
Chapter 8
Application of Second-order Ordinary Differential
Equations in Mechanical Vibration Analysis
Chapter Learning Objectives

Refresh your knowledge of the solution methods for typical second-order homogeneous and
nonhomogeneous differential equations learned in previous mathematics courses.

Learn to derive homogeneous second-order differential equations for free vibration analysis of simple
mass–spring systems with and without damping effects.

Learn to derive nonhomogeneous second-order differential equations for forced vibration analysis of
simple mass–spring systems.

Learn to use the solution of second-order nonhomogeneous differential equations to illustrate the
resonant vibration of simple mass–spring systems and estimate the time for the rupture of the system
in resonant vibration.

Learn to use second-order nonhomogeneous differential equations to predict the amplitudes of the
vibrating mass in near-resonant vibration and the physical consequences to the mass–spring systems.

Learn the concept of modal analysis of machines and structures and the consequence of structural
failure under the resonant and near-resonant vibration modes.



8.1 Introduction
Like the first-order differential equations presented in Chapter 7, second-order differential equations are
also derived from the laws of physics. These equations are used to solve a variety of engineering problems
relating to heat conduction in solids, stress analysis of structures such as bending of beams and buckling
of slender columns, and mechanical vibration of rigid bodies, beam structures and long cables. However,
we will focus our attention on their applications in structural vibrations due to limitations on text length.

Following the same practice as in Chapter 7, we will first review the techniques available for solving
typical second-order differential equations. The solution methods presented in the subsequent sections
are generic and effective techniques for engineering analysis.
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8.2 Solution Method for Typical Homogeneous, Second-order Linear
Differential Equations with Constant Coefficients
Let us consider a typical form of ordinary differential equations of second order:

in which u(x) is the sought solution from Equation 8.1, and a and b are given constants of real numbers.

There are several ways one may solve Equation 8.1. The particular method that we will adopt here is to
assume a solution of Equation 8.1 in the following form:

where the m is a constant to be determined in the following way.

Since the function u(x) in Equation 8.2 is assumed to be the solution of Equation 8.1, it must satisfy that
equation. Thus, by substituting the assumed solution in Equation 8.2 into Equation 8.1, we get

We may factor out the common term emx in the above expression to give

Since the term emx cannot be zero (ask yourself why), we will arrive at the following quadratic equation
for the unknown constant m:

Equation 8.3 has the following two roots giving the solution m :

We thus have the general solution for Equation 8.1 by including both m1 and m2 from Equation 8.4 in the
solution in Equation 8.1:

where c1 and c2 are the two arbitrary constants to be determined by the specified conditions often given
with Equation 8.1.

Since both a and b in Equation 8.1 are given real-number constants, the value of (a2−4b) in  in
Equation 8.4 may be positive, negative or zero. These possibilities can produce radically different
solutions of the differential equation as shown in Equation 8.5, as will be illustrated in following three
different cases.
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Case a2−4b > 0

In this case we recognize that both m1 and m2 in Equation 8.4 are real numbers. The solution of
Equation 8.1 is
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Case a2−4b < 0

In this case both roots m1 and m2 in Equation 8.4 are complex numbers with

and

in which . The substitution of m1 and m2 into Equation 8.5 will lead to the following
expression:

The solution u(x) in Equation 8.7 has no practical value in engineering analysis, because it involves
imaginary numbers, a more commonly used form involving trigonometric functions is used instead:

where A and B are arbitrary constants to be determined by the conditions given for Equation 8.1.

The expression in Equation 8.8 was derived by using the Biot relation, which has the form 
.

For the special case with coefficient a = 0 and b a negative number, the solution of Equation 8.1
becomes

where c1 and c2 are arbitrary constants to be determined by the given conditions.
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Case a2−4b = 0

We will quickly realize from Equation 8.4 that this case leads to , which will
produce the solution of Equation 8.1 in the form  or , with the
constant coefficient . We notice that this form of solution contains only one arbitrary
constant, whereas a second-order differential equation should have two arbitrary constants. We will
thus need to find the missing term with another arbitrary constant in the general solution of
Equation 8.1. Such an additional term with the “other” arbitrary constant may be found by letting
the additional root of m in Equation 8.3 to be obtained by the following modified expression for the
solution of Equation 8.1:

where V(x) is an assumed function of x.

By substituting the above assumed solution u2(x) in Equation 8.10 into the differential equation in
Equation 8.1, we will obtain the following equation for V(x):

One may recall from Equation 8.3 that  and  for the case of 
. The same equality also results in . Thus, the only nonzero term left in

Equation 8.11 is the second-order derivative of the function V(x). Consequently, we have a simple
differential equation for the function V(x):

We will obtain the solution of the above differential equation to be  after two sequential
integrations.

The second solution for u(x), by Equation 8.10, is thus found to be

which leads to the complete solution of the differential equation in Equation 8.1 with :
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Example 8.1

Solve the following differential equation:

Solution:

Comparison of Equation (a) and Equation 8.1 gives the equivalences a = 5 and b = 6, resulting in 
. So the Case 1 solution of Equation 8.6 applies in this problem, and

the solution of Equation (a) becomes

where c1 and c2 are arbitrary constants.
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Example 8.2

Solve the following equation:

with the following specified conditions:

Solution:

In Equation (a), we recognize that a = 6 and b = 9 after comparing Equation (a) with Equation
8.1. We thus obtain the roots m1 and m2 from Equation 8.4 to be

indicating that  and that Case 3 applies for the solution. Thus, according to
Equation 8.12, we have the solution of the differential equation in Equation (a) as

where the arbitrary constants c1 and c2 may be determined by the specified conditions in
Equation (b):  leads to c1 = 2, and we get c2 = 6 from the second condition. The complete
solution of Equation (a) is thus



8.3 Applications in Mechanical Vibration Analyses

8.3.1 What Is Mechanical Vibration?
Mechanical vibration is a form of oscillatory motion of a solid, a structure, a machine, or a vehicle
induced by mechanical means. The extent of movement in these solids and structures is called the
“amplitude.” The amplitudes of vibrating solids vary with time. Such variations may be either regular or in
random fashion. Oscillatory motions of solids with their amplitudes vary with a fixed time interval called
the “period,” and the reciprocal of the period is the “frequency” of the vibratory motion.

The effect of mechanical vibration on machines and structures can be trivial and cause mere discomfort to
riders in a vibrating vehicle, or can be devastating and result in major structural failures.

Consequences of mechanical vibration can be immediate, such as in the case of resonant vibration with
rapid increase of magnitudes of vibration, or damage can be induced cumulatively by long-term vibrations
with low amplitudes. These prolonged low-amplitude vibrations may result in the failure of a machine or
structure due to fatigue of the materials of which they are constructed.

8.3.2 Common Sources for Vibration
There are many causes of mechanical vibration in solids and in machines. Engineers need to be fully
aware of such sources in order to deal with the consequences. Common sources for mechanical vibrations
are

1. Application of time-varying mechanical force or pressure

2. Fluid-induced vibration due to intermittent forces of wind, tidal waves, etc.

3. Application of pressures associated with acoustics and ultrasonic waves

4. Random movements of supports; for example, seismic forces

5. Application of thermal, magnetic forces, etc.

8.3.3 Common Types of Vibration
There are different types of mechanical vibrations that design engineers should be aware of. Following are
three common types of vibration that engineers may be involved in their analyses.

1. Vibrating solids with constant amplitudes and frequencies: In such cases, the solid vibrates in both
directions from its initial equilibrium position with continuously varying amplitudes and phase
following regular patterns such as illustrated in Figure 8.1a.

2. Vibration with variable amplitude but constant frequency: The solid vibrates in only one direction
from its initial equilibrium position but with varying amplitude (Figure 8.1b).

