
Chapter VIII

SERIES

Sec. 1. Number Series

1. Fundamental concepts. A number series

00

a,+at+...+att +...= 2l
a

tt (1)

n-\

is called convergent if its partial sum

has a finite limit as n > oo. The quantity S= lim Sn is then called the sum
n -+ oo

of the series, while the number

is called the remainder of the series. If the limit lim Sn does not exist (or is

n -* QO

infinite), the series is then called divergent.
If a series converges, then lim an Q (necessary condition for convergence).

n-*oo

The converse is not true.

For convergence of the series (1) it is necessary and sufficient that for

any positive number e it be possible to choose an N such that for n > N
and for any positive p the following inequality is fulfilled:

(Cauchifs test).

The convergence or divergence of a series is not violated if we add or

subtract a finite number of its terms.

2. Tests of convergence and divergence of positive series.

a) Comparison test I. If <a,,<6n after a certain n = n , and the series

*! + *,+ .. +*,!+. ..^ (2)

converges, then the series (1) also converges. If the series ( J) diverges, then

(2) diverges as well.

It is convenient, for purposes of comparing series, to take a geometric
progression:

00

2 aq
n

(a * 0),

n=o
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which converges for |^|<land diverges for \q\^\, and the harmonic series

which is a divergent series.

Example 1. The series

+ ++ +

converges, since here

= 1 J_a
"~n-2n 2*'

while the geometric progression

1

n=i

whose ratio is
<7
=

, converges.

Example 2. The series

ln_2 ln_3 In /i

diverges, since its general term is greater than the corresponding term

of the harmonic series (which diverges).

b) Comparison test II. If there exists a finite and nonzero limit lim ?
n - y. bn

(in particular, if an -^bn ), then the series (1) and (2) converge or diverge at

the same time.

Example 3. The series

diverges, since

1 1" n J 2

whereas a series with general term diverges.n

Example 4. The series

_J_ _J 1

converges, since

while a series with general term ^ converges.
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c) D'Alembert's test. Let an > (after a certain n) and let there be
a limit

lim -l= q.
n -> GO an

Then the series (1) converges if q < 1, and diverges if q > 1. If
<7
= 1, then

it is not known whether the series is convergent or not.

Example 5. Test the convergence of the series

1+1+1+
2

'

2 2 2s

Solution. Here,

and

lim ?-H =
2

Hence, the given series converges.
d) Cauchy's test. Let of^^O (after a certain n) and let there be a limif

lim n/~=
n -> OD V n

Then (1) converges if q<\, and diverges if q>\. When q=l t the question
of the convergence of the series remains open.

e) Cauchy's integral test. If an = f(n), where the function f (x) is positive,

rnonotomcally decreasing and continuous for jc^a^l, the series (1) and the

integral
00
"

/ (x) dx

converge or diverge at the same time.

By means of the integral test it may be proved that the Dirichlet series

converges if p> 1, and diverges if p<^\. The convergence of a large number
of series may be tested by comparing with the corresponding Dirichlet

series (3)

Example 6. Test the following series for convergence

-U--L + -L+ i

*

i--^" 1 - r "'

Solution. We have

1 __1_1 J^~

4/i
2

'
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Since the Dirichlet series converges for p= 2, it follows that on the basis of

comparison test II we can say that the given series likewise converges.
3. Tests for convergence of alternating series. If a series

l+.-. + |fll+..., (4)

composed of the absolute values of the terms of the series (1), converges,
then (1) also converges and is called absolutely convergent. But if (1) con-

verges and (4) diverges, then the series (1) is called conditionally (not abso-

lutely) convergent.
For investigating the absolute convergence of the series (1), we can make

use [for the series (4)] of the familiar convergence tests of positive series.

For instance, (1) converges absolutely if

lim
n -> oo 0-n

< \ or lim /KI< 1.

n

In the general case, the divergence of (1) does not follow from the diver-

gence of (4). But if lim ?2_J I > 1 or lim /\an \> 1, then not only does
n - GO I n f

n -> oo
K

(4) diverge but the series (1) does also.

Leibniz test If for the alternating series

*!-* +*3- **+ (*^0) (5)

the following conditions are fulfilled: 1) b
l ^ b2 ^bs ^. . . ; 2) lim bn =

n - oc

then (5) converges.
In this case, for the remainder of the series Rn the evaluation

holds.

Example 7. Test for convergence the series

Solution. Let us form a series of the absolute values o! the terms of

this series:

lim . lim
I 1 n - oo

,

Since

the series converges absolutely.
Example 8. The series

converges, since the conditions of the Leibniz test are fulfilled. This series

converges conditionally, since the series

14- -* 4- 4-4
diverges (harmonic series).
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Note. For the convergence of an alternating series it is not sufficient that
its general term should tend to zero. The Leibniz test only states that an

alternating series converges if the absolute value of its general term tends
to zero monotonically. Thus, for example, the series

diverges despite the fact that its general term tends to zero (here, of course,
the monotonic variation of the absolute value of the general term has been

violated). Indeed, here, S 2k
= S'k + S"k ,

where

and lim Sk
= cc(Sk is a partial sum of the harmonic series), whereas the

k -

limit lim S
k

exists and is finite (Sk is a partial sum o f the convergent geo-
fe -*

metric progression), hence, lim S
2fe
=oo.

