfer between Solids and Fluids
The physical phenomenon of interfacial heat transfer between solids and fluids can be best explained by a
person's common perception of weather. The solid in such case is the person's face and also his or her skin
surface exposed to the surrounding air; the warm human body is the “solid” that give its heat to the cold
surrounding air in winter, while the body receives heat from the hot surrounding air in summer. The
person's feeling of being cold in winter and hot in summer is a measure of heat transference between the
human body (the solid) and the surrounding air (the fluid) in heat transfer processes. An interesting
feature associated with the transmission of heat between solid and surrounding fluid is the velocity of the
surrounding fluid (the ambient air) in such processes; the well-known term “wind chill effect” is often
used by meteorologist to reflect a person's actual response to the weather. He or she will feel much colder
if the cold surrounding air moves at a higher speed. Likewise, a person will feel more comfortable if a fan
is used to blow cool surrounding air across the person's face in hot summer weather. The “wind-chill
effect” may be mathematically modeled by Equation 7.28, in which the heat transfer coefficient h is a
significant factor in the effectiveness of convective heat transfer. This coefficient is proportional to the
velocity of the fluid: a fast-moving fluid, such as a high-speed breeze created by a fan, will increase the
value of h and create a more effective convective heat transfer to the surrounding fluid.

There are a number of applications of solid–fluid interface heat transfer in engineering practice. In the



semiconductor industry, it is standard procedure to heat small IC chips in hot ovens in “burn-in” tests that
are part of the reliability testing before the chips are shipped to market. The heating of the chips to a
predetermined temperature is often for a prolonged duration at elevated temperature. In addition to the
“burn-in” tests, these chips are also required to pass specific “thermal cycling” and “thermal shock” tests.
Engineers are expected to design proper cooling and heating chambers that will cool small-sized solids,
such as IC chips, in the cooling portion of a thermal cycling tests for the chip's reliability testing.
Additionally, cooling chambers such as refrigerators have many practical applications in modern society.
Conditions for heating and cooling of small solids are illustrated in Figure 7.25.

Figure 7.25 (a) Heating and (b) cooling of small solids.

Design analysis of the cooling and heating chambers requires mathematical formulation combining
Fourier's law of heat conduction for solids given in Equations 7.24 for one-dimensional heat flow together
with Equations 7.25 to 7.27 for the general case, and Newton's cooling law for heat convection in fluids
given in Equation 7.28. The formulation of the mathematical analysis of the situations illustrated in
Figure 7.25a for heating and Figure 7.25b for cooling will be based on the general situation illustrated in
Figure 7.26.

Figure 7.26 Heat flow between a solid and a fluid in a controlled-temperature enclosure.

Let us begin by considering a simple one-dimensional analytical case that involves a small solid at an
initial temperature T0 that is to be cooled or heated in an enclosure such as a cooling chamber or an oven
with a surrounding fluid of controlled temperature Tf, as shown in Figure 7.26. It is desired to estimate
how long it will take for the solid to reach a specified temperature provided by the enclosure with a given
bulk fluid temperature Tf.

Our mathematical modeling of the cooling-heating of solids in environmental chambers begins with the
following stipulations:

1. The solid is initially at a uniform temperature T0.

2. Being small in size, the solid is of uniform temperature at all times, and this temperature changes
with time: thus, the solid is at temperature T(t) where t represents time.

3. The surrounding bulk fluid temperature is Tf at all times.

4. The change in the temperature of the solid is attributable only to the heat supplied or removed by
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the surrounding fluid.

We will use Newton's cooling law as expressed in Equation 7.28 for the heat transmission in the bulk
fluid.

Let us take a look at a generic situation involving heat exchange between the solid surface and the
surrounding fluid, with the heat flux q transferring heat from the solid surface at temperature T(t) to the
surrounding fluid at temperature Tf, as shown in Figure 7.27, in which  is the outward normal line that
designates the direction of heat flow.

Figure 7.27 Heat transfer from a solid to a surrounding fluid.

We may express the heat flux from the solid surface to the surrounding fluid by Newton's cooling law as
follows:

where h is the heat transfer coefficient of the bulk surrounding fluid at the solid–fluid interface.