3. Random amplitudes and frequencies: There is no clear pattern for the motion of the solid in the
vibration as illustrated in Figure 8.1c. This pattern of vibration is commonly observed in the case of
seismically induced vibration.



Figure 8.1 Forms of vibration. (a) Vibration with regular variable amplitudes and frequencies. (b)
Vibration with irregular variable amplitudes but constant frequency. (c) Random vibrations.

8.3.4 Classification of Mechanical Vibration Analyses
There are generally three distinct types of vibration analysis that engineers encounter in practice: (1) free
vibration analysis, (2) damped vibration analysis, and (3) forced vibration analysis.

8.3.4.1 Free Vibration
Solids, whether they are rigid bodies such as vehicles, deformable structures, or machines and devices, all
involve “mass” and an “elastic constraint” that supports the mass and are susceptible to mechanical
vibrations. We may generalize the minimum requirement for a solid to vibrate from its initial static
condition involves a mass and an elastic support. Accordingly, the simplest mathematical model for a
mechanical vibrating system is what is termed a “mass–spring system” such as illustrated in Figure 8.2.
Vibration of the mass in both configurations illustrated in Figure 8.2 is induced by an instantaneous
disturbance—a short-lived disturbance to the mass. The inertia of the moving mass and the recoil of the
supporting spring that together keep the mass moving continuously produce what is called free vibration.



Figure 8.2 A mass–spring vibrational system. (a) A simple mass–spring system. (b) Mass–spring
systems in general.

Free vibration of solids is thus the case in which the solid vibrates with no external forces or influences on
the vibrating mass after the inception of the vibration. The vibration is caused solely by an initial
disturbance. No excitation force is applied to the mass during the vibration.

8.3.4.2 Damped Vibration
Mechanical vibration with a damping effect is called damped vibration.

A retarding force, produced either by the internal friction of the molecules of the spring supports as the
supports deform during the vibration of the mass, or by the friction force acting on the mass from the
surrounding medium (such as the resistance from the ambient air), causes the reduction of the amplitude
of the motion of the vibrating mass. These “frictional” forces are referred to as the damping force. A
dashpot consisting of a piston in an air cylinder is used to simulate the damping effect in the vibration The
model used for damped vibration analysis is illustrated in Figure 8.3.

Figure 8.3 A mass–spring–dashpot vibrational system.

8.3.4.3 Forced Vibration
In the case of forced vibration, an external force or external influence is applied to the vibrating mass at
all times. Figure 8.4 illustrates one such situation, with external forces acing on the mass–spring–dashpot
system, induced by the shaking of the support (the carrying truck) due to a bumpy road. The external
force acting on the vibrating mass is called the excitation force. Magnitudes of the excitation forces may
be random as in the case illustrated in Figure 8.4 or may exhibit a cyclic variation.

Figure 8.4 Forced vibration.



8.4 Mathematical Modeling of Free Mechanical Vibration: Simple Mass–
Spring Systems
As mentioned in Section 8.3.4, the simplest mechanical vibration system is the “mass–spring system.”
The physical arrangement of this system includes a mass m that either rests on a spring support or is
suspended from a spring with specific spring constant k, as illustrated in Figure 8.5. The spring constant
is defined as the amount of force required to elongate or compress the spring by a unit length and is a
property of the spring.

Figure 8.5 Simple mass–spring systems. (a) Mass resting on a spring. (b) Mass suspended from a spring.

We can see that in either of the cases illustrated in Figure 8.5 the mass may be set to vibrate from its
initial equilibrium state by a small external disturbance (e.g., a gentle push or pull on the mass in Figure
8.5). The elasticity of the spring, coupled with the inertia of the mass, produces the forces that cause the
mass to vibrate vertically above and below its initial position following the initial disturbance.

The velocity of the moving mass is by no means constant with displacement from its initial equilibrium
position. Imagine that the mass would move faster initially and then slow down due to the increasing
recoil in spring force induced by its continuous elongation (or compression), and then to a standstill when
it reaches an extreme position, at which point it reverses its direction of motion and accelerates and then
decelerates until it reaches the other extreme position. The linear distance that the mass travels from its
initial equilibrium position may be denoted by y(t), in which t is the time into the vibratory motion of the
mass. The instantaneous position y(t) varies along the vertical axis designated as the y-coordinate in the
analysis.

We desire to derive a mathematical model such as a differential equation to determine the instantaneous
position of the mass y(t) during the vibration. From that, we may compute the corresponding velocity and
acceleration (or deceleration). The acceleration (or deceleration) may be used to assess the associated
dynamic forces on the vibrating mass, which is an important parameter in the design of a machine or of
vehicle in motion.

Figure 8.6 illustrates the three stages of constructing a model for the mechanical vibration of a mass–
spring system. Figure 8.6a represents a free-hung spring with a specified spring constant k. A mass m is
then attached to the spring, which causes the spring to be stretched by an amount h as illustrated in
Figure 8.6b. The force acting on the mass is a static force at this point, with the spring force  that
is equal to the equivalent weight of the mass, or , as illustrated in Figure 8.7b.
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Figure 8.6 Modeling a vibrating mass. (a) Free-hung spring. (b) Statically stretched spring. (c) A
vibrating mass attime t.

Figure 8.7 Forces acting on a vibrating mass. (a) Static equilibrium. (b) Dynamic equilibrium of a
vibrating mass.

We note from the free-body force diagram in Figure 8.7 that , which leads to the equality

We will now set the mass in Figure 8.6b in motion by a slight gentle downward push followed by a sudden
release. We may expect the mass to bounce (vibrate) up and down from its initial equilibrium position as
illustrated in Figure 8.6c, with the positive direction of the downward movement of the mass being +y(t).

It is of interest to compute the instantaneous displacement of the vibrating mass y(t) at any given time t
during the vibratory motion of the mass. The equation that will enable us to solve for y(t) may be derived
using Newton's law with dynamic equilibrium of all applied forces on the mass at any given time t. Figure
8.7b illustrates all the forces acting on the mass at time t. We notice that the elastic force Fs exerted by the
attached spring includes the force induced by its “extra” stretching by an amount y(t), and a dynamic (or
inertial) force that is associated with the movement of the mass at varying velocities. This dynamic force
F(t) can be expressed in terms of the distance travelled by the vibrating mass y(t) in the form

in which a is the acceleration of the moving mass according to Newton's second law.

Thus, referring to Figure 8.7b, the equilibrium of the forces acting on the mass at time t should satisfy the
following condition of having the summation of all forces acting on the mass in the y-direction equal to
zero at given time t:

After substituting the appropriate forms of the force components into the above expression, we obtain the
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following:

We know that  as shown in Equation 8.13, and we thus obtain the differential equation for the
instantaneous position of the vibrating mass y(t) as

8.4.1 Solution of the Differential Equation
We recognize that Equation 8.14 is a special form of the typical second-order differential equation in
Equation 8.1 with a = 0 and  (a positive real number). The discriminator 
results in Case 2 as presented in Section 8.1. Consequently, the solution given in Equation 8.8 is used in
the present case, leading to the following expression for the solution of Equation 8.14:

in which A and B are arbitrary constants.

The solution in Equation 8.15 is often expressed in a more convenient form as

in which  is referred to as the circular frequency or angular frequency of the mass–spring
system; it is also referred to as the natural frequency of this simple structure involving a mass
constrained by a spring as illustrated in Figure 8.5. It has units of rad/s. The natural frequency ω0 in
Equation 8.16 also appeared in a similar mass–spring system presented in Section 8.7.2.

The corresponding frequency of the vibrating mass can thus be expressed as

The motion of the mass described by y(t) in Equation 8.16 is referred to as “harmonic oscillation”
involving sine and cosine functions. It can be graphically illustrated as in Figure 8.8.

Figure 8.8 Graphical representation of a vibrating mass in simple harmonic motion.