k -> 00

On the other hand, the Leibniz test is not necessary for the convergence
of an alternating series: an alternating series may converge if the absolute
value of its general term tends to zero in nonmonotonic fashion

Thus, the series.- _
2 2 ~3a 4 2 ~~'""(2n 1)'

converges (and it converges absolutely), although the Leibniz test is not ful-

filled: though the absolute value of the general term of the series tends to

zero, it does not do so monotonically.
4. Series with complex terms A series with the general term cn

= an +
00

-]-ibn (i
z

1) converges if, and only if, the series with real terms 2 an
n=i

00

and 2&,, converge a * the same time; in this case

n \

SCB=S 8 +'2X- (6)

n = i n = i n = i

The series (6) definitely converges and is called absolutely convergent, if the

series

whose terms are the moduli of the terms of the series (6), converges.
5. Operations on series.

a) A convergent series may be multiplied termwise by any number fc;

that is, if

a, + a1 +...+fln + ...=S t

then
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b) By the sum (difference) of two convergent series

fli + flt+-..+fln +...=5 If (7)

*! + *,+ .. .+*+...=$, (8)

we mean a series

(a, b
l )+ (a l b z) + . . . + (an bn ) + . . . =S, S 2 .

c) The product of the series (7) and (8) is the series

c
l + c>+...+cn +... t (9)

where cn
= a,bn + aA-I + +0M =

*> 2
)

If the series (7) and (8) converge absolutely, then the series (9) also con-

verges absolutely and has a sum equal to S
{
S 2 .

d) If a series converges absolutely, its sum remains unchanged when the

terms of the series are rearranged. This property is absent if the series con-

verges conditionally.

Write the simplest formula of the /ith term of the series using
the indicated terms:

2401. 1+1+J + I+... 2404. i+4 +j+^+...
2402. 1+1+1+1+"- 2405. 4+*.+ ^+...
2403. 1+1+4 + 4+.. . 2406. f + { + + + . . .

2407. + ~4 + + +...

2409. 1
-

1 H- 1 - 14 1 ~ 1 -I-

2410. 1+

In Problems 2411-2415 it is required to write the first 4 or
5 terms of the series on the basis of the known general term an .

2411. an= |q^. 2414. an=

2412. t^.
2415 a =din*. \*

2413
flrt
=

Test the following series for convergence by applying the com-

parison tests (or the necessary condition):

2416. 1 1 +1 ! + ...+( 1)-' + ...
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2418. + +

0419 J___1_

4- 4- 4- -I- 4-.

2 ^ 4 ^ 6 ^ ' ' '
' 2i

^ ' ' '

2421. + ++ ... + +

2422. -= + -=-f -= + ... 4-
'

... .

1/2-3 ^3-4
'

]fn (n + \)

02 OJ O"
2423. 2+ i-+ y+... +=;-+..

.

-' 3 V'2 4 J/3 (n 1-1) K "

Using d'Alembert's lest, test the following bones for conver-

gence:

2427. -l= + 4 4-^- +...-'
2"~'

'

98
2

1 + ''-} i-*'
! ^

-
j

'
'

-

1 1-5 1-5-9
'

'

1-5- 9. ..(4/i-3)

Test for convergence, using Cauchy's test:

Test for convergence the positive series:

2431. 1+1 + 1+...+1+...

2432. 1+ 1+ 1+ . ..+
((H [

1

)2
_

1
+...

2433 - r4+4T7+ 7no+ +(3n-2M3n+l

24.i+f)-^+... +sSFI+ ...

2435. ^ + 1-
+^+...+^+...

.'^ 5 7 9 j_ ir/lo/ ^
i i i i

^ *
l

*

^TtjO I I J_ _X. __________



300 Series [Ch. 8

2439. -+ + +...

2440. 1+ + +... ++...
2441>

2442. 1++.+ ...

1, -3, 1-3.5 1.3.5.. .(2/1-1)
-

4 1-jT 4^M2~*"
' ""

4-8-12...4n

2445.

2447
2

1000. 1002. 1004... (998 +2n)""
1-4-7. ..(3n-2)

2.5-8...(6n -7)(6g-4)
!. 5.9... (8_H)(8n -7)

"

...

2449 I, '- 4
I

1 ' 4 ' 9
|

1-4-9. ..^--^ ....^ '
1.3.5.7.9

'""
1-3-5-7- 9... (4n 3)

""*

2450. arcsin. 2455. !,

2451. sin. 2456.
i=J

2452152. Ulnfl+l). 2457. ,. . . ^- .^ \ n J ~ ri'lnn-ln In n

00

2453. yin^i. 2458.
/J=2

2454 - E-' 2459 -

STTOTJ
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2464.
cos-2-)

.

^

2469. Prove that the series

1) converges for arbitrary q t
if p>l, and for ?>1, if p=l;

2) diverges for arbitrary q, if p<l, and for </<!, if p=l.
Test for convergence the following alternating series. For con-

vergent series, test for absolute and conditional convergence.
i i (_n-i

2470. l- + -....ui--f...