The reader will notice that we have made the temperature of the solid at the contacting surface, Ts(t), be
equal to the temperature of the solid, T(t), in accordance with our stipulation of the uniformity of
temperature in the solid. This is justified for small-size solids in which the interior temperature is close to
the surface temperature.

The temperature of the solid T(t) changes with time after it is submerged in the bulk fluid at a different
temperature. The heat exchange between the solid and the surrounding fluid during a time interval Δt can
be mathematically expressed as follows, using the first law of thermodynamics:

In this relationship, ΔT(t) is the change of temperature of the solid during the time interval Δt; ρ, c, V are
respectively the mass density, specific heat, and volume of the solid; and As is the interface area between
the solid and the surrounding fluid.

Rearranging the terms on both sides of the equation, we may derive the expression for the rate of change
of the temperature in the solid:

or

with the coefficient α being
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Since the heat transmission between the solid and the surrounding fluid is a continuous process, the finite
increments of ΔT(t) and Δt can be replaced by infinitesimally small increments of dT(t) and dt,
respectively. We may thus derive the following first-order differential equation representing heat
transmission between a small solid and surrounding fluid:

with the initial condition

The SI units of the physical quantities in Equation 7.30 are W/m2-°C for the heat transfer coefficient h;
g/m3 for the mass density of the fluid ρ; J/g-°C for the specific heat c of the solid; and m3 for the volume
V of the solid. The coefficient α in Equation 7.31 thus has the unit of /m2-s.
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Example 7.13

A small solid at temperature of 80°C is to be cooled in a cooling chamber maintained at 5°C.
Determine the time required for the temperature of the solid to reach 8°C if the proportionality
constant in Equation 7.31 is  with a contacting surface area .

Solution:

The situation described in the problem corresponds to the situation depicted in Figure 7.26 with 
 and . Also given are  and . Thus, by substituting

these given conditions into Equation 7.31, we obtain the following differential equation and the
initial condition for the solution of the instantaneous temperature of the solid, T(t):

with the initial condition:

The solution to the differential equation in Equation (a) can be obtained by integrating both sides
of the equation to yield

where c1 is an arbitrary integration constant.

The following expression is obtained after integration on both sides of Equation (c):

The constant c in Equation (d) is determined by the condition given in Equation (b), resulting in 
.

The general solution to Equation (a) is thus:

Let te be the time required for the temperature of the solid to reach 8°C. The required time can be
determined by setting T(t) in Equation (e) to be

The required time, te can be obtained by solving the algebraic equation (f) to give 
, or 134.12 minutes, or 2.24 hours.

The time required to heat or cool a solid at initial temperature T0 by means of hot or cold bulk fluid is a
process design issue. Engineers would normally adjust either the bulk fluid temperature Tf or the
proportionality constant α in the chamber to shorten or extend the required time. There is usually a cost
factor associated with lowering Tf and increasing the α-value to shorten the required time for the cooling
in the case of Example 7.13. Increasing the α-value means an increasing of the h-value according to the
relationship shown in Equation 7.30. The cost associated with the increasing h-value is that of providing
more vigorous motion of the surrounding fluids with higher Reynolds numbers for higher h-values, such
as is described toward the end of Section 7.5.4. This is a classic design issue involving proper balance of
costs and benefits in the analysis.
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Example 7.14

A Silicon Valley company produces microcomputer chips and is required to perform thermal
cycling tests of the chips it has produced as a part of reliability testing. In this particular series of
tests, each cycle involves heating and cooling of the chips between terminal temperatures and for
the durations illustrated in Figure 7.28.

Figure 7.28 Temperature variations in one cycle of heating and cooling of chip under test.

In the present example, each chip has an overall surface area of 8 × 10−4 m2 with the heating and
cooling chambers providing the conditions specified in Table 7.2.

Table 7.2 Conditions of the heating and cooling chambers.

Chamber Proportionality coefficient (α), /m2-s Chamber ambient temperature (Tf), °C

Heating 0.8 150
Cooling 0.2 −20

The procedure for this thermal cycling testing is to first heat the chip from an initial temperature
of 20°C to 100°C in the heating chamber for a period of th, followed by cooling the chip down to
20°C in the cooling chamber for a period of tc. The subsequent cycles will have the chip's
temperature cycling between  and  as illustrated in Figure 7.28.
The process engineer's task is to determine the required times th and tc for the heating and
cooling of the chips in the first cycle of the planned thermal cycling testing as illustrated in Figure
7.28. He or she is also expected to propose plans on what physical arrangements could be made
to shorten the computation times th and tc in order to expedite the thermal cycling process.