A simple mass–spring structure such as illustrated in Figure 8.5 would seem to be rare in reality.
However, engineers may change this perception once they realize that in reality the “spring” need not be
in the form of “coils.” In fact, any solid made to deform elastically can be viewed as a “spring.” A steel rod
that supports a solid mass as illustrated in Figure 8.9a is a “spring.” Likewise, a cantilever beam that
supports a solid of mass m shown in Figure 8.9b is also a “spring,” as long as it deforms (or deflects) in
response to the applied force (such as supplied by the weights in Figure 8.9) and reverts to its original
state after the removal of the applied force.
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Figure 8.9 Non-coil springs. (a) Rod spring. (b) Cantilever spring.

The corresponding spring constants for these two nonconventional “springs” in Figure 8.9 can be defined
in the same way as that for a coil spring. We can thus derive the spring constant for the “springs” in Figure
8.9 as

and

where E is the Young's modulus of the rod or beam materials, A is the cross-sectional area of the rod in
Figure 8.9a, and I is the area moment of inertia of the cantilever beam in Figure 8.9b.

These nonconventional springs are often used in special applications. For example, the cantilever beam
spring is used in some microdevices, such as in early versions of inertia sensors for airbag deployment in
automobiles [Hsu 2002, 2008]. Application of the concept of the rod spring will be described in the
following example.

One may relate these situations to a number of structures and machines that can be modeled by a simple
mass–spring system. The following example demonstrates such an application in an engineering analysis.



Example 8.3

An 800-pound machine is being lowered to the ground by a crane as illustrated in Figure 8.10.
The steel cable that holds the machine has an equivalent spring constant . The
equivalent spring constant of a cable is defined as its elongation induced by an applied force in
tension. The machine is being let down by the crane at a constant velocity of 20 ft/min when the
motor that controls the descending cable suddenly jams. One may imagine that the machine
would exhibit a “bouncing” motion up-and-down with visible amplitudes for a short period of
time. Determine the following:

a. The frequency of vibration of the machine induced by the sudden seizure of the steel cable.

b. The maximum tension induced in the cable by this vibrating machine.

c. The maximum stress in the stranded cable is 0.25 inch in diameter.

d. Whether the cable would break with an allowable stress at 25 000 psi found from a
materials handbook.

Figure 8.10 Hoisting a machine by a steel cable.

Solution:

We recognize that the present situation as depicted in Figure 8.10, involving a mass (the
machine) suspended by an elastic steel cable is similar to that illustrated in Figure 8.5b. The steel
cable is elastic, which means that physically it acts like a spring with a spring constant 

.

a. The frequency of vibration of the machine is given in Equation 8.17. Numerically, The
circular frequency is

and the frequency of vibration is

b.

The maximum tension in the cable is determined by the maximum elongation of the steel
cable: that is, the maximum amplitude of the vibration of the machine after the cable
becomes seized plus the elongation of the cable by the dead weight of the machine. To obtain
the amplitude of the vibrating mass, we need to solve a differential equation that has the
form shown in Equation 8.14 with the appropriate conditions:
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where in this case  and . The initial conditions 
, and  are applicable.

The solution of Equation 8.18 is available in the form of Equation 8.16:

where A and B are arbitrary constants to be determined by the given initial conditions. The
first initial condition of  results in , and the second in .

We thus have the amplitude of vibration of the machine in the unit of feet as

The maximum amplitude of vibration clearly is the coefficient of the sine function in the
above expression, or .

The corresponding maximum tension in the cable is

c. The corresponding maximum stress in the cable is

d. We note that the maximum tensile stress in the cable is 25 396 psi, which exceeds the
allowable stress of the cable material found from a materials handbook by 396 psi. One may
thus interpret the situation as critical.



8.5 Modeling of Damped Free Mechanical Vibration: Simple Mass–Spring
Systems

8.5.1 The Physical Model
In Figure 8.8 the motion of a vibrating mass is shown as a perpetual oscillation of the mass within fixed
bounds of amplitude variation with elapsed time. One may well appreciate that this is unrealistic and that
the amplitude of vibration of the mass will continuously decrease with time, and eventually the vibrating
mass will return to standstill at its original position. It is logical to ask what produces the latter situation
in reality since, according to theory, the mass would oscillate indefinitely between fixed bounds of
amplitudes as shown in Figure 8.8. The answer is that friction forces are the principal reason for damping
of the vibration and the mass eventually returning to its original equilibrium state. These forces arise from
friction between the moving mass and the surrounding air, and the internal friction between the
molecules in the deforming spring.

The mathematical model for this more realistic damped vibration has to include a damper in the form of a
dashpot, which consists of a piston–cylinder assembly as illustrated in Figure 8.11a and symbolized in the
mass–spring system shown in Figure 11b.

Figure 8.11 Physical model for damped vibration of a mass–spring system. (a) Vibrating mass supported
by a dashpot. (b) Mass supported by spring and dashpot. (c) Mass–dashpot assembly for a motorcycle
suspension.

Figure 8.11c shows the use of a “coilover” as frequently seen in the rear wheel suspension system of a
motorcycle. The coilover consists of a dashpot that is enclosed by a coil spring as shown in the
photograph. It is a common support used in the suspension systems of many vehicles.

8.5.2 The Differential Equation
The differential equation for the damped vibration may be derived by applying a damping force to the
mass in the mass–spring system as illustrated in Figure 8.11b. The damping force associated with the
damper is similar to the air resistance against a moving mass as described in Chapter 7, in which we
formulated the air resistance R(t) as
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We may thus express the damping force as an additional force acting on the vibrating mass as follows:

where c is the damping coefficient of the dashpot or damper. The value of c is determined by experiment,
and is customary supplied by the manufacturers of the dashpots.

The forces acting on the vibrating mass at time t are shown in Figure 8.12.

Figure 8.12 Forces acting on a vibrating mass with damping.

For the system in a dynamic equilibrium at time t, we should have the following relationship according to
Newton's second law:

This expression of dynamic force equilibrium leads to the following mathematical expression:

Since  as we established in Figure 8.6b, we will thus have the differential equation for a damped
vibration of a mass–spring as

8.5.3 Solution of the Differential Equation
A comparison of the terms in Equation 8.20 and those in Equation 8.1 will give  and , in
which a and b are the constant coefficients in Equation 8.1.

We may use Equation 8.4 to express the coefficients m1 and m2 for the current case as follows:

The solution y(t) in Equation 8.20 thus becomes



in which c1 and c2 are arbitrary constants.

As indicated in Section 8.1, there are three distinct cases for the solution of y(t) in Equation 8.20
depending on the sign of the arguments in the square roots in the expressions for m1 and m2 in Equations
8.21a and 8.21b.
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Case c2 − 4mk > 0—the “over-damping situation”

In this case, both roots m1 and m2 in Equations 8.21a and 8.21b are real numbers. Consequently, the
solution of the Equation 8.20 has the form

where A, B = arbitrary constants, and .

Graphical representation of the solution in Equation 8.23 is shown in Figure 8.13, on which one may
make the following observations:

a. There is no oscillatory motion of the mass because of the absence of harmonic functions sine
and cosine in the solution in Equation 8.23.

b. There can be an initial increase in the displacement, followed by continuous decays in the
amplitudes of vibration.

c. There is rapid reduction in amplitudes of vibration initially, followed by more gradual
reduction.

Figure 8.13 Amplitudes in over-damped vibration. (a) With +ve initial displacement, y0. (b) With
negligible initial displacement.
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Case c2 − 4mk = 0—“Critical damping”

In this case the two roots as shown in Equations 8.21a and 8.21b are identical: . The
solution of Equation 8.20 has the following form similar to that shown in Equation 8.12:

where A and B are arbitrary constants.