2471. 1 -- - + - ...
/2 K 3

2472. l_ + _... + l + ..

2473. l_ + 3_... +(^S + .

2474 '
" + ^- -. +(-!)-

2475. __ + . +
I
_. ..+(_!) .^+...

9 ^ a
2476. --7=4

--
1

--
7=4
---^--h...+

2|^2 1 3^3 1 4^41
,

/

{)
n n+\

(n + \)

947Q l_k!-J-lL_ -i / ii-' 1-4. 7... (3/1-2)"'
7 7.9~t"7.9.11 "TV U

7.9-11. ..(2/1 + 5)'
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sin na

2481. (_l)"l^, 2482. ( ly-'tan ^
n^i n V n

yourself that

ide the quesl

series 2 a > where

2483. Convince yourself that the d'Alembert test for conver-

gence does not decide the question of the convergence of the

whereas by means of the Cauchy test it is possible to establish

that this series converges.
2484*. Convince yourself that the Leibniz test cannot be

applied to the alternating series a) to d). Find out which of

these series diverge, which converge conditionally and which con-

verge absolutely:

a) _J___l

| j .j;'
" r

1 _1_ . .

1
3 +y 3F + 21 3?+

v i_ . _ L __u
' 3 *~ 3 32

"h
5 3*

"
' ' '

^\ !
i .

] !
i

J !
.

d) T_l + T
_
T + TT

_
T +...

Test the following series with complex terms for convergence:
CO 00

2485. ^2+#. 2488. V.
00 00

2486, X" (2'

37
1)

''. 2489.
1=1 =i
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V
[
r(2-Q + l 1"

-

fa [n(3-20-3ij
'

2493. Between the curves {/
=

-? and y=-^ and to the rightX X

of their point of intersection are constructed segments parallel
to the t/-axis at an equal distance from each other. Will the sum
of the lengths of these segments be finite?

2494. Will the sum of the lengths of the segments mentioned

in Problem 2493 be finite if the curve \)^-\ is replaced by the
x

curve y = ?
X

00

2495. Form the sum of the series ^-^ and

Does this sum converge?
00

2496. Form the difference of the divergent series ]T 2
r

and
rt

anc* *es * '* for convergence.
n i

2497. Does the series formed by subtracting the series
QC 00

sef ies 21 converge?TT -f
n = i n i

2498. Choose two series such that their sum converges while

their difference diverges.
CC QC

2499. Form the product of the series V and V.OTTM-~nVn ntt 2

Does this product converge?

2500. Form the series
(l
+1+1+ .. . + J~-f- . . . V. Does

this series converge?

2501. Given the series 1+1 1+ ...+
(-:^+... Estimate

the error committed when replacing the sum of this series with
the sum of the first four terms, the sum of the first five terms.

What can you say about the signs of these errors?

2502*. Estimate the error due to replacing the sum of the

series

y+ 2! (2")
+

~3\('2J
+ " + 5H2") +"

by the sum of its first n terms.
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2503. Estimate the error due to replacing the sum of the

series

1 JL -L-L-L-l. 4- 4-i ^2M3M "+/i!^"'

by the sum of its first n terms. In particular, estimate the accu-

racy of such an approximation for n=10.
2504**. Estimate the error due to replacing the sum of the

series

1 +
22
+ 32+ +^i+ '

by the sum of its first n terms. In particular, estimate the accu-

racy of such an approximation for n= 1,000.
2505**. Estimate the error due to replacing the sum of the

series

1 + 2(i)'43()V. .

by the sum of its first n terms.
00

Zl
_ I)"" 1

- - does one have
n = i

to take to compute its sum to two decimal places? to three

decimals?

2507. How many terms of the series
(2/1 -MIS*

does one

have to take to compute its sum to two decimal places? to three?

to four?

2508*. Find the sum of the series -L + gL+ jL + .. . +

2509. Find the sum of the series

Sec. 2. Functional Series

1. Region of convergence. The set of values of the argument x for which
the functional series

/.<*) + /.(*)+.. .+M*)+... (1)

converges is called the region of convergence of this series. The function

S(*) = lim Sn (x),
n -* QO

where Sn (x) f l (x) + fz (x)+ ...+fn (x), and x belongs to the region of con-

vergence, is called the sum of the series; Rn (x)
= S(x)Sn (x) is the remainder

of the series.
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In the simplest cases, it is sufficient, when determining the region of

convergence of a series (1), to apply to this series certain convergence tests,

holding x constant.