Solution:

We will use the first-order differential equation in Equation 7.31 to solve for the instantaneous
temperature in the chip T(t) as follows:

a.

For the heating portion of the thermal cycling test We have from Table 7.2 the values
of  and  together with  and the initial temperature
of the chip . Substituting these conditions into Equation (a) results in the
following differential equation for T(t):

with the condition
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The solution of Equation (b) may be obtained by integrating both sides of the equation:

in which c1 is the integration constant, to be determined from the initial condition in Equation
(c). We thus obtain the following expression for function T(t):

The time required to heat the chips to 100°C may be determined using the relation 
, which leads to

We may solve for th from the above expression to get

b.

For the cooling portion of the thermal cycling test We have the proportionality
coefficient  and  provided by the cooling chamber as indicated in
Table 7.2. The chips have an initial temperature  for the cooling process and they
are to be cooled to .

We will use the same Equation (a) for the solution T(t) with the following expression:

The solution for T(t) in Equation (f) has the following form:

in which c2 is the integration constant, to be determined from the initial condition of 
, from which we have . We thus have the solution

from which we may express the temperature of the chip at time tc as

We may solve for tc from the above equation and obtain  or 113.55 minutes,
or 1.89 hour.

c. Shortening the heating and cooling times If it is required to shorten the 
 for heating the chips and tc=1.89 hours for cooling them, the options are

as follows. (a) To shorten the time for heating, one may increase both the α-value and the bulk
fluid temperature Tf. (b) To shorten the time for cooling, a plausible action would be to
increase the α-value or lower the bulk fluid temperature Tf. Both options will increase the cost
of testing because increasing α-values in the heating or cooling chambers requires increasing



the speed of fluid moving over the solid surface, and increasing Tf for shorter th and reducing
Tf for shorter tc in the chambers can also be costly.



7.6 Rigid Body Dynamics under the Influence of Gravitation
In this section, we will demonstrate how the first-order ordinary differential equations for rigid body
dynamic analysis under the influence of gravitation can be derived using Newton's second law.

Consider a rigid body of mass m that is thrown vertically up into the air with an initial velocity v0, or that
is falling from some height above the ground. The moving body encounters air resistance, which is
proportional to the velocity v(t), with t being the time into the motion, we may derive the following
equations for the dynamic analysis:

a. The equation of motion in the coordinate systems shown in Figure 7.29.

b. An expression for the velocity of the mass at time t.

c. The time at which the rigid body reaches its maximum height with an initial velocity in the case of
the body thrown up, or the velocity at the touchdown for the body falling from an initial height.

Figure 7.29 Rise and fall of rigid bodies.

The forces that are associated with the rising and falling rigid bodies in Figure 7.29 include the following
components:

1. The weight of the body, , where m is the mass of the body and g is the gravitational
acceleration ( ). Both the weight of the body w and the gravitational acceleration g point
toward the earth.

2. The resistance encountered by the moving body from the surrounding medium, such as
aerodynamic resistance, may be expressed as , where c is the proportionality constant
determined by experiment and v(t) is the instantaneous velocity of the moving body.

3. The dynamic (or inertial) force is , where a is the acceleration (or deceleration, with a
negative sign). The acceleration a is defined as the rate of change of velocity of a moving solid and it
has the mathematical form , with v(t) being the instantaneous velocity.

We should bear in mind that both R(t) and F(t) act on the moving body in the direction opposite to that
of the motion.

We will use Newton's law on dynamic force equilibrium, , to derive the required differential
equations for the following cases.

a.

A body thrown up under the influence of gravitation The following relation is derived from
the force diagram shown at the left side of Figure 7.29:

Substituting  and  into the above expression, we will obtain the
differential equation for the instantaneous velocity of the moving body:
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The solution of Equation 7.32 can be obtained by comparing the terms in Equation 7.32 with the
typical form of nonhomogeneous first-order differential equation as presented in Equation 7.6. Thus,
v(t) in Equation 7.32 can be expressed as

in which , , and .