Graphical representation of the solution in Equation 8.24 is illustrated in Figure 8.14. In this case we
may make the following observations on the physical behavior:

a. There is no oscillatory motion of the mass for the same reason as in Case 1.

b. Amplitude reduces with time, but takes longer to diminish.

Figure 8.14 Amplitudes in critically damped vibration. (a) With +ve initial displacement. (b) With
negligible initial displacement.
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Case c2 − 4mk < 0—“under-damping”

We realize here that the two roots, m1 and m2 are both complex numbers. Consequently, the solution
of Equation 8.20 takes a form similar to that shown in Equation 8.8. Thus by letting 

, we obtain the solution of y(t) in Equation 8.20 as

in which c1 and c2 are arbitrary constants.

Graphical representation of Equation 8.25 is illustrated in Figure 8.15. We may characterize this case
of “under-damping” as follows:

a. It is the only case of damped vibration having oscillatory motion of the mass.

b. The amplitude of oscillatory motion of the mass takes a long time to diminish.

Figure 8.15 Amplitudes in under-damped vibration.

The three cases of damped vibration of a mass–spring systems as illustrated in Figure 8.13, Figure
8.14, and Figure 8.15 illustrate interesting phenomena that lead to interesting questions for
engineers, such as: “If you were to design a suspension system for a vehicle using combined support
of spring and dashpot, such the coilover shown in Figure 8.11c, which of the above three cases would
you choose?”
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8.6 Solution of Nonhomogeneous, Second-order Linear Differential
Equations with Constant Coefficients

8.6.1 Typical Equation and Solutions
There are times when engineers have to face situations in which the physical phenomena that they need to
model are best fitted with nonhomogeneous second-order differential equations, rather the homogeneous
equations exemplified by Equation 8.1. The solution method that we will adopt and is presented in this
section for the nonhomogeneous differential equation is to extend the method that we have presented in
Section 8.1 for typical second-order homogeneous differential equations.

A typical second-order nonhomogeneous differential equation can be written in a form similar to
Equation 8.1:

We see that Equation 8.26 differs from Equation 8.1 in a nonzero term on the right-hand side of the
equation, which makes it nonhomogeneous.

The solution of Equation 8.26 consists of two parts:

in which uh(x) is the complementary solution and up(x) is the particular solution of Equation 8.26

8.6.2 The Complementary and Particular Solutions
The complementary solution, uh(x) in Equation 8.27 may be obtained by solving Equation 8.26 in its
homogeneous form as shown in Equation 8.28.

We recognize that Equation 8.28 is similar to Equation 8.1. Hence uh(x) can be solved from Equation 8.28
using the method that is outlined in Section 8.1.

8.6.3 The Particular Solutions
The general solution of Equation 8.26 requires the particular solution up(x) as indicated in Equation 8.27.
There is no established rule to follow for the solution up(x). However, a general guideline is that the form
of up(x) is similar to that of the nonhomogeneous portion g(x) in Equation 8.26. The procedure for
finding the particular solution of Equation 8.26 is to assume a function for up(x) that is similar to the
function g(x) in Equation 8.26 but with unknown coefficients. In other words, we may assume the
particular solution up(x) to be a “close cousin” but not the “twin” of g(x) in Equation 8.26. A guideline for
choosing assumed particular solutions up(x) is presented in Table 8.1. The constant coefficients associated
with the assumed particular solution up(x) in the table will be determined later by substituting the
assumed up(x) function into the original differential equation in Equation 8.26 as

Table 8.1 Guidelines for choosing assumed particular solution up(x)

Nonhomogeneous function g(x) with specified Assumed particular solution up(x) with assumed
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coefficients unknown coefficients
Polynomial function of order n Polynomial function of order n

 (order 4)  (order 4)

Trigonometric functions Trigonometric functions
, or

Exponential functions Exponential function

Combination of functions Combination of functions

Equation 8.29 with the assumed function for up(x) will convert the nonhomogeneous differential equation
into an algebraic equation with the unknown constants in the assumed solution of up(x). The assumed
constants may be determined by comparing the coefficients of the terms on both sides of these resultant
algebraic equations.

The following guidelines may be helpful for engineers in assuming the solution of up(x) in Equation 8.27.

a. For the case g(x) a polynomial function: We may assume a solution up(x) in the form of a
polynomial of the same order as the function g(x):

in which A0, A1, A2, …, An are unknown constants. The highest order of the assumed polynomial
function in Equation 8.30a is dictated by the highest order in the given function g(x) in Equation 8.26.

b. For the case g(x) = Cekx, an exponential function: We may assume that

with A1 being the unknown constant.

c. For the case with g(x) to be a trigonometric function: The function may be either a sine or a cosine
function or a sum of these functions in the form . We assume a particular solution
to be

where A1 and A2 are the unknown constants.

The following examples illustrate how the guideline in Table 8.1 for selecting up(x) can be used to
determine the form of the particular solution.
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Example 8.4

Solve the following nonhomogeneous differential equation:

Solution:

Equation (a) is a nonhomogeneous equation, so we will express the general solution as

in which yh(x) is the complementary solution of the equation

leading to a solution

using the method given in Section 8.1.

The constants c1 and c2 in Equation (c) are arbitrary constants to be determined by the specified
conditions. Determination of these arbitrary constants can be done only after the complete
general solution is obtained.

Since the nonhomogeneous part of the equation g(x) in Equation (a) is 4x2, which is a second-
order polynomial function, we thus assume a particular solution, up(x) to be a polynomial of the
same order, as stipulated in Table 8.1, We thus assume the following polynomial function of the
same order (2) for the assumed function of up(x):

in which A0, A1, and A2 are unknown constant coefficients.

The particular solution yp(x) in Equation (d) should satisfy the differential equation in Equation
(a) as shown below:

The above differential equation will be converted into an algebraic equation after substituting the
assumed yp(x) in Equation (d), resulting in

By comparing the coefficients of the terms on both sides of Equation (f), we may solve for 
, , and .

We thus have the particular solution:

The complete solution of Equation (a) is the sum of the complementary solution in Equation (c)
and the particular solution in Equation (g):



The arbitrary constants c1 and c2 in the above general solution can now be determined from the
specified conditions for the differential equation in Equation (a).
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Example 8.5

Solve the following differential equation:

Solution:

We notice that the nonhomogeneous part of Equation (a) is an exponential function, and the left-
hand side—the homogeneous part—is identical to that in Equation (a) in Example 8.4.
Consequently, we will have the same complementary solution as in Example 8.4 in the form:

The particular solution for Equation (a) in this example should be an exponential function in
accordance with Table 8.1:

In Equation (c), A1 is a constant that can be determined by substituting the assumed particular
solution in Equation (c) into Equation (a) to yield:

We will get the following algebraic equation after differentiating each term in the above equation:

from which we get . We thus have

The general solution of the differential equation in Equation (a) is thus the sum of the
complementary solution in Equation (b) and the particular solution in Equation (d):

The two arbitrary constants c1 and c2 can be determined from the specified conditions for the
differential equation (a).
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Example 8.6

Solve the following nonhomogeneous differential equation:

Solution:

Again, we will have the same form of complementary solution as those in Examples 8.4 and 8.5
because the left-hand side of Equation (a) in this example is identical to that in the differential
equations in the two previous examples. Consequently, the complementary solution will be

Since the nonhomogeneous part of the differential equation in Equation (a) is a trigonometric
function, we will assume the same form for the particular solution, up(x):

where A1 and A2 are assumed constant coefficients to be determined by substituting yp(x) from
Equation (c) into Equation (a), resulting in

After rearranging the terms in the above expression, we get

By comparing the coefficients of the terms on both sides of the expression, we get 
 and , from which we solve for  and , with

which we may express the particular solution in the form

Consequently, the general solution of the differential equation in Equation (a) is
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Example 8.7

Solve the following nonhomogeneous differential equation:

Solution:

Following the same procedure as outlined in Examples 8.4, 8.5, and 8.6, we solve for the
complementary solution, uh(x) from the homogeneous part Equation (a):

Using the solution method outlined in Section 8.1, the two roots, m1 and m2 take the forms of the
expressions in Equation 8.4:

which leads to the complementary solution

The nonhomogeneous part of Equation (a) is a combination of a polynomial function of order 2
and an exponential function. We will thus assume a particular solution that contains both these
functions:

in which A, B, C, and D are constants.