Diverges .

n,%f? Diverges

-3-101 X

Fit*. 104

Example 1. Determine the region of convergence of the series

x+\ (x+\y (X+\Y (*+iy
TT"1

"

2-2*
~
t"~T^r

"
t""'~t

~

n- 2"
+ '

Solution. Denoting by un the general term of the series, we will have

lim I
M-*| = lim I'+H 11*'* 1 * Jx+l\ '

\Un \
n^*2n + l

(n+\) |jc| 2

Using d'Alembert's test, we can assert that the series converges (and converges

absolutely), if '<! that is, if 3<x<l; the series diverges, if

l, that is, if oo<^< 3 or 1< x < oo (Fig. 104). When x=l

we get the harmonic series 1 + TT+-Q-+.. -t which diverges, and when x= 3
2 o

we have the series 1 + -~ T +..., which (in accord with the Leibniz
2, o

test) converges (conditionally).
Thus, the scries converges when 3^*<1.
2. Power series. For any power series

c + c, (A-a) + c2 (* fl)'+ . . . +cn (x fl)
B + . . . (3)

(cn and a are real numbers) there exists an interval (the interval of conver-

gence) |
x a

|
< R with centre at the point x a, with in which the series (3)

converges absolutely; for \x a
\
> R the series diverges. In special cases, the

radius of convergence R may also be equal to and oo. At the end-points of

the interval of convergence x= a R, the power series may either converge
or diverge. The interval of convergence is ordinarily determined with the

help of the d'Alembert or Cauchy tests, by applying them to a series, the

terms of which are the absolute values of the terms of the given series (3).

Applying to the series of absolute values

the convergence tests of d'Alembert and Cauchy, we get, respectively, for the

radius of convergence of the power series (3), the formulas

= and #= Hm
lim "/|c,,|

-

n - rt* '

too

However, one must be very careful in using them because the limits on the

right frequently do not exist. For example, if an infinitude of coefficients cn



306_Series_\Ch. 8

vanishes [as a particular instance, this occurs if the series contains terms
with only even or only odd powers of (x a)], one cannot use these formulas.

It is then advisable, when determining the interval of convergence, to apply
the d'Alembert or Cauchy tests directly, as was done when we investigated
the series (2), without resorting to general formulas for the radius of con-

vergence.
If z= x+ ty is a complex variable, then for the power series

z-Zo)
Z +...+Cn (Z-ZQ)

n
+... (4)

(cn = an+ ib n , z = Jt -f/f/ )
there exists a certain circle (circle of convergence)

|z -z
|
<R with centre at the point z = z , inside which the series converges

absolutely; for Iz z |>fl the series diverges. At points lying on the cir-

cumference of tne circle of convergence, the series (4) may both converge and

diverge. It is customary to determine the circle of convergence by means of

the d'Alembert or Cauchy tests applied to the scries

whose terms are absolute values of the terms of the given series. Thus, for

example, by means of the d'Alembert test it is easy to see that the circle of

convergence of the series

1-2
""

2-2 2
""

3.2s
~~"'~~

n .2*
~""'

is determined by the inequality |z-f 1 |<2 [it is sufficient to repeat the cal-

culations carried out on page 305 which served to determine the interval of

convergence of the series (2), only here x is replaced by z]. The centre of

the circle of convergence lies at the point z = 1, while the radius R of this

circle (the radius of convergence) is equal to 2.

3. Uniform convergence. The functional series (1) converges uniformly on
some interval if, no matter what e > 0, it is possible to find an N such that

does not depend on x and that when n>N for all x of the given interval

we have the inequality |
Rn (x) \

< e, where Rn (x) is the remainder of the

given series.

If \fn(x)\*f* cn (rt=l, 2, ...) when a^x^b and the number series

2 cn converges, then the functional series (I) converges on the interval

n-\

[a, V absolutely and uniformly (Weierstrass' test).
The power series (3) converges absolutely and uniformly on any interval

lying within its interval of convergence. The power series (3) may be term-
wise differentiated and integrated within its interval of convergence (for

|x fl| <RY, that is, if

*-) 2+ . . +cn (xa)+ . . . =/(*), (5)

then for any x of the interval of convergence of the series (3), we have

-a)+. ..+ncn (xa)*-
l +. . . =f (x), (6)

cQdx+ d (xa) dx+ c2 (xa) 2 dx+ . . . + cn (xa) n dx+...=
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[the number # also belongs to the interval of convergence of. the series (3)J.

Here, the series (6) and (7) have the same interval of convergence as the

series (3).

Find the region of convergence of the series:

2510.

2511. (-D-'. 25.9.
n - 1 n - 1

2512. ( l)"
+I

-jb- 252 -

2-(jzrk-
M = I

n n-i
00 3D

v~^ sin (9n M x v^ 2/1-4- 1
O(T |

O ^'oMI^fl l^A- O^vQI >
^'*'

I
*

n = i ri = o

nr

2514. X 2
"
sin

-J-
2522 -

= i

25.5**. X^i. 2523. V ^ .

/l = /I=l
X

2516. (-l)"
fI *- nMn *. 2524*.

2517. 2-p- 2525.

Find the interval of convergence of the power series and test

the convergence at the end-points of the interval of convergence:

2531.

2532.

30

^ yin I

2528. X 2̂ rr. 2533.
n - 1

2529. . 2534.
n=i '

2530. -_^". 2535.
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CO 00

OCQA V f n V""
1

r* 0**1 V (x + 5)*
n ~ l

25<JO. >, s ;-= . 2551. > ^-rr 7^ .^ \2rt-f-ly ^- 42n4n

2537.

n=i
CO CO

CO

2553. (-!)
n = i

,n V t2"'
2539. ^-'

X
(3

2554.