Consequently, the solution v(t) in Equation 7.32 takes the form

in which K is constant to be determined from an appropriate initial condition.

For a given initial condition that , one may compute . This will lead to the
complete solution of v(t) as

Equation 7.34 gives the instantaneous velocity of a rigid body thrown upward with an initial velocity
of v0.

The time for the body to reach the maximum height, tm can be obtained by letting the velocity in
Equation 7.34 be zero at that instant: mathematically, . The following relation derived from
Equation 7.34 is used to determine tm:

Solve for tm from the above expression to get

b.

A body in free fall We have the situation depicted in the right-hand half of Figure 7.29. The
differential equation for the instantaneous velocity of the falling body can be derived using the
dynamic equilibrium of forces acting on the body at time t:

This expression leads to the differential equation for the instantaneous velocity, v(t), as

Note that the differential equation for a free-falling body in Equation 7.36 is similar to that for the
case of a body thrown upwards in Equation 7.32, the only difference being in the sign of g in the right-
hand side of the equation. A similar method to that used for solving Equation 7.32 can be used for the
solution of Equation 7.36.
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Example 7.15

An armed paratrooper with ammunition weighing 322 pounds jumps from a plane with zero
initial velocity, as shown in Figure 7.30.

Figure 7.30 Paratroopers. (http://www.westandwithukraine.org/wp-
content/uploads/2015/04/Paratroopers-3-596573.jpg)

(https://www.google.com/search?
q=free+copyright+pictures+of+paratroopers&tbm=isch&tbo=u&source=univ&sa=X&ved=0ahUKEwjj5e_2y4TVAhVFw4MKHaCRCaMQsAQIUA&biw=1697&bih=788#imgrc=zSkACnNLNrqJ0M:&spf=1499891706617
The troopers encounter negligible side wind in their descent. However, they encounter air
resistance whose magnitude is 15 times the square of the descent velocity v(t); that is, 15[v(t)]2.
Assume that the mass of the parachute is negligible. Do the following:

a. Derive the appropriate equation for the instantaneous descending velocity v(t).

b. Solve the equation for the descent velocity.

c. Estimate the time required for the paratrooper to reach the ground from a height of 10 000
feet.

d. Estimate the impact velocity of the paratrooper upon touching the ground, and the
associated momentum.

Solution:

a.

Derivation of the differential equation The total mass of the falling body 
 slugs, and the air resistance  as given. The

instantaneous descending velocity v(t) can be obtained by using Equation 7.36 as

Equation (a) may be written in the form

with the initial condition

http://(http://www.westandwithukraine.org/wp-content/uploads/2015/04/Paratroopers-3-596573.jpg)
https://www.google.com/search?q=free+copyright+pictures+of+paratroopers&tbm=isch&tbo=u&source=univ&sa=X&ved=0ahUKEwjj5e_2y4TVAhVFw4MKHaCRCaMQsAQIUA&biw=1697&bih=788#imgrc=zSkACnNLNrqJ0M:&spf=1499891706617
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b.

Solution for the instantaneous velocity v(t) Equation (b) is a separable differential
equation and can be rearranged into the form

where .

The solution of Equation (d) is obtained by integration on both sides of Equation (d),
resulting in

where c is an integration constant.

The integrand on the left-hand-side of the above expression can be found from mathematical
handbooks (Zwillinger, 2003) to be

which gives the solution

The arbitrary constant, c in Equation (e) may be determined by using the initial condition of 
 in Equation (c), which leads to . We thus have

Consequently, one may express the solution of Equation (b) with  as

(Hint: .)

c.