One may determine these constants after substituting the assumed up(x) from Equation (d) into
Equation (a) to give , , , and , which leads to the particular solution

The general solution of Equation (a) thus has the form

8.6.4 Special Case for Solution of Nonhomogeneous Second-order
Differential Equations
The method used to solve nonhomogeneous ordinary differential equations as outlined so far works well
for the problems posed up to now. However, there are occasions in which at least one function in the
complementary solution of the differential equation is identical to that of the function in the
nonhomogeneous part g(x). In such a case, we have to modify the assumed particular solution, as will be



demonstrated in Example 8.8.



a

b

c

d

Example 8.8

Solve the following differential equation:

Solution:

We will solve for the complementary solution from the homogeneous part of Equation (a) by
letting

The two constants m1 and m2 in the assumed solution of  in Equation 8.2 are 
 and  for the form of homogeneous equation of Equation (b) as presented in

Section 8.1, resulting in the following complementary solution:

We note that the second term in the above expression for uh(x) in Equation (c) has the identical
sine function as in the given nonhomogeneous part g(x) of the given differential equation in
Equation (a) in this example.

The usual approach of deriving the particular solution by assuming 
following the guideline in Table 8.1 will lead to the following ambiguous equality after
substituting the assumed expression into Equation (a):

Apparently the assumed form of up(x) obtained by following the guideline in Table 8.1 can no
longer be applied in this particular case, and a modified approach to assuming the particular
solution needs to be found.

Alternatively, we may assume a modified particular solution to take the form

in which A1 and A2 are unknown constant coefficients.

With this modified up(x) in Equation (d), we may arrive at the following expression after
substituting it into Equation (a):

from which we may solve for  and .

The particular solution with the assumed form in Equation (d) thus results in the solution

The general solution of Equation (a) thus has the form
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8.7 Application in Forced Vibration Analysis
As mentioned in Case 3 in Section 8.3.4, there are occasions when a vibrating machine or device is subject
to periodic forces with a frequency ω at all times. This situation is called forced vibration.

8.7.1 Derivation of the Differential Equation
We will derive differential equations describing forced vibration in a mass–spring systems as illustrated in
Figure 8.16.

Figure 8.16 Forced vibration of a mass–spring system.

In Figure 8.16, the applied periodic force is represented by a function F(t), which in most cases is in the
form of harmonic functions involving sine or cosine functions or combined sine and cosine functions. The
equation of motion of the mass at any given time t can be derived from dynamic equilibrium of forces
acting on the mass according to Figure 8.16 as

In the above equations, Fd is the dynamic (or inertial) force, h is the static deflection of the spring due to
the weight of the solid, and F(t) is the applied excitation force.

By following the same procedure as in Section 8.4, we may arrive at the following nonhomogeneous
second-order differential equation describing the motion of the solid:

The dynamic motion of the mass can be characterized by the instantaneous amplitude of the vibrating
mass y(t), depending on the form of the excitation force F(t) in Equation 8.31.

In order to demonstrate the dynamic behavior of a vibrating mass subjected to an excitation force F(t)
described by a harmonic function, we assume that the excitation force F(t) follows the form:

where F0 is the maximum magnitude of the applied cyclic force, and ω is the circular excitation frequency
of the applied force. Graphical representation of the excitation force is illustrated in Figure 8.17.
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Figure 8.17 Excitation force acting on the mass in a mass–spring system.

Substituting the force function F(t) that appears in Equation 8.32 into the equation of motion in Equation
8.31, we have the following nonhomogeneous second-order differential equation for the amplitude of
vibration of mass m in Figure 8.16:

The solution of y(t) in Equation 8.33 may be obtained by following the procedure for solving
nonhomogeneous differential equations as presented in Section 8.6.

We realize that the solution of Equation 8.33 has the form of , and the homogeneous
solution yh(t) has the following form derived in Section 8.4.1:

in which c1 and c2 are arbitrary constants to be determined by specified conditions, and the natural
frequency of the mass–spring system is related to  as indicated in Section 8.4.1.

The particular solution, yp(t) takes the following form according to Table 8.1:

where ω is the circular frequency of the excitation force F(t) in Equation 8.32.

Upon substituting the yp(t) in Equation 8.34 into Equation 8.33, we will get the following expression:

from which we solve for

We thus have the complete solution of y(t) in Equation 8.33:

The above expression for the solution of y(t) may be expressed in a different form as in Equation 8.35
using the relationship , or :

Close inspection of the solution in Equation 8.35 will reveal that the first part of the solution (i.e., the



8.36

complementary solution) is oscillatory with the amplitudes kept within fixed bounds by nature. The
second part (i.e., the particular solution), however, depends on the value of ( ). One may further
observe that when the two circular frequencies become indiscriminating—i.e., when  in a situation
where the applied excitation force frequency equals the natural frequency of the mass–spring system—the
solution in Equation 8.35 becomes unbounded with . This unbounded solution implies that the
amplitude of the vibrating mass reaches “infinity” regardless of time t, as indicated in Equation 8.35. Such
behavior obviously cannot happen in reality. The solution in Equation 8.35, although mathematically
correct, is physically unrealistic. Hence, a form of solution other than that shown in Equation 8.35 needs
to be derived for the case .

8.7.2 Resonant Vibration
Here, we will derive the solution for the amplitudes of vibration of a mass m suspended by a spring with a
spring constant k. The vibrating mass is subjected to a cyclic force that can be described as 

, where F0 is the maximum value of F(t) and t designates the time at which the mass
vibrates and ω is the frequency of the applied force.

The governing equation for the solution of the amplitude of the vibrating mass subjected to a cyclic force
may be solved by Equation 3.33 with the circular natural frequency of the mass–spring system being ω0.
This circular natural frequency may be related to the actual natural frequency f as shown in Equation 8.17.

The solution to Equation 8.33, y(t), consists of two parts with the complementary solution being 
, where c1 and c2 are arbitrary constants, and the particular solution as

shown in Equation 8.27. We may substitute the circular frequency ω0 in the above solution by ω under the
condition  in the present case. We may, therefore, express the complementary solution of
Equation 3.33 in the form of , where the first term in this solution coincides
with the applied force function at the right-hand side of Equation 3.33. Such a coincidence warrants a
special case in assuming the particular solution yp(t) in the solution y(t) of Equation 3.33 as presented in
Section 8.6.4. We will thus assume that the particular solution of this differential equation takes the form:

we will obtain the following expression after substituting the above special form of particular solution into
Equation 8.33:

from which, we obtain  and . These coefficients will lead to the following solution to
the governing Equation (3.33)

The general solution for Equation 8.33 with the special condition of  thus takes the form

This situation with ω = ω0 in Equation 8.33 is called resonant vibration of a mass–spring system. We
recognize that the first part of the solution in Equation 8.36 remains oscillatory between specific bounds
by nature. The second part of the solution, however, indicates an indefinite continuous increase of the
amplitude of the vibrating mass with time t. Graphical solution of Equation 8.36 is qualitatively illustrated
in Figure 8.18.



Figure 8.18 Amplitude of a resonant vibration.

The amplitude of the vibrating mass (or a structure) in the case of ω = ω0 increases rapidly with time in a
resonant vibration. This phenomenon often causes the disintegration of a structure because of the rapid
increase in elongation of the elastic support (the spring, in the case of a mass–spring system) in a short
time after its inception. Design engineers should always avoid the occurrence of resonant vibration by
avoiding having the situation in which the frequency of the applied cyclic force coincides with the natural
frequency of the structure.