2541. ^1
a = i

*

2556.

2542**. 2^ nl xnl
.

n=i

/j"

2544*. 2V-
=1

2558.

2545. 2(-l)""
l(

-^|r.
T

n

2559*.

2557. 21 ( l)"
+l

>
/I = l

(AT-2)"

n=o

X(A; 2)".

2549. 2 ^S^ 2562. Y. (3ft
-

2).^-.
3>"

(n+l)
! 2"+ l

n=

2550. V n" (* + 3)". 2563. Y( 1)"
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Determine the circle of convergence:

2564. V W. 2566. V <=gC .
Aarf ^arf fl. J
n=o n=i

00

2565.
(1-M0 2".

2567 ' '

2568. (1 + 2i) + (1 + 20 (3 -h 20 2 + . . . +
+ (l+

2569. l + r=-,+ (l-lHI-20

+ (1-00-20. ..(l-/ii)

9*70257 -

2571. Proceeding from the definition of uniform convergence,

prove that the series

. ..+*"+...

does not converge uniformly in the interval ( 1, 1), but con-

verges uniformly on any subinterval within this interval.

Solution. Using the formula for the sum of a geometric progression, we
get, for |jc|< 1,

Within the interval ( 1, 1) let us take a submterval
[ 1+ct, 1 a], where

a is an arbitrarily small positive number. In this subinterval |jc|s^l a,

|1 xl^a and, consequently,
/I _ at"* 1

I *,.(*) I < (

;>
.

To prove the uniform convergence of the given series over the subintervai

[1+ a, 1 a], it must be shown that for any e > it is possible to choose
an N dependent only on e such that for any n > N we will have the ine-

quality I R n (x) I < e for all x of the subinterval under consideration.
(1 a)"* 1

Taking any e>0, let us require that --- < e; whence (i a)
w+l <ea,

(n+l)ln(l a)<ln(ea), that is, n + 1 > [since ln(l a)<0] and

ln(ea)_ j Thus> putting Ns=s
ln

f

ea
\ 1, we are convinced that

In (1 a) ln(l a)
when n>N t \R n (x)\ is indeed less than e for all x of the subinterval

(- 1+a, 1 aj and the uniform convergence of the given series on any sub-

interval within the interval ( 1, 1) is thus proved.
As for the entire interval ( 1, 1), it contains points that are arbitrarily

J/I+ 1

close to Jt=i, and since Hm Rn (x)
= \im .-- =00, no mattei how large n is,

X-+1 X-+1 1 X
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points x will be found for which Rn (x) is greater than any arbitrarily large
number Hence, it is impossible to choose an N such that for n > N we
would have the inequality |

R n (x) \
< e at all points of the interval ( 1, 1),

and this means that the convergence of the series in the interval ( 1, 1)

is not uniform.

2572. Using the definition of uniform convergence, prove that:

a) the series

converges uniformly in any finite interval;

b) the series
x*

converges uniformly throughout the interval of convergence
(-1. i);

c) the series

1+F + F+- -+;?+...

converges uniformly in the interval (1-1-8, co) where 8 is any
positive number;

d) the series

(x
2

jc
4

) + (x*- *) + (jc

6
jc

8

) -f- . . . + (x
2 " x2n+2 ) -h . . .

converges not only within the interval
( 1, 1), but at the extre-

mities of this interval, however the convergence of the series in

(1, 1) is nonuniform.
Prove the uniform convergence of the functional series in the

indicated intervals:
00

2573 - on the inlerval I" 1 ' !]

on

2574. 2^ ~~2~
over *he en tire number scale.

00

2575. (
I )"~

I

T= on the interval [0, 1].

Applying termwise differentiation and integration, find the

sums of the series:
Y 2 V3 \n

2576. x+^ + ^+. ..+?-+...
y y v

2577. x-*-+
x
--...+(-l)'-*L + ., t

y.3 y5 yLfl l

2578 . ,+ + +... + _ + ...
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v8 s r2"" 1

2579. *- + -' .- +(-!)"- +---

2580. 1 +2x+ 3x* + ... 4
2581. l-3*2

-[5x
4

...

2582. 1.242-3A; + 3-4A:
2
4- ...+(/+ !)*""' 4

Find the sums of the series:

2583 - +++ ++

2586. ^ + l+!+...+^L/ri+...

Sec. 3. Taylor's Series

1. Expanding a function in a power series. If a function f (x) can be
expanded, in some neighbourhood \xa\<R of the point a, in a series of

powers of A: a, then this series (called Taylor's series) is of the form

(I)

When a the Taylor scries is also called a Maclaurin's series. Equation (I)
holds if when \xa\<R the remainder term (or simply remainder) of the

Taylor series

as n * oo.

To evaluate the remainder, one can make use of the formula

fin (x)
=

f(n
* l)

l
fl + <*- fl )l where 0<0<1 (2)

(Lagrant*e's form).
Example 1. Expand the function f (x) = cosh x in a series of powers of x.