Estimation of the time required for the paratrooper to reach the ground from a
height of 10 000 feet Let the descent distance of the paratrooper to be X(t), where t is the
time starting from the moment of his jumping out the carrier airplane. The relation 

 leads to the following expression for the distance of descent:

in which v(t) is available from Equation (f). We thus have

The distance that the paratrooper has descended is determined to be



h

j

If we let tg be the required time to travel a distance of 10 000 feet, we will have

In the expression in Equation (j), we realize that tg is a real number that has a value greater
than zero (i.e., tg > 0), and  ≫ 1 in Equation (j), which leads to the following
approximation:

Substituting this into Equation (b), we obtain the following relation for tg:

which gives the solution  or 35.95 minutes.

d. Estimation of the impact velocity of the paratrooper upon touching the
ground, and the corresponding momentum The impact velocity of the paratrooper is
the “terminal” velocity of his descent from a height of 10 000 feet. We may take advantage of
the expression in Equation (f) for the solution. Thus, substituting  (the
time the paratrooper spent in traveling this distance, as obtained in part (c)) into Equation (f),
we have for the impact velocity, Vf :

From this impact velocity we calculate the impact momentum, , or 
, which is a significant amount that qualifies as a hard

landing.



Problems
Solve the differential equations in the Problems 7.1 to 7.6.

7.1 

7.2 

7.3 

7.4 

7.5 

7.6 

7.7 Determine the time required to empty the water in a straight cylindrical tank with a diameter of 12
inches and initial water level of 20 inches. The diameter of the hose for draining the water from the
tank is 1 inch.

7.8 A swimming pool 20 m long (L) × 10 m wide (W) × 2 m deep (D) is filled with water. A drainage
pipe of diameter (d) 6 cm located at the bottom of the pool is used to drain the water. Determine the
following:

a. The differential equation describing the draining of the pool.

b. The water level in the pool after one hour of the draining.

c. The time required for draining all the water from the pool.

7.9 Derive an expression to estimate the time required to drain a circular funnel with a slant angle of
30° as illustrated in Figure 7.31.

Figure 7.31 Water in a shallow tapered funnel.

7.10 A food processing plant uses a flat tapered chute (i.e., with a rectangular cross-section) to fill
bottles with juice. The geometry and dimensions of the funnel are illustrated in Figure 7.32. The chute
was full when it was set to open at time t = 0.

a. What is volume of the juice in a full chute?

b. Establish the equation for the movement of the juice in the chute.

c. Compute the time required to empty the chute.



Figure 7.32 A flat chute for filling juice into bottles.

7.10 Assume that the friction between the flowing juice and the chute wall is negligible.

7.11 The square chute shown in Figure 7.33a is used to hold solvents for a chemical process plant. The
dimensions of the chute are , , , and , as shown in Figure
7.33b. Determine (a) the total volume of the contents of the chute, and (b) the time required to drain
the chute.

Figure 7.33 A square chute for liquid solvents. (a) A square chute. (b) Dimensions of the chute.

7.12 An engineer is assigned to design a circular funnel for filling water bottle similar to the one
described in Example 2.10. The funnel is to be attached to an automatic filling machine. The funnel
has the dimensions shown in Figure 7.34. The water bottle will have similar geometry and dimensions
to the wine bottle illustrated in Figure 2.33b. The straight portion of the upper section of the water
bottle, however, is 4 cm in length rather than the 10 cm for the wine bottle in Figure 2.33b. Determine
the following:

a. The volume of the water bottle.

b. The length H that will enable the funnel to hold enough water to fill the water bottle.

c. The time required to fill one water bottle on the filling machine.



Figure 7.34 A tapered circular funnel for water bottle filling.

7.13 Intravenous delivery (IV) bottles such as the one shown in Figure 7.35a are commonly used in
hospitals. Use the idealized geometry of the IV bottle shown in Figure 7.35b to determine:

a. The volume of the liquid in the bottle.

b. The time required to empty the bottle.

c. The length of the straight portion of the IV bottle in Figure 7.35b if the content is designed to be
1200 cc (cm3), and the time required to empty the bottle with the designed content?

Figure 7.35 Drainage of an IV bottle. (a) Patient with IV bottle on stand. (b) Dimensions of idealized
IV bottle.

7.14 A 1 m-long circular rod 50 mm in diameter has its circumference thermally insulated. One end of
the rod is maintained at 20°C while heat is supplied at the other end. Determine (a) the required rate
of heat supply q in kW to the rod for the temperature at its half-length to be 80°C, and (b) the
temperature variation in the entire rod under this condition. The rod material has a thermal
conductivity .