Example 8.9

A metal stamping machine shown in Figure 8.19 is used to punch holes in sheet metals or to
produce dishes or shallow cups from flat sheet metal. The machine operates on the vertical
movements of a plunger with an attached die that is designed for the shape of the stamped
product. The plunger is driven by a massive flywheel as illustrated in the same figure. The sheet
metal lies flat on a heavy base table with a mass  attached to an elastic foundation
that has an equivalent spring constant . One may observe that the movement of
the plunger, and thus the force exerted on the sheet metal during stamping, is periodic if the
driving flywheel rotates at a constant angular velocity. In the present example, the force acting on
the sheet metal, and thus on the base table, is represented by a function , in
which t designates time in seconds. The unit for the force is newton (N). If the base table is
initially depressed downward an amount of 0.005 m by the stamping force, do the following:

a. Derive the differential equation and the appropriate conditions that will describe the
instantaneous position x(t) of the machine base.

b. Assess whether this is a resonant vibration situation. Explain why this force function would
induce a resonant vibration of the table.

c. Solve the differential equation by letting , where xh(t) is the
complementary solution and xp(t) is the particular solution. Give the expressions for xh(t) and
xp(t).

d. If this is in fact a resonant vibration, estimate how long will it take the elastic support to
break as a result of having exceeded the allowable elongation of the elastic foundation of 0.03
m.

Figure 8.19 Working principle of a sheet metal stamping machine.

Solution:

The situation may be simulated by a simple mass–spring systems as illustrated in Figure 8.20.
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Figure 8.20 A simulated punch machine.

We have the mass of the base , the equivalent spring constant of the elastic support 
, and the applied excitation force  with a circular excitation

frequency .

a.

The governing differential equation We may use Equation 8.31 to derive the
differential equation for the amplitude of the vibrating support of the machine x(t) with the
prescribed force function:

The appropriate initial conditions of the stamping operations of the machine expressed in
mathematical terms are

b.

Is this resonant vibration? With the given values for the mass of the supporting base of
the machine and the equivalent spring constant of the elastic support, we may calculate the
natural frequency of the equivalent mass–spring system in Figure 8.20:

Since the computed ω0 in Equation (c) has the same value as the given excitation frequency ω
of the excitation force F(t), we may assert that there will be a resonant vibration of the base
table.

c.

The solution of Equation (a) for the instantaneous position, or amplitude of
vibration x(t) of the supporting mass m There are two parts in the solution x(t) in
Equation (a): the complementary solution xh(t), and the particular solution xp(t). The
complementary solution is obtained by solving Equation (a) as a homogeneous differential
equation:

This being a case with , the particular solution for the present case is obtained by a
special assumed form of

By substituting this assumed particular solution into Equation (a), we get the following
expression:

from which we solve for  and .

Consequently, we have the complete solution of Equation (a) as



The two arbitrary constants c1 and c2 in the above solution may be determined from the two
conditions specified in Equation (b), resulting in  and .

We thus have the solution of the amplitudes of vibration x(t) in the form

d. Time to breaking of the elastic foundation (tf) The elastic foundation is expected to
break at 0.03 m elongation; that is, . We may use the following equation to solve
for the time for breaking tf:

The solution of the above equation is , obtained by a “short-cut” solution method of letting 
 (and thus sin 10tf = 0). A more accurate solution of  was obtained by using the

combined solution methods of (1) Microsoft Excel software described later in Section 10.3.1 and (2) the
Newton–Raphson method described in Section 10.3.2, as will be presented in Example 10.4 in Chapter 10.
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Example 8.10

A light-duty motorcycle is supported by a suspension system that involves two coilovers of the
sort illustrated in Figure 8.11c. The vehicle is rolling over a wavy road surface that can be
described by a sine function as illustrated in Figure 8.21. The combined mass of the motor cycle
and the rider is . The coilover has a spring constant  and a dashpot
with a damping coefficient . The rough road surface exerts an equivalent vertical
cyclic force on the mass that can be approximated by the function , in
which t is the time into the vehicle vibration induced by the rough road surface. Determine the
following:

a. The appropriate differential equation for the amplitude of vibration of the mass y(t).

b. The differential equation with graphical representation of the solution using the following
initial conditions:

c. The position of the mass 2 seconds after the initiation of the vibration.

d. The mode of vibration of the vehicle if the damper ceases to function. Give your reason for
your predicted consequences.

e. A graphical representation of the amplitudes of the vibrating vehicle in the case (d) using
the same initial conditions as stipulated in (b).

Figure 8.21 Vehicle cruising over rough road surface.

Solution:

a. The appropriate differential equation for the amplitude of the vibrating vehicle is expressed
following Equation 8.31 including the damping force to be:

or

with the conditions

b.

The solution of Equation (a) is expressed in Equation 8.27:
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where yh(t) is the complementary solution and yp(t) is the particular solution.

We obtained the complementary solution by following the procedure described in Section
8.1:

The particular solution yp(t) can be obtained by assuming a form

in which A1 and A2 are constants to be determined by substituting the expression assumed for
yp(t) into Equation (a), resulting in  and .

Thus, the particular solution yp(t) is

The complete solution of Equation (a) is the sum of expressions in (c) and (d):

The arbitrary constant coefficients c1 and c2 in the complete solution in Equation (e) are
determined using the specified conditions in Equation (b), yielding  and 

, which lead to the solution of Equation (a) as

Graphical representation of the amplitudes of the vibrating vehicle in Equation (f) is shown
in Figure 8.22.

We may observe from Figure 8.22 that the amplitude of the vibration of the vehicle rises
rapidly within the first 0.5 seconds into the vibration and decays quickly thereafter due to the
damper, and is then followed by oscillatory motion of the spring in the suspension system.

c. The amplitude of vibration of the vehicle at 2 seconds into the vibration: The position of the
vibrating mass at  seconds from Equation (f) with  (in radians)/16 =
0.0255 m or 2.55 cm.

d.

If the damper in the coilover ceases to function: With a dysfunctional damper, the vehicle
would be supported only by the spring in the suspension system. Mathematically, this would
mean the damping coefficient c = 0, and hence the disappearance of the term dy(t)/dt in
Equation (a). Consequently, Equation (a) will have a form

In Equation (g), ω0 is the natural frequency of the mass–spring structure with 
; the excitation frequency ω, the frequency of the applied force, also equals 10 rad/s. The
vehicle will thus be in resonant vibration since .

The solution of the differential equation (g) with the same assumed initial conditions as in
Equation (b) has the form of  in which both yh(t) and yp(t) have the form
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The particular solution for this case of resonant vibration will have the form 
 for Equation (g), yielding the constant coefficients 

and , or

The complete solution of Equation (g) is thus

with .

The arbitrary constant c1 and c2 in Equation (k) are determined using the same initial
conditions as in Equation (b) with  and . We thus have the solution of
Equation (g) as

for the case of a coilover with dysfunctional damper, the instantaneous position of the mass,
or the amplitudes of the oscillatory motion of the mass y(t), will be

e. Graphical representation of the solution in Equation (m) is shown in Figure 8.23. We may
observe that the amplitude of the vibrating motorcycle in resonance increases rapidly with
time, similarly to what is illustrated in Figure 8.18.

Figure 8.22 Graphical representation of the amplitude of vibration of a motor cycle.



Figure 8.23 Amplitude of vibration of a vehicle in resonance.
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8.8 Near Resonant Vibration
Resonant vibration, in which the excitation frequency ω of the externally applied cyclic force coincides
with a natural frequency of the engineering system with ωn (n = 0, 1, 2, 3, …), can be devastating because
of the rapid increase of amplitudes as illustrated in Figure 8.18. There are situations in which 
but the two frequencies are approximately equal:  (n = 0, 1, 2, 3,…). In such cases, devastation of
the system or structure may not occur, but violent vibration will persist.