Solution. We find the derivatives of the given function f (x)
= cosh x,

f (
X)

=, smh x, f" (x)
= cosh x, f" (.v)

= sinh x, ...; generally, f
(n)

(x)
= cosh x,

if n is even, and /
(H)

(A-) sinn A, if n is odd. Putting a= 0, we get /(0) = 1,

/'(0)=0, T(0)-l, /'"(0) = 0, ...; generally, /
(II

>(0) = 1, if n is even, and
")=-0 if n is odd. Whence, from (1), we have:

(3)

To determine the interval of convergence of the series (3) we apply the
d'Alembert test. We have

lini

n-> oo (2/1
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for any*. Hence, the series converges in the interval QO<JC<OO. The
remainder term, in accord with formula (2), has the form:

Rn (x)= .cosh 9*, if n is odd, and

An + 1

Rn (x)= sinh9*, if n is even.

Since > 9 > 1 , it follows that

- ~ =^e'*', |sinh9*|=

I X I"-*- 1
i . \ Y\ n

and therefore \Rn (x)\^
'**

e 1 * 1

. A series with the general term ^
converges for any x (this is made immediately evident with the help of

d'Alembert's test); therefore, in accord with the necessary condition for

convergence,
n + l

lim

and consequently lim #(*) = () for any x. This signifies that the sum of the
/2->00

series (3) for any x is indeed equal to cosh*.
2. Techniques employed for expanding in power series.

Making use of the principal expansions

I.
*=!++*!+. ..+fj+... (_oo<*<oo),

y

II.

III.

IV.

and also the formula for the sum of a geometric progression, it is possible,
in many cases, simply to obtain the expansion of a given function in a po-
wer series, without having to investigate the remainder term. It is sometimes
advisable to make use of termwise differentiation or integration when expan-
ding a function in a series. When expanding rational functions in power
series it is advisable to decompose these functions into partial fractions.

*) On the boundaries of the interval of convergence (i.e., when x= 1

and x=l) the expansion IV behaves as follows: for m^O it converges abso-

lutely on both boundaries; for > m > 1 it diverges when x--\ and

conditionally converges when x = l; for m^ 1 it diverges on both boun-
daries.
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Example 2. Expand in powers of x *) the function

3

Solution. Decomposing the function into partial fractions, we will have

Since

and

2 _ V^ i \\ n<l nx.
n^^ ... ^ v

^^
1 j fi A> t

it follows that we finally get

n = o

n-Q

(4)

(5)

(6)

/i= o n= Q n v

The geometric progressions (4) and (5) converge, respectively, when |x| < 1

and |*|<y; hence, formula (6) holds for |x|<-j i.e., when

3. Taylor's series for a function of two variables. Expanding a function

of two variables /(x, //) into a Taylor's series in the neighbourhood of a

point (a, b) has the form

... (7)

If a= fc = 0, the Taylor series is then called a Maclaunn's series. Here the

notation is as follows:

(X
, y)

d*f(x,y)
~

dx*

x=a
!l=t>

a)
f+

+ 2
dy*

~W 2 and so forth.

*) Here and henceforward we mean "in positive integral powers".
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The expansion (7) occurs if the remainder term of the series

fe=l

as n * oo. The remainder term may be represented in the form

n + i

where 0<0< 1.

Expand the indicated functions in positive integral powers
of *, find the intervals of convergence of the resulting series and

investigate the behaviour of their remainders:

2587. ax (a>0). 2589. cos(* + a).

9*a cin^r-i-M 2590. sin
2
*.

Jooo. sin * -r--r . ,-,>* 1 /^

Making use of the principal expansions I-V and a geometric

progression, write the expansion, in powers of *, of the following
functions, and indicate the intervals of convergence of the scries:

2592. 7^rJT2 - 2598. cos
2
*.

2593.
2

3
*7

5
.

,. . 2599. sin 3* + * cos 3*.
X ~4X

J
o

2594. xe~*
x

. 2600.

2595. e
x\ 2601.

2596. sinh*. 2602. In
*

.

1 ,v

2597. cos2*. 2603. In (1 -f* 2*
2

).

Applying differentiation, expand the following functions in

powers of *, and indicate the intervals in which these expansions
occur:

2604. (l+*)ln(l+*). 2606. arc sin*._
2605. arc tan* 2607. In (x+ V\ +*2

).

Applying various techniques, expand the given functions in

powers of * and indicate the intervals in which these expansions
occur:

2608. sin
2
*cos

2
*.

2609.

2610. (1 +O 8
-

2613 ' cosh8 *'

2611.
~

2614 -
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2615. ln(x
2 + 3x + 2). in/i_L.^/*v

2618. rMl + *)**
J. f'Jl

2616. \ dx. o

X

2619.
[

^L_
4

2617. * "-*z ^" ^ V 1 *4

Write the first three nonzero terms of the expansion of the

following functions in powers of x:

2620. tan*. 2623. sec*.

2621. tanh*. 2624. In cos*.
2622. e^ x

. 2625. <?*sin*.

2626*. Show that for computing the length ot an ellipse it is

possible to make use of the approximate formula

where e is the eccentricity and 2a is the major axis of the

ellipse.
2627. A heavy string hangs, under its own weight, in a ca-

tenary line //
= acosh

,
where a = and H is the horizontalJ J a q

tension of the string, while q is the weight of unit length. Show
that for small *, to the order of * 4

,
it may be taken that the

V
2

string hangs in a parabola y^a -f ^ .