7.15 A chip containing an integrated circuit is undergoing reliability testing with heating–cooling
cycles. It is first heated to 100°C in a heating chamber, followed by a cooling in a cooling chamber with
its interior maintained at 8°C. Determine the value of the proportionality constant α in Equation 3.23
with a unit of /m2-s if the chip is to be cooled to 10°C in 2 hours. The surface area of the chip is 2 ×
10−6 m2. What could the process engineer do to shorten this time for the cooling to 1 hour with a new
value of α, and how would he or she physically accomplish this and why?

7.16 It is customary to put integrated circuit packages through thermal cycling as a part of product
reliability tests. A chip at room temperature (20°C) with surface area (A) of 8 × 10−4 m2 is placed in a
cooling chamber with its interior maintained at −60°C. As engineering students learn in class, the rate
of temperature change of a small object such as the chip is proportional to the surface area and to the
difference between the temperature of the surrounding medium and the object's temperature. Let the
constant of proportionality be .

a. Derive the expression for the temperature in the chip at any time t after it has been placed in the



cooling chamber.

b. Determine the temperature in the chip 5 hours after it has been placed in the chamber.

c. Estimate the required time for the chip temperature to reach −40°C.

d. Which way would you adjust the proportionality constant, h (i.e., up or down) if we want to
shorten the time that is required for the chip to reach the temperature of −40°C?

7.17 A microelectronic product is put to reliability tests involving thermal cycling. The product is
heated to 100°C and at that time it is moved to the cooling chamber for the cooling portion of the cycle.
The interior of the cooling chamber is maintained at 8°C. The law of physics governing cooling of a
solid is that the rate of temperature change of the solid is proportional to the surface area A and the
difference between the temperature of the surrounding medium and the temperature of the solid, T, at
any given time.

a. Determine the time for the temperature of the product to reach 20°C if the constant of
proportionality  and the surface area of the product .

b. If the required time is reduced to 2 hours, what will be the corresponding value of the
proportionality constant α?

7.18 A printed circuit board (PCB) from a local electronics manufacturing company is expected to go
through thermal shock testing for its product reliability. The particular PCB has a surface area of 400
cm2 and is initially at the ambient temperature of 20°C. It is quickly placed into a cooling chamber
that has its interior maintained at −80°C. The principle of convective heat transfer indicates that the
rate of temperature change of the PCB is proportional to the surface area and the difference between
the temperature of the surrounding medium and that of the PCB. If the constant of proportionality is 

, determine the following:

a. The expression for the temperature in the PCB at any time t after it is placed in the cooling
chamber.

b. The temperature in the PCB 20 minutes after it was placed in the chamber.

c. The time required for the PCB temperature to reach −40°C.

d. The α-value that is necessary if we want the PCB to reach a temperature of −40°C in 5 minutes
instead of the calculated value? What would be the engineering implications of the change of the α-
value in the process?

7.19 A bullet with mass m is shot vertically upward in the air with an initial velocity V0. Due to the
gravitational effect g, and the air resistance, the bullet will reach a maximum height Hmax and then fall
vertically back to earth. Assume the resistance of the air to the moving bullet is proportional to the
velocity.

a. Formulate the equation of motion of the bullet upward with velocity function V(t), where t is the
time into the motion in the upward direction.

b. Formulate the equation of motion of the bullet during the free fall stage.

c. Solve for V(t) in both part (a) and part (b).

d. Derive the expression for the maximum height Hmax that the bullet reaches in the upward
motion.

7.19 The following information may be used in the numerical computation: the mass of the bullet (m)
= 200 g; the initial velocity ; gravitational acceleration ; the coefficient
of air resistance for both upward and downward motion of the bullet is .

7.20 A crate containing bottles of fresh drinking water is airlifted to a remote area that was devastated
by a Richter scale magnitude 7.8 earthquake. The crate weighs 1000 kg. It is dropped with a parachute
from an aircraft 1500 m above the ground on a calm (i.e., “windless”) day. The air resistance to the
falling crate is approximately 20 times the square of the velocity of descent, v(t). Assume that the mass
of the parachute is negligible. Determine the following:



a. The equation and the appropriate conditions for the instantaneous descent velocity v(t).

b. The mathematical expression for v(t).

c. The time for the crate to reach the ground.

d. The impact velocity.

e. Whether the crate would survive the impact upon hitting the ground, and why, if it is designed to
resist an impact force of 10 000 newtons with a “touchdown” time of 0.5 second.
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