Let us re-visit the situation of a simple mass–spring system as illustrated in Figure 8.16 with the
governing differential equation given in Equation 8.33. The general solution of this equation is given in
Equation 8.35:

Upon imposing the initial conditions  and , the arbitrary constants c1 and c2 are
determined, and the complete solution in Equation 8.35 takes the form

Equation 8.37 may be re-written using a trigonometric identity (Zwillinger, 2003):

Equation 8.37 can thus be expressed as

Since the two frequencies ω and ω0 are very similar in this case, meaning , (ω0 − ω) is very small
in Equation 8.38. We may thus use the following approximations:

and

The circular frequency  in Equation 8.39b is much smaller than the excitation frequency ω in Equation
8.39a. Consequently, we have the solution of the amplitude y(t) for  in the following form:

We observe that the quantity in the square bracket in Equation 8.40 represents the maximum amplitude
for the vibrating mass with amplitude varying as the product of two sine functions.

We may rearrange the terms in Equation 8.40 to the following form for interpretation of the physical
phenomenon of near-resonant vibration of a mass–spring system:
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and we observe from that equation that the function sin( t) regulates the periodic variation of the
maximum amplitude of the vibrating mass while the function sin(ωt) dictates the period of the variation
of the maximum amplitudes. Thus, the graphic representation of the instantaneous position of the mass
y(t), or the amplitude of the vibration with , is shown in Figure 8.24, and the oscillation has a
period of . The period of the cycles of maximum amplitude from the above expression is 

, as also shown in Figure 8.24.

Figure 8.24 Amplitudes in near-resonance vibrations.

A “rough” sketch in Figure 8.24 shows the amplitudes of vibration of the mass in a mass–spring system in
a near-resonant vibration situation, in which the mass vibrating with amplitudes in the “beats” with the
variation of the magnitudes of these beats by envelopes represented by the sine function (sin(ωt)) in
Equation (8.40).

The periods of the “beats” and of the maximum amplitudes beats in Figure 8.24 are

The maximum amplitude of the vibration of the mass is

Near-resonant vibration of solids with  will not cause unbounded amplitudes of vibration with
time such as seen in the case of resonant vibration. However, many near-resonant situations can cause
violent oscillation with “fast” beats that make machines and structures vulnerable to failure by material
fatigue of the elastic supporting mechanisms, such as the spring that supports the vibrating mass in a
mass–spring system.

Graphic display of the near-resonant situation such as that expressed in Equation 8.40 is available with
the MatLAB software package with input/output as presented in Case 1, Appendix 4. The following
numerical data were used in generating the numerical results: the mass of the vibrating solid 

 with a natural frequency . The applied periodic force was 
with  and .

Figure 8.25a illustrates the oscillating amplitude of the mass within the first 25 seconds into the vibration,
with a complete cycle shown in Figure 8.25b. The amplitudes of the vibrating mass over two cycles are
shown in Figure 8.26, which shows a similar behavior to that sketched in Figure 8.24.



Figure 8.25 Amplitudes of a vibrating mass in the initial period and over one cycle. (a) Instantaneous
amplitudes over 25 seconds. (b) Amplitudes in one complete cycle.

Figure 8.26 Amplitudes of a vibrating mass in near-resonant vibration in two cycles.
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Example 8.11

A stamping machine such as that illustrated in Figure 8.19 is used to produce shallow metal cups
from flat sheet metal. The machine base has a mass of 1000 kg and it is bolted to an elastic
foundation that has an equivalent spring constant . A measurement of the
stamping force indicated a force function of  (note the different force
function in this example) applied to the machine during the stamping process. The variable t in
the force function is time in seconds. The unit for the force function is newton (N). If the elastic
foundation is initially in a static equilibrium condition before the cyclic stamping force F(t) is
applied to the machine, determine the following:

a. The differential equation and the appropriate conditions that describe the instantaneous
position x(t) of the base.

b. The differential equation for the amplitudes of the vibrating machine x(t).

c. A graphical illustration of the amplitudes of the vibrating machine base versus time.

d. The maximum deflection of the elastic foundation.

e. Whether the elastic foundation would break if its maximum allowed elongation is 5 cm (or
0.05 m).

f. The time to breakage of the elastic foundation should it occur.

Solution:

a. According to Equation 8.31, we have the following differential equation with appropriate
conditions for the present problem:

with the conditions

b. We will follow the established procedure described in Section 8.6.1 for the solution of the
differential equation in Equation (a) with the specified conditions in Equation (b). The
solution x(t) of the Equation (a) is

c.

Graphical representation of the solution x(t) in Equation (c) for the first 6 seconds is shown
in Figure 8.27, whereas the amplitude of vibration for one complete cycle is as shown in
Figure 8.28, in which the “beats” for one cycle are illustrated.

The graphical representation of the vibrating mass over three complete cycles is illustrated in
Figure 8.29, and is seen to be similar to the qualitative illustration of the amplitudes of near-
resonant vibration of a mass sketched in Figure 8.24.

d. The maximum deflection of the vibrating machine and thus the maximum elongation of
the elastic foundation is 4.02 m as shown in Figures 8.28 and 8.29.

e. The maximum elongation of the elastic foundation, at 4.02 m, far exceeds the maximum
allowed elongation of 0.05 m, so the elastic foundation will break.

f. The time at which the elastic foundation breaks appears to be 0.5 seconds as indicated in
Figure 8.27.



Figure 8.27 Amplitude of the vibrating machine in the first 6 seconds.

Figure 8.28 Amplitude of the vibrating machine during the first full cycle.

Figure 8.29 Amplitude of the vibrating machine in the first three cycles.



8.9 Natural Frequencies of Structures and Modal Analysis
In Section 8.4 we expressed the frequency of the vibrating mass in a simple mass–spring system in
Equation 8.17. This frequency is often referred to as the “natural frequency” of a mass–spring system. For
machine structures of more complicated geometry, we may consider that these structures are made of an
aggregation of great many “mass particles” (such as “molecules with molecular masses”) interconnected
by many “elastic bonds” (e.g., molecular bonds). Deformation of solids result in displacement of molecules
inside the solids, and any displacement of molecules will induce molecular forces as illustrated in Figure
8.30. One may also consider that there are millions of molecular masses interconnected by many millions
more molecular bonds in solid structures in reality. Consequently, there are many natural frequencies
inherent in these structures.

Figure 8.30 Variation of molecular forces with distance.

The “natural frequency,” which may be related to the mass and elastic bonds of structures in the concept
of “stiffness,” is governed by the geometry and the material properties and these frequencies are
“inherited” along with the structures.. These frequencies being “inherited” with the structures are called
“natural frequencies” of the machine structure. The number of natural frequencies associated with a
structure depends on the number of degrees-of-freedom of the mass in the structure. For structures
involving a single mass and spring as illustrated in Figure 8.5, there is only one natural frequency with
which the mass has only one way to move. For structures of complicated geometry such as the Golden
Gate Bridge across the San Francisco Bay (shown in Figure 8.31), there are millions of molecules
interconnected by millions of “elastic” bonds as in all solid structures, and accordingly millions of
inherent “natural frequencies.” Natural frequencies of real machines and structures are usually expressed
as ωn, with n = 1, 2, 3,…. The subscript associated with these natural frequencies is referred to as the mode
number.

Figure 8.31 The Golden Gate Bridge.



The natural frequency of a machine or structure is important to design engineers when dealing with
machines or structures that have to be designed to withstand possible intermittent or periodic loads.
Matching of the frequency of the applied load with any mode of the natural frequency of the machine or
structure will result in resonant vibration, which is often detrimental to the integrity of structures.