2628. Expand the function *
8

2*
2 5* 2 in a series of

powers of *-| 4.

2629. f(*)-5*
s

4*
2

3* +2. Expand f(x+h) in a series of

powers of h

2630. Expand In* in a series of powers of * 1.

2631. Expand in a series of powers of * 1.

2632. Expand z
in a series of powers of *+l.X
j

2633. Expand 2 in a series of powers of *-f4.
X ~Y~ oX ~\~ JL

2634. Expand ^ ,

4jc
, 7

in a series of powers of x |-2.

2635. Expand e* in a series of powers of *+ 2.

2636. Expand ]/* in a series of powers of * 4.

2637. Expand cos* in a series of powers of *
^-

.

2638. Expand cos
2
* in a series of powers of *

^-
.

j
_ ^

2639*. Expand In* in a series of powers of
T-J

.
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2640. Expand -* in a series of powers of
.

2641. What is the magnitude of the error if we put appro-

ximately

^2 + 1+ 1 +1?

2642. To what degree of accuracy will we calculate the num-

ber j , if we make use of the series

-

-* . ..,u O

by taking the sum of its first five terms when x=l?

2643*. Calculate the number ^ to three decimals by expand-

ing the function arc sin A: in a series of powers of x (see Exam-

ple 2606).
2644. How many terms do we have to take of the series

cosAr=l
|j+...,

in order to calculate cos 18 to three decimal places?
2645. How many terms do we have to take of the series

* +...,

to calculate sin 15 to four decimal places?
2646. How many terms of the series

have to be taken to find the number e to four decimal places?
2647. How many terms of the series

In

do we have to take to calculate In 2 to two decimals? to 3 de-

cimals?
__

2648. Calculate \/7 to two decimals by expanding the func-

tion l/S + x in a series of powers of x.

2649. Find out the origin of the approximate formula

\/

r

(f-{-x&a+ ~- (a>0), evaluate it by means of Y^3 t putting

a = 5, and estimate the_
error.

2650. Calculate J/I9 to three decimals.
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2651. For what values of x does the approximate formula

, JC
2

yield an error not exceeding 0.01? 0.001? 0.0001?

2652. For what values of x does the approximate formula

sin X&X

yield an error that does not exceed 0.01? 0.001?

'/*
.

2653. Evaluate y^-dx to four decimals.

1

2654. Evaluate ^e~*
2

dx to four decimals.

1

2655. Evaluate
^ l/^ccosxdx to three decimals.

1

2656. Evaluate dx to three decimals.
J _

2657. Evaluate j^l+^'dx to four decimals.

1/9

2658. Evaluate ^yxe*dx to three decimals.

2659. Expand the function cos(x y) in a series of powers
of x and y, find the region of convergence of the resulting series

and investigate the remainder.
Wiite the expansions, in powers of x and y, of the following

functions and indicate the regions of convergence of the series:

2660. sin x> sin y. 2663*. \n(lxy+xy).
2661. sin(*

2

+y*). ,

664* arctan j/_

2662*. \=*!!.
l~*y

\+xy
2665. f(x, y) = ax*-\-2bxy + cy*. Expand f(x+h,y-\k)in po-

wers of ft and k.

2666. /(*, y) = x* 2y* + 3xy. Find the increment of this

function when passing from the values #=1, f/
= 2 to the values

*:= 1 4- ft, y=2 + k.

2667. Expand the function ex+y in powers of x -2 and y + 2.

2668. Expand the function sin(x+y) in powers of x and
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Write the first three or four terms of a power-series expansion
in x and y of the functions:

2669. e
x
cosy.

2670. (H-*)
1

*'-

Sec. 4. Fourier Series

1. Dirichlet's theorem. We say that a function f (x) satisfies the Dirich-

let conditions in an interval (a, b) if, in this interval, the function

1) is uniformly bounded; that is \f(x)\^M when a < x < b, where M
is constant;

2) has no more than a finite number of points of discontinuity and
all of them are of the first kind [i.e., at each discontinuity g

the function f (x) has a finite limit on the left f (g 0)= Urn f (I e) and a

finite limit on the right /(-{-0)= lim /( + e) (e>0)J;
~"

e ->o

3) has no more than a finite number of points of strict extrenium.
Dirichlet's theorem asserts that a function /(*), which in the interval

( ji, Ji) satisfies the Dirichlet conditions at any point x of this interval at

which /(x) is continuous, may be expanded in a trigonometric Fourier series:

f(x)=?+ a, cos x+ b
v
sin x+ a2 cos 2x-\-b2 sin 2*+ . . . +an cos nx+

+ bn sinnx+..., (1)

where the Fourier coefficients an and bn are calculated from the formulas

ji ji

=
\ f(x)cosnxdx(n= Q, 1, 2, ...);&= f

JT J JI J
-n -jt

If x is a point' of discontinuity, belonging to the interval ( jt, n), of a

function f (,v), then the sum of the Fourier series S (x) is equal to the arithme-
tical mean of the left and right limits of the function:

SM =~

At the end-points of the interval *= n and X= K,

2. Incomplete Fourier series. If a function / (*) is even [i. e., /(- x) =
s=/(jc)], then in formula (1)

6
rt
-0 (w = l

f 2, ...)

and
ji

2 r
a
/"=^ J

/
= 0, 1,2, ...).
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If a function / (x) is odd [i.e., /( x) = / (*)], then an= Q t/i
= 0, i, 2 ...)

and IT

bn =~ \ / (x) sin nx dx (n = 1
, 2, . . .).