Modal analysis involves the determination of the natural frequencies of a structure by free vibration
analysis. As already mentioned, for machines and structures of complex geometry such as those
illustrated in Figure 8.32, there are various modes of natural frequencies, denoted ωn (n = 1, 2, 3, …)
where n is the mode number. The number of natural frequencies of the structure is the same as the
number of degrees-of-freedom (DOF) of the structure. Structures with complex geometry such as jet
aircraft fighter shown in Figure 8.33b or the Golden Gate Bridge in Figure 8.31 have, in theory, an infinite
number of DOF, and therefore they have infinite number of natural frequencies. Design engineers need to
find the first few modes of the natural frequencies, which have more grave consequences for structure
integrity than those of higher mode numbers. It is their responsibility to alert the potential users of these
machines to the need to avoid applying intermittent or cyclic loads at excitation frequencies that match
any mode of the natural frequencies of the machine that they have computed from their modal analysis.

Figure 8.32 Structures of complex geometry that may be subjected to intermittent loading. (a) A
billboard. (b) A jet fighter. (c) A satellite in orbit.

Modal analysis is a powerful design tool for engineers; one valuable outcome of such analysis is the mode
shapes, which indicate the shape the structure adopts in each of its possible modes of vibration. Figure
8.33 shows two typical mode shapes of a thin flat plate, with Figure 8.33a and b illustrating modes 1 and
3, respectively. These mode shapes illustrate possible shapes of a flat plate in lateral vibration as described
in case 2 of Appendix 4. The grid lines that divide the plate structure were used in a numerical analysis
using MatLAB software.



Figure 8.33 Mode shapes of a flat plate. (a) Mode 1. (b) Mode 3.

Engineers may use mode shapes to avoid placing delicate elements at locations at which large amplitudes
occur in the event of vibration of the plate.



Problems
8.1 Solve the following homogeneous second-order differential equations using the method offered in
Section 8.1:

a. 

b. 

c. 

d. 

8.2 Determine the motion of a mass moving toward the origin with a force of attraction that is
proportional to the distance from the origin. Assume that a 10 kg mass starts at rest at a distance of 10
m and that the constant of proportionality is 10 N/m. What is the speed of the mass at 5 m from the
origin?

8.3 A 4 kg mass is hanging from a spring with a spring constant . Sketch on the same
plot the two specific solutions found from: (a) , , and (b) , 

. The coordinate y is measured from the equilibrium position of the mass.

8.4 Sketch on the same plot the motion of a 2 kg mass and that of a 10 kg mass suspended by a 50
N/m spring if motion starts from the equilibrium position with .

8.5 A body weighs 50 N and is hung by a spring with a spring constant of 50 N/m. A dashpot is
attached to the body. If the body is raised 0.02 m from its equilibrium position and released from rest,
determine the amplitude of vibration if (a)  and (b) , where c is the damping
coefficient of the dashpot. What is the maximum amplitude of vibration in each case?

8.6 Find the amplitude of vibration of a mass in an over-damped motion of a spring–mass system
with mass , damping coefficient , and  from the initial states with 

 and . Express your answer in the form of Equation 8.23.

8.7 Find the displacement y(t) for a mass of 5 kg hanging from a spring with  if there is a
dashpot attached having damping coefficient . The initial conditions are  and

.

8.8 You are an engineer who is assigned to design a wheel suspension system for a lightweight
passenger vehicle. The suspension system involves a pair of coil springs with a shock absorber (Figure
8.34a). The shock absorber, which functions as a damper, is situated inside the coil spring as shown in
Figure 8.34b. Each spring-damper is subjected to a mass of 270 kg. The spring constant 

 according to the manufacturer. The damping effect by the tire is assumed to be
negligible. Determine the following:

a. The minimum damping coefficient of the shock absorber you would choose so as to avoid
oscillatory motion of the mass when the wheel runs over a small obstacle that is 2 cm high, as
illustrated in Figure 8.34b.

b. The expression for the amplitude of vibration of the mass after the vehicle runs over this small
road block.

c. The amplitude of vibration of the mass 1 millisecond and 1 second after the vehicle runs over the
same road block.



Figure 8.34 Suspension system of a light-duty vehicle. (a) Wheel suspension. (b) A small road block,
d = 2 cm.

8.9 An automobile with four wheels is about to pass over a speed bump as shown in the insert in
Figure 8.35a. The velocity of the vehicle at that time is 10 km/h. The vehicle is supported by a
suspension system that consists of one coilover per wheel (a coilover is a combination of a shock
absorber, or a damper, enclosed by a coil spring). The analytical model of the suspension system is
illustrated in Figure 8.35b. The mass of the automobile carried by each wheel is 250 kg. The spring
constant of the coilover is  with a damping coefficient c. The damping effect by the
flexible tires of the wheels is assumed to be negligible. Determine the following:

a. An estimate of the time required (in seconds) for either the front wheels or rear wheels to pass
the speed bump. This time is considered to be small so as to justify the assumption that the
disturbance to the suspension system of the vehicle by the speed bump is instantaneous. The cross-
section of the speed bump is d = 6 cm and w = 18 cm as indicated in Figure 8.35a.

b. The value of minimum damping coefficient c of the shock absorber for nonoscillatory motion of
the vehicle after passing the speed bump.

c. The expression for the amplitude of vibration of the mass after the vehicle runs over the speed
bump, and also the maximum amplitude of vibration of the mass.

d. The time from the start of the vibration at which the amplitude of vibration is 1 mm.

Figure 8.35 Vibration of a vehicle induced by passing over a speed bump. (a) A speed bump. (b)
Analytical model of the suspension system.

8.10 Find solutions of the following nonhomogeneous second-order differential equations:

a. 

b. 

8.11 Solve the following differential equation:



and determine how high the solid with a mass  will rise with an initial velocity of 100 m/s in
an upward direction. The damping coefficient .

8.12 A solid weighing 100 N is dropped from rest. The drag is assumed to be proportional to the first
power of the velocity with the constant of proportionality being 0.5. Approximate the time necessary
for the solid to attain terminal velocity. Define the terminal velocity to be equal to 0.99V∞, where V∞ is
the velocity attained at t → ∞.

8.13 A 2 kg mass is suspended by a spring with a spring constant . A force of 0.1 sin(4t) is
applied to the mass. Calculate the time required for failure to occur if the spring breaks when the
amplitude of the oscillation exceeds 0.05 m. The motion starts from rest and the damping effect is
negligible.

8.14 A 20 N weight is suspended by a frictionless spring with . A force of 2 cos(7t) acts on
the weight. Calculate the frequency of the “beats” and find the maximum amplitude of motion, which
starts from rest.

8.15 A device with 2 kg mass is suspended by an elastic cable with an equivalent spring constant 
. A force  is applied at the mass at t > 0, where t is time in seconds.

The mass is initially pulled down by an amount of 0.01 m from its static equilibrium position, and is
released at rest. (a) Derive the equation of motion of the device mass at time t > 0. (b) Derive the
expression for the position of the mass, y(t), in the direction of the coordinate y with its positive
direction downward. (c) Estimate the time required for the cable to break if its maximum allowable
elongation of the spring is 0.1 m.

8.16 A machine with a 4 kg mass is attached to an elastic support with an equivalent spring constant
of 64 N/m. A periodic force, F(t) with t time in seconds, is applied to the machine during an operation.
The applied force F(t) can be described by a harmonic function:  where  N and
the excitation frequency .

a. Derive an expression for the amplitudes of the vibrating machine under the influence of the
applied force.

b. Assess whether the elastic support would break with a maximum allowable elongation of 0.05
m.

c. Estimate the time required for the support to break should it ever happen.

8.16 Assume that the machine is initially depressed by 0.005 m from its equilibrium state, and that
operation begins from that position of rest.
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