JT J

A function specified in an interval (0, n) may, at our discretion, be conti-

nued in the interval ( Jt, 0) either as an even or an odd function; hence,
it may be expanded in the interval (0, Ji) in an incomplete Fourier series

of sines or of cosines of multiple arcs.

3. Fourier series of a period 21. If a function f (x) satisfies the Dirichlet

conditions in some interval ( /, /) of length 2/, then at the discontinuities

of the function belonging to this interval the following expansion holds:

r, x a
,

ju
,

. ,
juc

,

2nx . . . 2nx .

/(*) =y+ fli
cos

-J-
+ &! stay +a2 cos

j-
+ b2 sm+..,

nnx
,

. . nnx
,

where

-M e / v flllX . .
/-v t r v

f (x) cos -- dx (/i
= 0, 1, 2, ...),

6n = -L \f(x)sln^-dx(n=\, 2,
'

-i

(2)

At the points of discontinuity of the function f (x) and at the end-pointsx-l of the interval, the sum of the Fourier series is defined in a manner
similar to that which we have in the expansion in the interval ( Jt, n).

In the case of an expansion of the function / (x) in a Fourier series in

an arbitrary interval (a, a-f-2/) of length 2/, the limits of integration in

formulas (2) should be replaced respectively by a and a-|-2/

Expand the following functions in a Fourier series in the

interval ( ji, ji), determine the sum of the series at the points
of discontinuity and at the end-points of the interval (x = ic,

X = JT), construct the graph of the function itself and of the sum
of the corresponding series [outside the interval ( JT, ji) as well]:

when ~~ n< x^ Q
>

Consider the special case when c
t

= ~
1,

9fi79 r2672. x = bx when
Consider the special cases: a) a = b = l\ b) a = 1, 6=1;

c) fl = 0, 6 = 1; d) a=l, 6 = 0.

2673. f(x) = x2
. 2676. / (x)

= cos ax.

2674. f(x) = e
ax

. 2677. f(x)
= smhax.

2675. f(x) = slnax. 2678. f (x)
= cosh ax.

2679. Expand the function f(x) = -jr-
in a Fourier series in

the interval (0, 2ji).
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2680. Expand the function f(x) = ~ in sines of multiple arcs

in the interval (0, n). Use the expansion obtained to sum the

number series:

Take the functions indicated below and expand them, in the

interval (0, jt), into incomplete Fourier series: a) of sines of

multiple arcs, b) of cosines of multiple arcs. Sketch graphs of

the functions and graphs of the sums of the corresponding seiies

in their domains of definition.

2681. f(x) x. Find the sum of the following series by means
of the expansion obtained:

I+P+P+...
2682. f(x) = x2

. Find the sums of the following number series

by means of the expansion obtained:

1) * +7)2+ 32+ i 2) 1

2^" 32 42
"!"

2683. f(x) = e
ax

. ,

1 when
2684. /(*)=

when
-^

x when 0<;c^~
*

ji x when

Expand the following functions, in the interval (0, K), in

sines of multiple arcs:

(x

when 0<#^^-,
n

when ~ < x< n.

2687. f(x) = x(n x).

2688. /(A;)
=

sin-|.

Expand the following functions, in the interval (0, Ji), in co-

sines of multiple arcs:

uwhen
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2690.
when

2691. / (x) = x sin x.

cos x when < x^ ~
,

cos x when Y
2693. Using the expansions oi the functions x and x* in the

interval (0, it)
in cosines of multiple arcs (see Problems 2681 and

2682), prove the equality

2694**. Prove that if the function /(x) is even and we have

?L + x} = f(~ x\
,
then its Fourier series in the interval

( Ji, n) represents an expansion in cosines of odd multiple arcs,

and if the function f(x) is odd arid /fy-f *)
=/ (y~*) then

in the interval ( Ji, Ji) it is expanded in sines of odd mul-

tiple arcs.

Expand the following functions in Fourier series in the indi-

cated intervals:

2695. f(x) = \x\ ( !<*<!).
2696. f(x)=*2x (0<JC< 1).

2697. f(x) = e* (/<*</).
2698. f(jc)=10 Jt (5<jc<15).

Expand the following functions, in the indicated intervals,

in incomplete Fourier series: a) in sines of multiple arcs, and

b) in cosines of multiple arcs:

2699. /(*)=! (0<*< 1).

2700. /(*) = * (Q<x<l).
2701.

2702. /M-{ 2_-;^n
2703. Expand the following function in cosines of multiple

(3
\

T '
^

)
:

,
J

1 when -|<jr<2,
\ 3_j^ when 2<jc<3.

11-1900


